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This document contains additional related results and omitted proofs.

APPENDIX B: TECHNICAL DETAILS
Unbalanced Panel

THE ESTIMATION PROCEDURE can be modified to handle unbalanced data.
Stock and Watson (1998) presented a method for estimating unbalanced factor
models based on the expectation-maximization (EM) algorithm.! The proce-
dure is extended here to models with regressors. Two sets of iterations are
needed: outer iterations and inner iterations. Outer iterations are those be-
tween B and the factor model, similar to balanced panels. Inner iterations are
those within the factor model associated with the EM method. For cross sec-
tion i, suppose we have observations for t = 1,2, ..., T; (missing observations
could occur at the beginning of the sample or at both ends). Suppose A; and F,
are observable for the moment, then the least squares estimator for B is

N T Iy T
(49) 3=(Z XitX,;) DO Xu(Yu— NF)).

i=1 t=1 i=1 t=1

Assuming 3 is known, let W, =Y, — X/ B. Then W, = AF, + &; is a pure
factor model with unbalanced panel. Let T = max{7;, 75, ..., Ty} and define
I;, =1 for observable (i, ) and = 0, otherwise. The EM algorithm in Stock
and Watson (1998) imputes the missing values at each stage of iteration us-
ing estimates from the prior stage. More specifically, let 5\,(.}’71) and FV
(i=1,...,N;t=1,2,...,T) be the estimates at stage & — 1. Let W =W,
forI;; =1and = X;h*”/ F" Y for I, =0 (with starting value W,\” = 0). Finally,
let W® = (W™) be the T x N matrix. The h stage estimate for F" is the
first r eigenvectors associated with the first r largest eigenvalues of the matrix
WmW®' | subject to the constraints £ F®™ /T =T and A® = T-1 W F®,
This process continues until convergence. Let A and F; be the final stage es-
timates; these values are then plugged into (49) to obtain a new estimate of 3
(outer iteration). With the new B, we recompute W, =Y, — X, 8 for I;, =1,
readying for another round of inner iterations. Within the inner iterations, the

'A comprehensive description of the EM algorithm as well as its application to pure factor
models can be found in the monograph by McLachlan and Krishnan (1996).
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starting value for W,” when I, = 0 is now W.” = A* F* (instead of zero for
faster convergence), where Af and F; are the converged values in the previ-
ous round of inner iterations. Note that convergence for the inner iterations
is not necessary. In fact, inner iterations can be reduced to a single round of
computation.

PROOF OF LEMMA A.1: From # Zf\il Xe; = 0,(1), it is sufficient to show
sup; = i, X/Pre; = 0,(1). Using Pr = FF'/ T,

N N , T
— ZXiPFSi %Z(?)%ZE%
i=1 i=1 =1
1t
— F,e;|.
T; t€it

Note that T X[F|| < T X;| - |Fll = VT 2| Xl < V(3 S IXa 2
because T-'2||F|| = 4/r. Thus, using the Cauchy-Schwarz inequality, the above
is bounded by

2>1/2

1 N 1 T 1/2 1 N 1 T
=) = XulI? — — > Feg
NdN;T;”M>(NHT§?&

The first expression is O,(1). It suffices to show that the second term is 0, (1)
uniformly in F. Now

1 T
= ZFteiz
T t=1

2 - tr( Z = ZZFF 8,,8,5)

t=1 s=1

= tr( ZZF Z[Sitgis _E(gitgis)]>

t=1 s=1 i=1

vu( DY RE Y )
¢ )

t=1 s=1

where o0y, = E(&;€;5). The first expression is bounded by the Cauchy-Schwarz
inequality:

1 T T 1/2
(EZZMHMﬂNM

t=1 s=1

T

1 B 2\ 1/2
X\ 7 y— leieis — E(giei)] .
(2| T st

s=1
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But 7-' " |F,|* = |[F'/F/T|| = r. Thus the above expression is equal to
rN=20,(1). Next, |%Z,{i1 Oiiis| < 715 by Assumption C(ii). Again by the
Cauchy-Schwarz inequality,

1T 172
< <EZZ ||Ft||2||Fs||2>

t=1 s=1

1 LT 1N
= FiF— i s
TzZZ ! N;U[

t=1 s=1

where the last equality follows from 72 < Mr,, and Assumption C(ii). The

s —

proof for the remaining statements are the same, so are omitted. Note that
we do not need bounded support for F, and our optimization with respect to
F,; does not need to be taken over bounded set. O.E.D.

PROOF OF LEMMA A.2: Denote the term inside | - ||*> as A. Then the left-
hand side is equal to Etr(AA’). Using E||F,||* < M and Assumption C(iv), (i)
follows readily. The proof of (ii) is similar. Q.E.D.

PROOF OF LEMMA A.3: (i) This part extends Lemma B.2 of Bai (2003). Us-
ing (42), it is easy to see that the first five terms are each OP(B — B). In fact,
the first, third, and fifth terms are o p([§ — B); the second and fourth terms
are O,( B — B). The next three terms are considered in Bai (2003) and each
is shown to be OP(SX,ZT) in the absence of 8. With the estimation of 83, they
are each shown to be O, ( B-p )0,(851) + 0,(8y%) due to Proposition A.1(ii)
instead of Lemma A.1 of Bai (2003). But O, ( B— B)O,(8y}) is dominated by

O,( ﬁ — B), the order of the first five terms. Thus summing over the eight terms,
we obtain part (i).
For part (ii),

IT~'F'(F — F°H)|| < T~Y||[F — F°H|> + |H || T~ |F"(F — F°H)|
=0,(B—B)+0,(55%)

by part (i) and Proposition A.1(ii). The proof of part (iii) is identical to part (i).



For (iv),

N
NT > XMp(F — F°H) =
i=1

The first term on the right is an average of (iii) over i and thus is still that order
of magnitude. The second term is bounded by - SN X/ NTIPSPN TV F (F -

F'H)|| =0, T-'F'(F — F°H)|. Thus (iv) follows from part (ii).

PROOF OF LEMMA A.4: Part (i) extends Lemma B.1 of Bai (2003). The
proof is omitted as it is easier than the proof of part (ii) (a proof can be found
in the working version). Now consider the proof of (ii). From (42) and denoting

JUSHAN BAI

! ilx(ﬁ F°H)
N&ZT™

N
ZXT F'(F — F°H).

i=1

G = (FYF/T)""(A'A/N)~" for the moment,

N
TN e (FH ' —F) =T~

k=1

N
1N71/2Z€%(11 +.--+18)G

k=1

—al+ - +a8.

We show that the first four terms are each T-'20,(8 — B):

1
—-1/2 -
lal| =T ||G||<NZ

N

i=1

x 1B — Bl

T8 - B)I20,(1),

i) ()

NTfZZSkX(B B)A( >_1

k=1 i=1

1 N
T—1/2 —
a3l < ”G”(N 21)

=T7"20,(18 - BI),

1 N T
ﬁ ZZ e Xis

118 1 3 AAN
__N;sz;;xi,akz(ﬁ—ﬁ-%)m( N )

=T7"0,(8 - B),

<”8‘”2))||B Bl
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A

a4 =T7'? LXN:XT:S,{F’ (B-P) iXN:<X;F> G
VNT o N&ET

k=1 t=1

=720, - B).

For a5, let W, = X;F/T and note that |W;||> < | X;||?/ T:

For a6,
1 1 N N
ab = ZSLFOZA,s;FG
NT2 \/N k=1 i=1
1 1 N N
= —ZS}{FOZ/\,‘SZ»FOHG
NT2 \/ﬁ k=1 i=1
1 1 N N
+—s—= > & F' ) Ne(F - F'H)G
NT2 \/N k=1 i=1
=a6.1+ ab.2,
1 1 N T 1 N T
61 = — [ —— Fleu || — NFYe, |HG
VNT («/NT ; =l k’) («/NT ;; ‘ t)
=0,(T'N-'7?),
1 N T 1 N
a62 =T — FVe | — Y Ne(F — F'H)G,
(A oS )y e
1 ¢ & ||IF — FH||
a6.2] < T720,(1)—= Y Nl —= ‘—IIGII
PN ; JT VT

=T2[0,(B - B) + 0,(8y1)]
=T = B) + 0,83,
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Next consider a7 and a8:

—

= b8 + 8,

N T
b8 = % Z{( e Y (euen — E(eei)

k=1 t=1

X (% isistoH>:|G

FNT Zzzykl,f ZS,AFOHG

k=1 i=1 t=1

=0,(T)+O0,((NT)"'?).

Ignoring G,

8= Tl/2 Z\/_ZZ[SMSZ; E(ak,a‘,;)]

k=1 t=1

1 (F — F°H)
+WZZZ7’M,:4€ T

k=1 i=1 t=1

el(F — FOH)

=c8.1+c8.2,



DATA MODELS WITH FIXED EFFECTS 7

1 N 2\ 172
||681||<T”2( Z[ FZZ[%S” E(ekte,t)]D

k=1 t=1

1 N l_z [ o
y _ZIISII IIF F°H||
N&'T JT

i=

=T7"20,(I18 — BIl) + T20,(8})
=T720,(I18 — BI) + 0, (8y%),

1 |F-FH| 1 ||sl||
Ie8.2)) < —= = NZD il

k=1 i=1

=[0,(1B- B+ 0p<67w>]N‘”2
N=20,(11B = BID) + 0,(8:%).

Note that
L7
EN- ZZI vl || ||
k=1 i=1
LoF
gm?xE(L/J> ZZW—O(D

k=1 i=1

Part (iii) is derived from (ii) with division by +/N. The presence of A, does
not alter the results. A direct proof would be similar to that of (ii). The details
are omitted.

Part (iv) is the same as (iii) with A; replaced by (X, F°/T)(F"F°/T) =
O,(1). The first term on the right is an elaboration of the corresponding
O,(N7") term appearing in (iii). This elaborated expression will be used
later. Q.E.D.

PROOF OF LEMMA A.5: Rewrite the left-hand side as

N N
NZT S Y Y Xi(esl, — Q)FGA;

i=1 k=1

1 X’F
-~ Z( )NTZ ZF (exe), — 0OVFGA;
i=1

z

=I1+1I.
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Adding and subtracting terms yields

1 N N

= N7 2 D2 Xiews, — QOF'HG,

k=1 i=1
N N

1 .
+ N2T2 ZZXz{(SkS;{ —02)(F - F'H)GA,.

k=1 i=1

The first term on the right is equal to

1 N N T T
(W) > Z{Z Y Xulewer - E(sktsks)]Fj”HG)\,-}

i=1 k=1 \ t=1 s=1

N ToT
=%%Z|: 1/22 ZZXit[Sktgks_E(Sktgks)]FS,:|

i=1 k=1 t=1 s=1

XHG)\i

o(z%)

by Lemma A.2(ii). Denote

N T
( ZZXit[gktgks _E(sktgks)]> =0,(1).
k=1 t=1

Then the second term of 7 is

'ﬂ |

N T
— a,(F, — F'H)' GA,.
WEVLTE

Notice

l— &
H = > ay(F, - F'H)
s=1

1 7 172 1 7 1/2
<= 52 - ﬁs_Fon
_(T;uau) (T;n : ||>

=0,(B—B)+0,(53)).

Thus the second term of I is (NT)‘“Z[O,,(,@ —-B)+ O,,(SX,IT)]. Consider II:

N

| < Z

=1

N
il - Zﬁ,(é‘ks;( —QF
HNTZ k=1
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1 KN, R
=0,(1) W;F(sksk—!)k)F :
But
N A A
F/(sk‘g;(_gk)F
k=1
N
FO/(Ské‘;{ - Qk)FOH
k=1
N
+H s ZFO'(,ske;c — Q)(F - F°H)
+ 7 Z(F F°HY (sxe}, — Q) F°'H
+ N7 Z(F F°H) (eye, — 0)(F — F°H)
k=1
= b1+ b2+ b3+ b4.
Now

N T T
o= <T2N)ZZZFF[gkfgkf_E(gktgks)]H ) (Tf)

k=

._.
-
I
—
©
I
—

by Lemma A.2(i). Next

1 1 T 1 T N
b2=HW7Z{mZZF?[%%—E(aktsks)]}

Thus if we let A, = \/% Z; Z,L Flerers — E(eri845)], then

1/2 1 T 1/2
||b2||<||H||—< Zn An) (TZHEY—H/FS(’W)
s=1

1 A
= OB = BID +0,(33p)].
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The term b3 has the same upper bound because it is the transpose of 2. The
last term is

b4 ZZ(F — H'F°)(F,— H'F’Y

1
\/—T t=1 s=1

1 N
x| —= ) l&ksis — E(gktgks)]:|-
[W?

Thus by the Cauchy-Schwarz inequality,

b4 < %( ZHF — H'F'|)? )
2\ 12
<T2 ZZ|: Z[sk,sk, E(Sktgks)]j| )

t=1 s=1

1 . .
= OB = BID) + ﬁopwﬁr).
Now collecting terms yields the lemma. Q.E.D.

PROOF OF LEMMA A.6: First note that [|(FYF/T)""(A'A/N)"'| = 0,(1).
Next, | XiMzQF|| < | X;MAANQF, 1 XiMzll < | X:ll, and [Q2F] < Amax (£2) %
IF)l = Anax(2)V/ 7T, where A,.(£2) is the largest eigenvalue of (2 and is

bounded by assumption. The lemma follows from %ZL(HX /DA =
0,(1). Q.E.D.

PROOF OF LEMMA A.7: (i) The first two results of Lemma A.3 can be rewrit-
ten as

FYE/T — (FYF/T)H = 0,(I1B — BI) + 0,(8:2)
and
I—(FF/TYH =0,(IB - BI) + 0,(8%).

Left multiply the first equation by H’ and use the transpose of the second equa-
tion to obtain

I—H'(F"F/T)H = 0,(I1B - BIl) + 0,(85)-
Right multiplying by H’ and left multiplying by H'~!, we obtain
[—(FYF°/T)HH =0,(|B - BI) + 0,(8y%).
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This is equivalent to (i).
(ii) We have
|P; — Pro||® = tr[(Pp — Ppo)?] = 2tr(I, — F'PrF/ T).

Proposition 1(ii) already implies I, — F'PuF/T=0 »(1). By rewriting T-'F x
F'=T-'F(F'— FH™') + H, we can easily show, using earlier lemmas that
I, — F'PuF/T =0,(B - Bl) + 0,(857). The details are omitted. ~ Q.E.D.

PROOF OF LEMMA A.8: First consider — ﬁ Z Xi(Mpo — Mp)e;. Note that
Mp — My =Py — PFo and Py = FF/T. By addmg and subtracting terms,

XFA

Ei— —F/—— XI,P &
FE T 2
X|(F — FOH) .
Z F/Si
Y i=1
X’F FOH
_Z ( L - Fory s,
i=1
1 X/F°H .
+ : (F—F°H)'s
«/NT; T
1 L XF FUFO\™
_|_— i HH/_( ) :|F(J/8l_
k- (5
=a+b+c+d.

Consider a. Note that (F, — H'F 9YH'F? is scalar and thus commutable with
Xit:

s=1 i=1 t=1

1 T . 1 N T
=S, -HFYH|— F) X e .
o= Eh - 3y )
Thus

1/2

|a||<[ ZnF HFO] IH |

1 7 291/2
(g

=[0,(1B = BI) + 0,(8:)]0,(1) = 0, (1).
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Similarly,

1 T T . .
b= TWﬁ Y N (F,—HF)Y(F,—HF) (

s=1 t=1

N
ZX”&‘”)

ﬁ\

and

2\ 1/2
le— ~ .,
bl < ﬁ<72nﬂ —HF,°||2> (Tz > )
t=1

s=1 t=1

\/_ ZXUSU

=VT[0,(IB - BI*) + 0,(8)]0,(1).
Consider c:

X/F°

«/— Z HH' (FH™' — F'g,
i=1

XFO FYFO -1
= (FH™' = F"'¢;
w5 ()

X FO |: / (FO/FO

-1
J_Z ) }(ﬁHl — F%'g,
i=1

=cl+ 2.
Denote Q = HH' — (F"F°/T)~! for the moment. We show ¢2 = 0,(1), that is,

1 < R X/F°
c2= VNT<W Z[a}(FH-l - FY® <’T)}) vec(Q)

i=1
= VNT[(NT)"2(IB = BI) + O,(N™") + N~'70,(8;)] vee(Q)
by the argument of Lemma A.4(iii) and (iv). By Lemma A.7, vec(Q) =
O,(IB = BI) + 0,(337). Thus €2 = O,(B = B) + VT/NO, () + VT x

0,(8y4) -5 0if T/N* — 0.
By Lemma A.4(iv), switching the role of i and k, we get

cl=(NT/N)pyr +0,(B - B) +vTO,(6:2),
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which is O,(1). To see this, let A; = (X/Fy/T)(F'F°/T)™" and By = (A'A/
N)~'A.. Then

N
Wnr = Z( 1/22,4 s,,) <N-1/Z;Bkskt) =0,(1).

t=1

For d, againlet Q= HH' — (F"F°/T)~'. Then

N /
(51) d= e Z[S;FO ® (XTFOH vec(Q)

' ;70

(52) —(— iZF“‘ (XF> (Q) =0,(1)vec(Q)
= W € ® T vec =0,(1)vec ,

which is 0,(1) because vec(Q) = Op(ll,é - Bl + 0p(5;,27) by Lemma A.7. In
summary, ignore dominated terms:

(53)

VNT ~
(—) Yyt +TO, (1B — BI?)

1 N
—’W ZX’,(MFO —Mﬁ)é‘,‘ =

i=1
+0,(B=B)+VTO,(5:2).

LetV,= % Zle a; X. Then replacing X; with 1}, the same argument leads to

Wir +VTO, 1B - BYIP)

(54) Xj: (Mpo — Mp)e; = <@>

+0,(B—B)+VTO, (53,
where i}, = O,(1) is defined as

55) gL giVF(J(FO’FO)‘l(AA)_l ( ZSH%>,

which is also O,(1) for the same reasoning as for ¢yy7. Combining (53) and
(54), and defining ¢}, = ¥yr — ¥%,, we obtain the lemma:

1 < 1 <
WZ[AX{Mﬁ — NZaikX;{Mﬁ}gi

k=1

N N
\/—_Z|:XMFO ZaikX//(MFO:|8,'

k=1
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_ <_VNT

N
+0,(18 = B°) +VTO,(8y%). O.E.D.

)(«zfm — ) +VTO, (1B - B1%)

PROOF OF LEMMA A.9: (i) We have

. 1 &
D(F)— D(F") = NT ZX;(MF — M) X;
i=1

11 al
— — |:ﬁ ZZX;(MF — MFo)Xkaik:|.
k=1

i=1

The norm of the first term on the right is bounded by

by Lemma A.7(ii). The proof that the second term is 0,(1) is the same.

(i) By Lemma A.6, {yr = O,(1), and by Lemma A.S, &y = 0,(1) so
that éyr = D(ﬁ)‘lfLT = O0,(1). Thus Corollary 1 implies that W(BA —
B)=0,(/N/T)+0,(/T/N). Thatis, B — B=0,(3) + 0,(+) = 0,(83}).
The proof for (i) implies that ||D(ﬁ) — D(F%)|| < 0,(1)||Ps — Pro|. But by
Lemma A.7(ii), [|Pp — Ppoll = Op(llﬁ — BI"*) 4+ 0,(857) = 0,(8y). In sum-
mary, |D(F) — D(F°)|| < 0,(53%). It follows that \/T/N||D(F) — D(F%)| <
JT/NO,(55%) = 0,(1) if T/N? — 0. The proof of (iii) is the same.

(iv) From &y = D(F)&l,, JT/NID(F) — D(F°)] = 0,(1) by part (ii),
and &, = 0,(1), it suffices to show /T/N[D(F°)~'¢l; — Bl = 0,(1). Let
A =N ®UX;—V)F°/T1and G = (F*F°/T)""(A’'A/N)~". Then E|| Ay |* <
M and |G| = O,(1). We have

1o I1X)2
SNZ( - )||Pﬁ—PFo||=op<1)

i=1

1 N
——= Y X|(P; — Pp)X;
NT &

D(F")¢\, — B

PR I N IR o
=—DF)"' 5D ) | Auz ) (eusi — o) |vee(G).
t=1

i=1 k=1

Assumption C(iv) implies that the above is O,(T~"/?). Thus \/T/N[D(F°)~" x
Evr — BI=0,(N"'?) =0, (1).
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(v) Comparing {yr and C, and in view of (iii), it suffices to show that the
difference

1 &, L (FYEN\T AANT
W;xwgm( - ) (T) Ai

1 & FOFO\N T/ A AN
- "M QQF° A
NT & T N

multiplied by \/N/T is 0,(1). Using ab — cd = a(b — ¢) 4+ (a — c)b, by adding
and subtracting terms, we first consider

1 & .
NT > XM — Mp)QFG,,
i=1

where G; = (FYF/T)"'(A'A)"'A;. Note that [|Q2F|| < Amu(2) | F|| = OT),
where A,.x((2) is the largest eigenvalue of (2 and is O(1). Further, || X;(M; —
M)l < IXillll Pz — Proll = I X1l O, (857)- Thus

1 & .
H NT > XM — Mp)QFG,
i=1

N

1
=OM)|P; - Pl D (T IXANIGH = 0, (837).

i=1

But /N/TO,(85;) = 0,(1) if N/T? — 0. Next consider

1 & L(FYENTYCFYFON T A AAN T

From | X;MpoQ|| < Apux (D) | XiMpo || < Amax(2) ]| X || @and %ZL T2 X x
|A’A/N )|l = O,(1), it suffices to show

T-V2F(FYF/T)™ — F/(F"F°/T)™"
=T V*(F — PwE)(FYF/T)™"
=0,(8y)-
But T-2||F — PrF|| = |P; — P = O,(8y},), proving the lemma.  Q.E.D.

PROOF OF LEMMA A.10: By definition, A’ = LF'(Y — X ), where Y =
(Y1,...,Yy)isT x Nand X is T x N x p (three-dimensional matrix), so that
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XBis T x N (readers may consider B is a scalar so that X is simply T x N).
Thus from Y — X =FA' + s — X (B — B"),

AN=T'"FFAN+T'Fe—T'FXPB-p.
From F'=F' — FH-'+ FH~" and using F'F /T = I, we have
(56) A —H'W=T'"F(F —FHY YA +T 'Fe—T'FX(B-p).
Thus

N_1/2||/i/ _H—IA/”

IF° = FH'|| || A] 1 ‘ R
<Vr ——F'e| +Vr——IB - BI.
vT VN VNT \/NT”B Al
The first term is 0p(||/§ — BI) + O0,(8y;) by Proposition A.1(ii); the second
term is O,(7T~/?); the third term is 0,,(||é — BI) inview | X||/vNT = O,(1).

Thus N- V2| A" — H'A'|| = Op(||[§ — BI) + 0,(8y})- This is equivalent to (i).
For (ii), left multiplying A on each side and then dividing by N gives

-12

F'e

NYA —H'"AYA=T'F(F' = FH )Y (AN A/N)
+(TN)'F'eA— (TN 'F'X(B - B)A.

The first term on the right is 0,,(||[§ - BIh + O,,((S;,zr) by Lemma A.3. The
second term is

(TN)“(F — F°HYeA + (TN)"'"HF"¢A =a + b.

But a is the left-hand side of Lemma A.4(iii), thus having the desired result.
Term b is simply (TN)~"20,(1), also as desired. Finally,

I(TN)"'E'X (B — B)A|l < VFIX/NTN| - |A/¥N| - 118 — Bl
=0,(1B8- B

proving (ii). By adding and subtracting terms, (iii) follows from (i) and (ii). Part
(iv) follows from A~' — B! = A='(B — A)B~" and (iii). Part (v) follows from
(59) below and Lemma A.3. For part (vi), multiply (59) by || 7-2X;| on each
side and then take the sum. The bound is the same as in (v). Q.E.D.

PROOF OF LEMMA A.11: The denominator of B is D(F"). Equation (61)
shows that \/T/N[Dy — D(F°)] = 0,(1). Thus it is sufficient to consider the
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numerator only. We shall prove

VIN[ 1 & X FAAN .
67) (T){NZ LA e
N o0\ —1 -1
SR () (3) s
i=1

and

VT S VF(AANT L,
(58) (T)[ 121: T ( ) A0
N g 0 FO/F() -1 AA -1
; ( ) <N> )\o-i{|=op(1).

Consider (57). There are four items being estimated, namely F, A’A/N, A,
and o}. Using the identity abcd — abed = (a — a)béd + a(b — b)éd + ab(¢ —
c)d + abc(d — d), the first corresponding term is

1 L XI(F—FH)Y (A A\ '«
—> i ) (A4 X607
N T N '

i=1

- .
_IF-FH| 1ZIIXII A'A A62
=7 \N g

i=1

ZIH

) =0,(8y7)-

The second corresponding term is O,(8y}), which follows from Lem-
ma A.10(iv). The term HH’ arises in the interim, which just matches (F"F°/
T)™'by Lemma A.7 and HH' — (F"F°/T)™' = 0,(8y})-
For the third corresponding term, from (56),
(59)  A—H 'N=T'"FF —FH " Y\N+T'"Fe-T'FX/(B-PB)
=T 'F'(F* — FH YA+ T '\(F — F°H)'e,

+T'HF";, — T"'F'X:(B — B).

This means that the corresponding third term is also split into four expressions.

Each expression can be easily shown to be dominated by O, (83}).
Next

(60)  Ei=e,+X,(B—B)+ (F,—HF)YH '\, +F/(A,—H')\).
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It is easy to show that - & — T Ly &2 = 0,(85%). Furthermore,
I e — a2 =13 [l — E(2)] = O,(T~'/%). In summary, (57) is equal
to /T/NO,(85}) =0,(1) if T/N* — 0.

Consider (58). The only difference between (58) and (57) is X; replaced by

175. Thus it is sufficient to prove

T\ 1 (V- V) F°
e

i=1

where A; = (FYF°/T)"(A'A/N)"' Ao = 0,(1):

i

N WV —V,)F°
Z—

=

( Z 2y - V||||A||)||T”2F°||

Now V, — V, = % Zle(&,-k — ay) Xy, where

Qi — Ajx = (5\1' - H_l/\i)/(/i,/i/N)_l/A\k
+ NH'[(AA/N)™" — H'(AA/N) " H]A,
+ N(ANA/N)THA — H '),

Thus

1 & .
N 2T W=Vl Al

i=1

<(vE o) (5)
L) (5

( ki|k” )
XNI: <%>1HHIIA,-II%§;||(X,{—H

1L .| X,
(NZ_jnAku ﬁ)

) H H( ZMH Al A4 ||>
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Each term on the right is bounded O,(8y}) by Lemmas A.10. Thus (58) is
equal to /T/NO,(8y;), which is 0,(1) if T/N? — 0. Q.E.D.

PROOF OF LEMMA A.12: We only analyze terms involving the difference

Q) — Q, because expressions that involve other estimates were analyzed in the
proof of Lemma A.11. Consider

1 & . AAN .
— XM:(0D—-F :
TZ M ( ) (N> by

1 & . L AAN .
—_— X Q-OF ;
TZ ’( ) (N) A;

1 X F AA
+ N 20— Q)F( N

But . k 1 Ait Uk t= N Zk 1[ 8kt] + % lejzl[siz - O-Iz,t] = % Zszl[éit
1,1 +O (N~'?). Moreover, + Zk 82, —&2,1=0,(8y;) and so is the average
over t. Thus a = O, (8y;). Next
AA -
N L

oA O
bl < T E' Q- Q)F|—
1ol < ILEF"( )IINi:1

NE(@Q - D)F)0,(1).

But £IF'(2 = OF| = 11X FE(G 0L 8, — ol )l = VrlF Sily
YN (8, — a2 )P =0,(8y4), that s, b= 0,(8y}). Thus /N/T(C — C)_
JN/TO,(8) — 0if N/T? — 0. Q.E.D.
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PROOF OF PROPOSITION 2: (i) Because D(F") BN D,, it suffices to prove
— D(F°) -2 0, where

N N

ik

1 & 1
D(F’) = NT D XM X, — N
i=1

i=1 k=1

and D, is the same as D(F") with F* and a; replaced by F and ;. The
proof of Proposition A.2 shows that || <= "% | X/(M;— M) X[ = 0,(1)||P; —
Proll < 0,(I1B = BI') + 0,(85%) = 0,(85}) by Lemma A.7(ii). It remains to
show

N N
TN2 DD XiMiXilaw — au] = 0,(1).

i=1 k=1

Noticing a;, = A} (A’A/N)~')\;, and adding and subtracting terms yields

ag — ag = Ay — H' ) (AA/N)Y A,
+ N, H'[(AA/N)Y" — H(NA/N)'HIA,
+ N (AA/N)YTH(A; — H'))
= b + cix + dir..

Decompose 6 into 8; + 8, + 85, where 84, §;, and 83 are defined the same
way as 8 but with a; — a; replaced by by, ci, and dy, respectively. From
THXM X || < IT72XANT 2 X

A'A
||61||5( ZNT (N) A
x (%Z 1772 X || 11 A —H'Ak||).
k=1

By Lemma A.10(v), [|6,] = OP(S,(,]T) + Op(||[§ — Bll) =o0,(1). Next,

1< . 1 XN
o=l = (ﬁ 2T A, ) (N P e A ||>
i=1 k=1

YN L, AN =1
(AA) —H/(A A> I
N N

X

b
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which is O,,(SX,ZT) + O,,(IIE — BI) by Lemma A.10(iii). Finally, 65 = 0,(1) using
the same argument for 6;. In summary, Dy—D(F") =0 »(1). In fact, we obtain
a stronger result 130 —D(F% = OP(8;,1T). Thus

(61)  T/N[Dy— D(F)1=T/NO,(83%) =0,(1)
provided that 7/N?* — 0. Similarly
VN/TIDy = D(F)] = /N/TO,(83}) = 0,(1)
provided that N/T? — 0. These two results are used in the bias-corrected es-
timators.
Consider D;. Let D} = o= SN o2 7,7, From D; % Dy, we only
need to show D, — Dy - 0:

1 & 1 «
=N 2@ -5 ) 2z,
i=1 t=1

N T
+ Z Z(Z”Z;, — ZuZ},)
i=1
+ b,

t=1

T
lall < % Z (&7 - af)% Z R
From
Gu=eut+ X, (B—B)+(F—HF)YH "N+ F A —H'A)
and
N—H '\ =T 'F'(F'—FH )\
+T Y (F—F°H) e+ T'HF"s; — T F'X:(B — B)

(see the proofs of Lemmas A.10 and A.11), we can write

1 « 1 o
T > & - T > & =0,(8yPv;,
=1 =1

where O (8;,1T) does not depend on i and where v; is such that + va vil? =
0 (1) NOWO- _O-z T le i T Zt 1 12t+ Zt 1[811_0-2] _0 (BNT)UZ
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T-?w,, where w; = T~/? Ztil[gft —0?1=0,(1). Thus
1Y 1 <
lall < Op(SX/lT)N Z |vil (7 Z ||Zit”2>
i=1 =1

1 & 15
+ T‘l/zﬁ Z |w;| <T Z ||Z,-t||2> = Op(‘S/:/lT)‘
i=1 =1

The proof of b being 0,(1) is the same as that of part (i); the factor o7 does
not affect the proof.
The proof of D, being consistent for D, is similar and thus is omitted.
Consider Ds. Let Dy = L ST 7,7/ 2, From D} > Dy, it is suffi-
cient to show 153 — D} =0,(1):

R ) 1 NI .
Ds = D5 = or ; ;Zitzn(gi — &,

1

T

1 S, s 5
+ NT Z Z(Zitzit - ZitZit)S?t

i=1 t=1

N T

+ % Z ZzitZ,{t(S?t - Uft)'

i=1 t=1
The first term is bounded by
1 N T 1/2 1 N T 1/2
— Z*) (—= 2 — g2y
(NT Z;len 1| ) <NT;§(8” ; ) :

so it is easy to show <= 3% 3" (82 — &2) = 0,(1). The second term on the

right is essentially analyzed in part (i); the extra factor &, does not affect the

analysis. The third term being o0,(1) is due to the law of large numbers, as in
White’s heteroskedasticity estimator. Thus D, — D} = 0,(1). Q.E.D.

On Instrumental Variable Interpretation in Section 6

The estimator can be interpreted as an instrumental variable (IV) estimator
with Z; as the I'V. Left multiplying Z! on each side of

Yi=XiB+FA+e&;,
we obtain, noting Z/F =0,

ZY,=ZX.B+ Ze.
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Summing over i and solving for 3, we obtain the instrumental variable estima-
tor

A N -1 N
By = (Z Z;Xi> > zy.
i=1 i=1

Moreover, it is easy to show YV Z/X; =Y~ Z/Z. Thus the instrumental
variable estimator has the same form as the asymptotic representation of the
interactive-effects estimator. It follows that the latter estimator is an asymp-
totic IV estimator with Z; as instruments.

A Useful Lemma for Section 8

LEMMA A.13: The following identities hold (i.e., & can be replaced by ¢;):
N . A N . A
©2) D ZEYe=) ZiF)e,
i=1 i=1

N N
63) D Zs=) Ze.
i=1 i=1

PROOF: First note that
é‘i =& — LTE‘I'. — & + LTE‘..,

where & = (24, &4,...,&7) does not depend on i. From the constraint
S F,=Fu =0, we have Mpur = ur. Also, X/ur = 0 for all i. It follows
that Z/v; =0 in view of

Coa 1< :
Zi(F) = XM; — > au X M;.
k=1

From YV X, =0 and YV a, =0, we have YV, Z; = 0. It follows that
Zf;l Z:(FY&=0. Thus Zf’:l Z(F)& = le Z(F) e, proving (62). We have
used the fact that Zfil a; = 0, which follows from Zfil A; = 0. Noting that
F”u; =0, due to the restriction (29), the proof of (63) is identical to that of
(62). Q.E.D.
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APPENDIX C: ADDITIONAL RESULTS ON TESTING ADDITIVE
VERSUS INTERACTIVE EFFECTS

PROOF OF (34): Under the i.i.d. assumption, E(;&}) =0 and Eg;&; = o°I7.
Thus

1 & _ N
AN 2= / L L
Emny')=0 NT ;:1 XMplX; — 17 X — X + 107X\
E X MpX; 21 X'Mp X
= 0' —_ — 0— —
F T F
from My =0, because F contains 7 as one of its columns. Next,

1 N N B ~ B
E&Y = ZN—Z[ Za[kXILMF:|[X,‘—LTX[.—X+LTX..]

k=1
N N
sz MF
=1 k=1
1 N
— ZN—X_:[ Za,k}XMFX
N N

1 . _ _
kX]/(MFXi - T(TZX/MFX,

i=1 k=1

because vazl a;; = 1 under the null hypothesis. This follows from A; = (1, «;)’
with ) a; =0. Thus
1 N
=o0t— X MrX;
El(n—=&¢']= o’ NT F

i=1

- ZZa,kX My X; = o>D(F°).
i Q.E.D.

C.1. Time-Invariant versus Time-Varying Individual Effects

Consider the null hypothesis of the fixed-effects model

(64)  Yu=X,B+\+ e
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where A; is an unobservable scalar. The alternative hypothesis is that the fixed
effects are time-varying,

(65) Yi= X{,,B + AF A+ &,

where F, is also an unobservable scalar. This is a single factor interactive-
effects model. If F, =1 for all ¢, the fixed-effects model is obtained.

The interactive-effects estimator for B is consistent under both models (64)
and (65), but is less efficient than the least squares dummy-variable estimator
for model (64), as the latter imposes the restriction F, = 1 for all ¢. Neverthe-
less, the fixed-effects estimator is inconsistent under model (65). The principle
of the Hausman test is applicable here.

The least squares dummy-variable estimator is

—1
. 1 < 1 &
VNT(Bee — B) = (— ZX;MTX,) —— > XMys;,
NT i=1 NT i=1
where My = Ir — 7/ T. For the interactive model, the estimator is

VNT(Bi: — B)

- 1 o
:D(FO)_IWZ[X:{MFO—NzaikX,;Mpo:|8i+0p(l).
i=1

k=1

Let

R 1 A1 Y
(66) n=-—r—= ZXEMFOSi’ f - Z{_ ZaikX]/(MFO}Si'
VNT 3 NT ‘= Nk]

3

By Proposition A.3,
67)  VNT(Bie =B =DFE) " (n =& +0,(D).
Under the null hypothesis, F° = vz, and thus M; = Mo and
VNT (B —B) = A",
where A = (7 SV XM X)),
The variances of the two estimators (the conditional variance to be precise)

are

var(vVNT (B — B)) = 02 A7,
var(vNT (Bie — B)) = o’ D(F*) !,
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respectively. To show that the variance of the difference in estimators is equal
to the difference in variances, that is,

Var(BIE - BFE) = Var(,éIE) - Var(,éFE),
it suffices to show
(68) E(né) =E(£E).
The proof is given below. Note that E£¢’ is positive definite, that is, 4 —
D(F") = E£€ is positive definite. This implies that var(+v/NT (B — Bre)) =
a*[D(F°)~' — A7']is a matrix of full rank (positive definite). Thus
J=NTo*(Bie — Bre) IDF) " — A7 Bz — Bre) = x>

Replacing D(F°) and o by their consistent estimators, the above is still
true. Proposition 2 shows that D(F°) is consistently estimated by D,. Let
§2=L1yN S" & where L=NT — (N +T) — p+1.Then 6* % o2

C.2. Homogeneous versus Heterogeneous Time Effects

For the purpose of comparison, the usual time effects are called homoge-
neous time effects since they are the same across individuals:

Yit = XizB +Ft + &,
where F, is an unobservable scalar. The heterogeneous time-effects model is
Yi[ = XizB + /\iFt + &,

which is a simple interactive-effects model with » = 1. The least squares
dummy-variable method for the homogeneous effects gives

VNT (B — B) =By,

where B = (& > (X, — X)(X; — X)) and ¢ = —n SV (X, — X)'e;, and

X=3 SV, X, isa T x 1 vector. The interactive-effects estimator has the same
representation as in (67). Under the null hypothesis of the homogeneous time
effect, we have A; =1 for all / and hence a;;, = 1. It follows that

N

1 ) 1o, -
var(n — &) = o*D(F") = a'zﬁ > IMpX; — O'ZTX MpX.

It is shown below that

(69)  Emy'=var(n—§&) =0d’D(F’), E(&)=0.
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This implies that

var(Big — Bre) = var(Bie) — var(Bg).

Thus Hausman’s test takes the form
J=NTo*(Bie — Bre) [DF") ™ — B Bz — Bre) —= x>
The above still holds with D(F°) and o2 replaced by D, and 6.

PROOF OF (68): Under i.i.d. assumptions for &;, using Es,—s} =0fori#j
and E¢;e, = oIy,

N N N N

E(¢€) = NiT DYDY an X MrE(eig)MrX,a;

i=1 j=1 k=1 ¢=1

| NN [N
:0'2 ZZ(—Z(I%Q,{)X;{MFXZ
NT =S \N S
| NN
=0 g 2 D XM X, = Ené
k=1 (=1
since + SV agai = a. Q.E.D.

PROOF OF (69): We have

1 & _
E(n¢)=0"— ZXfMF[Xi - X]
NT =

1 1o s
_ 2 ’ 2 v
=o' N7 ;X[MFX, ol XM X,
1 N N
(AN ’ v
EE)) =052 ) au XMl X, — X]

i=1 k=1
21 v/ % %

Note that a;; =1 for all i and k under the null hypothesis. Q.E.D.
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C.3. The Number of Factors

In this section we argue why the number of factors can be consistently es-
timated, and discuss how to use this fact to discern additive and interactive-
effects. For pure factor models, Bai and Ng (2002) showed that the number
of factors can be consistently estimated based on the information criterion ap-
proach. Their analysis can be amended to our current setting. Details will not
be presented to avoid repetition, but intuition will be given.

We assume that r < k, where k is given. Suppose r is unknown, but we en-
tertain k factors in the estimation. It can be shown that as long as k& > r, we

have B — B =0,(1/~/NT), where the superscript k indicates k factors are
estimated. Let i, (k) = Y;, — X, B and &; (k) = i1;,(k) — A;(k)'F,(k). Then

i\lit(k) = )\;Ft + Eir + Op(l/\/ NT).

Thus i;, has a pure factor model; the O,(1/+/NT) error will not affect the
analysis of Bai and Ng (2002). This means that

1 G 1 < 1
_ 2 (k) — — 2 _o(—— ).
NT & PBLACRS = DB O”(min[N, T])

I t=1 i=1 t=1

Since k > r, the above is true when k is replaced by k. Thus,
&> (k) — 67 (k) = 0,(1/min[N, T1),

where 62(k) = =0 S 82(k).
If k < r, unless A/F, are uncorrelated with the regressors, and E(A;) =0 and
E(F,) =0, B cannot be consistently estimated. In any case, F° cannot be con-

sistently estimated since F' is T x r and F(k) is only T x k. The consequence
of inconsistency is

o2 (k)—6*k)>c>0

for some ¢ > 0, not depending on N and 7. This implies that any penalty func-
tion that converges to zero but is of greater magnitude than O,(1/min[N, T)

will lead to consistent estimation of the number of factors. In particular,
— log(NT
CP(k) = 6*(k) + 6*(k)[k(N +T) — kzl%

or

log(NT)

IC(k) =log 6*(k) +[k(N + T) — kZ]T
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will work. That is, let k = argmin,_; CP(k) or k = argmin,_;IC(k). Then
P(k=r)— 1as N,T — 0. Although the usual Bayesian information crite-
rion (BIC) only assumes either 7 — oo or N — oo but not both, the IC(k) has
the same form as the BIC criterion, as there is a total of NT observations. With
k factors, the number of parameters is k(N + T') — k* + p, where k* reflects
the restriction F'F/T = I and A'A = diagonal, but p does not vary with k, so
can be excluded in the penalty function. The CP criterion is similar to Mallows’
C,.
Ignoring k* for a moment (since it is dominated by k(N + T) for large
N and T), the penalty function in IC(k) is k - g(N,T), where g(N,T) =
(N+T) l"g[f,'\f). Clearly, the penalty function goes to zero as N, T — 0, unless
N =exp(T) or T =exp(N) (these are the rare situations where BIC breaks
down; Bai and Ng (2002) suggested several alternative criteria). In addition,
g(N, T) is of larger magnitude than 1/ min[N, T]since g(N, T)*min[N, T] —
oo. These two properties of a penalty function imply consistency, as shown by
Bai and Ng (2002).

Given that the number of factors can be consistently estimated, we can
determine whether an additive model or interactive model is more appro-
priate. Suppose the null hypothesis postulates time-invariant fixed effects as
Yit = Xz/tB + Al' + &i. Then

Yi—Y.= (X, — Xi-),,B + &y — &
Under the time-varying fixed-effects model Y;, = X, B + A.F, + &, we have
Y —Yi=(Xy— X.)' B+ N(F, — F) + &, — &.

Under the null hypothesis, no factor exists, and under the alternative, there
exists one factor.

The same argument works for the fixed time-effects model, in which we use
Y, — Y, as the left-hand side variable and X;, — X, as the right-hand side
variable.

Next consider the additive versus the interactive model:

Yvith,'/“B'f'M‘f'ai*‘ft"‘sit
or
Yit :X;[B + éi[)

where Y,, and X, were defined previously. Therefore, the transformed data
exhibit no factors. Under the interactive model (32), the transformed data obey

Yi=X,B+NF, + &,

The factor structure is unscathed by the transformation and the number of
factors is still two.
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APPENDIX D: ADDITIONAL RESULTS FOR SECTION 10

We now explain the meaning of D(F") > 0 and argue that it can be segre-
gated into some intuitive and reasonable conditions. To simplify notation and
for ease of discussion, we assume the only regressors are time invariant or com-
mon (no X;), that is,

Xi= (LTx;v W)7 B/Z(V/J 6/)'

The condition D(F°) > 0 implies the following four restrictions:

I. Genuine interactive-effects: F° or its rotation does not contain tr; A or
its rotation does not contain ¢y. Otherwise, we are back in the environment of
Hausman and Taylor, and instrumental variables must be used to identify 8. In
algebraic notation

1 1
?L,TMFOLT>O and NL;VMALN>O.

I1. No multicollinearity between W and F°: The following matrix is positive
definite:

1
?W/MFUW > 0.

Without this assumption, even if F° is observable, we cannot identify 8 and A
due to multicollinearity.
III. No multicollinearity between x and A:

1
NE/MAE > 0.

This is required for identification of g and F°.
IV. Identification of the grand mean, if it exists: At least one of the following
holds:

1
(70) N(L in) My(x,y) >0,
1
(71) T(LT, W)/MFU(LT, W) > 0

That is, either x does not contain ¢y or W does not contain ¢7. If both contain
the constant regressor, there will be two grand mean parameters, and thus they
are not identifiable.
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To see that D(F°) > 0 implies the above four conditions, we simply compute
((1/N)xXMpx)(pMper/T)
(W'Mper/T)((1/N)vyM,x)

(A/NYX'Myen) (MW T) }
((/NYNM o)W MW/ T) |

D(F):[

For a positive definite matrix, the diagonal block matrices must be positive defi-
nite. This leads to the first three conditions immediately. To see that D(F°) > 0
also implies IV, we use a contradiction argument. Suppose neither of the matri-
ces in (70) and (71) is positive definite, and since they are semipositive definite,
their determinants must be zero. Then it is not difficult to show that the deter-
minant of D(F?) is also zero. This contradicts D(F°) > 0.

More interestingly, the four conditions above are also sufficient for D(F°) >
0, a consequence of the following lemma.

LEMMA 14: Let A be a g x q symmetric matrix. Assume the (g+ 1) x (g + 1)

matrix
A= |:A, a} >0
a T
is positive definite, so A > 0 and ™ > 0 (a scalar). Suppose

B:[Z %}20, with v>0,B>0,

is semipositive definite, where B is £ x { and v is scalar. Then the following (q +
£) x (q + ) matrix is positive definite:
B Av  ab
AOB = |:ba/ TB] > 0.

The role of A and B can be reversed. The lemma only requires one
of them to be positive definite, not both. Now suppose (70) holds. Let
A= L(x,,n)My(x,y) and B = L(vp, W)Y Mpo(ir, W), and A > 0. In ad-
dition, A = %&’M/@ >0, 7= yMuy >0, v= %L/TMFULT > 0, and B =
W' MW /T > 0, all following from the first three conditions. Thus the as-
sumptions of Lemma 14 hold. It follows that AGB > 0, but AGB = D(FP).
Thus the four conditions imply D(F”) > 0. We now summarize the result.

LEMMA 15: The matrix D(F°) > 0 if and only if the above four conditions
hold.
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REMARK ON LEMMA 14: B need not be positive definite. For example, for
¢ =1, B can be the 2 x 2 matrix with each entry being 1. Then AGB = A > 0.
The lemma holds if 4 > 0 with 4 > 0 and 7 > 0, but B > 0 (reversing the
role of A and B). Moreover, from A<$B > 0, one can deduce the condition
of the lemma (or the conditions reversing the role of A and B). In this sense,
the condition is necessary and sufficient. The operator <> is analogous to the
Hadamard product, which requires equal sizes for 4 and B, and is defined
as componentwise multiplication. We are not aware of any matrix result in
this nature. The lemma can be proved for £ = 1 and for arbitrary g then with
induction over £ (the proof is available from the author). Q.E.D.

PROOF OF PROPOSITION 3: As in the proof of Proposition 1, denote the
true value by (B°, F). Recall that the objective function can be written as

Svr(B, F) = Sx1(B, F) + 0,(1), where
Snr(B, F) = (B — B°YD(F)(B - B°) + 6B,
where B=[(AA/N)"'® I;] > 0, and 0 is a function of (8, F) such that

L1 S
(72)  O=vee(M:F") + B 1 ;ui ® MpX)(B - B");

see the proof of Proposition 1 in Appendix A. Since D(F) is semipositive defi-
nite for any F and since B is positive definite,

Snr(B,F) >0

for all (B, F). On the other hand, Sy;(B8°, F°) = 0. We show that (8°, F°) is
the unique point at which Sy7(B, F) achieves its minimum, where uniqueness
with respect to F' is up to a rotation (identification restrictions on F and A in
fact fix the rotation). Letting

(B*, F*) = argmin Sy7(B, F),
we can show (8%, F*) = (B°, FY). Since Syr(B*, F*) = 0, we must have
(B*=BYDF*(B*—B")=0 and 6*=6(p*, F*)=0.

If D(F*) is of full rank, then B8* — B’ = 0. In this case, from 0 = 6* =
vec(MpF®), we have F* = F°. Only when D(F*) is not full rank is it possi-
ble for B* # B°. The matrix D(F*) will not be full rank if F* or its rotation
contains the column t¢r or contains a column of W. We show that this is not
possible under D(F°) > 0. If F* contains the column ¢, then

o |0 0
P = [0 ((1/N)L}VMALN)(W/MF*W)/T}
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and it follows that
0=(B" =B )D(F)(B* - B") =a(& =&)Y W' MpW/T)(& - &),
where a = +1)\,Muy > 0. The above implies that
MeW (8 —8% =0
since x'x = 0 implies x = 0. Therefore,
Mp-X:(B* = B°) = (Mps1rx), Mp-W)(B* — B°)
=0, MpW)(B* = B°) =MW -8 =0.

Thus, by (72), 0 = 6* = vec(MF°). 1t follows that F* = F°. Thus F* cannot
contain ¢z since F° does not contain tr, a contradiction. Next, suppose that
F* contains at least one column of W. Partition W = (W;, W;) and suppose,
without loss of generality, that F* contains W,. Then Mp- W = (M- W, 0) and
((L/N)XMpx)(eMpsor/T)
D(F*) = | (W{Mp17/T)((1/N)vyM,x)
0
(1/N)x Maun) (& Mp-Wi/T) 0
(/N Myen) W/ Mp-Wi/T) 0
0 0

Under %L’TMF*LT > 0, the first 2 x 2 block of D(F*) is positive definite by

Lemma 14. Partition § = (8}, 8,)' so B = (v, 8, 8,)'. Partition B* and B° cor-
respondingly. From
(B* = B"YD(F*)(B*— B’) =0

we have y* —y* =0and 87 — 6! = 0. Thus g*— B = (0,0, 65 — 8Y). Together
with MpW, =0, we have

MpX(B* = B") = (Myurx;, M- Wi, 0)(B* — B°) =0.

Inview of (72), 0 = 6* = vec(Mp F°). It follows that F* = F°, again a contradic-
tion. In summary, under the assumption that D(F°) > 0, the optimal solution

of Syr(B, F) is achieved uniquely at (8°, F°). This implies that {3 is a consistent
estimator for B’; see the proof of Proposition 1 in Appendix A. Q.E.D.

APPENDIX E: FINITE SAMPLE PROPERTIES VIA SIMULATIONS

Data are generated according to

Y. = Xit,lBl +Xiz,2B2 + a/\;Ft + &,
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A= (Aig, Ap), and F, = (F,1, Fj;). The regressors are generated according to

Xig=m +NF + A+ JF 4 1m0,
Xip=mo+ QANF + VA +VF, + 1

with «' = (1, 1). The variables A
tant parameters are

F,j, and 7, ; are all i.i.d. N(0, 1). The impor-

ijs

(Bl, B2) - (13 3)
We set ¢; = ¢; = w1 = up = 1 and a = 1. We first consider the case of
g, 1.1.d. N(0, 4)

and then extend it to correlated errors.

To estimate (Big, F), consider the iteration scheme in (11) and (12). A start-
ing value for B or F is needed. The least squares objective function is not
globally convex, so there is no guarantee that an arbitrary starting value will
lead to the global optimal solution. Two natural choices exist. The first is the
simple least squares estimator of 3, ignoring the interactive-effects. The sec-
ond is the principal components estimator for F, ignoring the regressors. If \;
and F, have unusually large nonzero means (arbitrarily stretching the model),
the first choice can fail, but the second choice leads to the optimal solution.
This is because as the interactive-effects become dominant, it makes sense to
estimate the factor structure first. In this case, using the within-group estimator
B as a starting value will also work. To minimize the chance of local minimum,
both choices are used. Upon convergence, we choose the estimator that gives a
smaller value of the objective function. Iterations based on (11) and (12) have
difficulty achieving convergence for models with time-invariant and common
regressors.

A more robust iteration scheme (having a much better convergence prop-
erty) is the following: given F and A, compute B(F, A) = (Zfil X/ X)) x
Zﬁil X/(Y;— FA;), and given B, compute F and A from the pure factor model
W; = FA; + e; with W, = Y; — X;B. This iteration scheme only requires a sin-
gle matrix inverse (Zﬁil X/X;)™', so there is no need to update during iter-
ation, unlike the scheme of [:}(F) = (vazl XMpX)™! Zfil X!MrY,. Further-
more, if N > T, we do principal components analysis using WW’ (T x T), and
if N <T,weuse WW (N x N) to speed up computation. The same product
F ;\i is achieved, no matter which matrix is used. For the model associated with
Table I, the iteration method in the previous paragraph has many realizations
that do not converge to global optimum, but for the iteration scheme here, all
lead to global solutions.
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TABLE III
VARIOUS ESTIMATORS; 1.I.D. ERRORS

Within-Group Estimator Infeasible Estimator Interactive-Effects Estimator
Mean Mean Mean Mean Mean Mean
N T pBy=1 SD pB,=3 SD B SD By SD By SD By SD

100 3 1.363 0.145 3.364 0.145 0.990 0.161 3.008 0.158 1.022 0.236 3.025 0.229
100 5 1.382 0.096 3.382 0.098 1.000 0.089 3.000 0.086 1.021 0.133 3.021 0.129
100 10 1.388 0.064 3.393 0.063 0.998 0.055 3.002 0.054 1.011 0.071 3.014 0.067
100 20 1.396 0.043 3.399 0.042 0.997 0.034 3.002 0.035 1.002 0.040 3.006 0.040
100 50 1.399 0.027 3.400 0.027 1.000 0.021 3.001 0.021 1.002 0.024 3.003 0.024
100 100 1.399 0.020 3.399 0.020 1.000 0.015 2.999 0.015 1.001 0.017 3.000 0.017

3 100 1.360 0.150 3.361 0.136 0.996 0.090 2.999 0.093 1.039 0.240 3.032 0.231
5 100 1.384 0.098 3.380 0.095 1.003 0.071 2.998 0.070 1.025 0.132 3.019 0.128
10 100 1.389 0.062 3.393 0.063 0.998 0.046 3.002 0.048 1.009 0.066 3.011 0.069
20 100 1.394 0.043 3.395 0.042 0.999 0.034 3.001 0.035 1.004 0.041 3.006 0.041
50 100 1.399 0.027 3.398 0.028 1.000 0.021 3.000 0.021 1.002 0.024 3.002 0.024

For comparison, we also compute two additional estimators: (i) the usual
within-group estimator BLSDU and (ii) the infeasible estimator B(F ), assuming
F is observable.

From Table III, we can draw several conclusions. First, the within estimator
is biased and inconsistent. Biases become more severe when the interactive-
effects are magnified by setting a larger a. For example, if a = 10, the biases
are also almost ten times larger (not reported). The infeasible estimator and
the interactive-effects estimator are virtually unaffected by the value of a. Sec-
ond, both the feasible and the interactive-effects estimators are unbiased and
consistent. The interactive-effects estimator is less efficient than the infeasible
estimator, as can be seen from the larger standard errors, which is consistent
with the theory. Third, even with small N and T, the interactive-effects esti-
mator performs quite well, and as both N and T increase and the standard
deviation becomes smaller.

Table IV gives results for cross-sectionally correlated ¢;,. For cross-sectional
data in reality, a large value of |i — j| does not necessarily mean the correlation
between ¢;, and g, is small. Nevertheless, for the purpose of introducing cross-
section correlation, g;, is generated as AR(1) for each fixed ¢ such that

iy =Pp&i_1,+ €irs

where p = (0.7. Once cross-section correlation is introduced, the data can be
permuted cross-sectionally if wanted, but the results do not depend on any
particular permutation. We generate stationary data by discarding the first
100 observations. This implies that var(e;) = o2/(1 — p*) ~ 4 for o> =2 and
p = 0.7. Thus the variance of ¢;, is approximately the same as the variance for
Table III. Theorem 1 claims that for N > T, cross-section correlation does not
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TABLE IV
VARIOUS ESTIMATORS; CROSS-SECTIONALLY CORRELATED ERRORS

T

Within-Group Estimator

Infeasible Estimator

Interactive-Effects Estimator

Mean

B1=1

SD

Mean
By=3

SD

Mean

B1

SD

Mean

B2

SD

Mean

B1

SD

Mean

B2

SD

100
100
100
100
100
100

3
5
10
20
50

3

5
10
20
50
100

100
100
100
100
100

1.368
1.381
1.390
1.397
1.397
1.399

1.368
1.382
1.394
1.396
1.399

0.136
0.094
0.061
0.043
0.026
0.020

0.110
0.075
0.053
0.040
0.027

3.366
3.382
3.393
3.395
3.400
3.399

3.370
3.385
3.392
3.395
3.398

0.142
0.092
0.061
0.042
0.026
0.019

0.105
0.076
0.056
0.041
0.027

1.005
0.995
0.998
1.001
0.999
1.000

1.002
1.000
1.002
1.000
1.001

0.176
0.092
0.056
0.039
0.023
0.016

0.089
0.070
0.050
0.038
0.024

2.996
2.999
3.002
2.999
3.001
3.000

2.999
3.000
2.998
2.999
3.000

0.172
0.093
0.058
0.038
0.022
0.016

0.091
0.070
0.049
0.037
0.023

1.062
1.064
1.053
1.033
1.010
1.006

1.176
1.222
1.237
1.227
1.072

0.235
0.152
0.105
0.078
0.046
0.030

0.166
0.117
0.089
0.089
0.116

3.061
3.069
3.057
3.031
3.013
3.005

3.181
3.218
3.238
3.227
3.071

0.242
0.157
0.107
0.076
0.046
0.030

0.171
0.117
0.090
0.088
0.117

aMatlab programs are available from the author.

affect consistency. On the other hand, for small N (no matter how large is T'),
the estimates are inconsistent. The simulation results are consistent with those
predictions.

Table V presents results for panel models with lagged dependent variables

Yi=pYii1+ Xiu1B1+ Xi2Ba+ M.F + &5

((p, B1,B2)=(0.75,1,3);1=2,3,..., T;i=1,2,...

TABLE V

MODELS WITH LAGGED DEPENDENT VARIABLES AND HETEROKEDASTICITY

7N);

Interactive-Effects Estimator

Within Estimator

Mean
p=0.75

SD

Mean

Bi=1

SD

Mean
B2=3

SD

Mean
p=0.75

SD

Mean

Br=1

SD

Mean
B2=3

SD

100
100
100
100
100
100

10
20
30
50

0.733
0.739
0.748
0.749
0.750
0.750

0.743
0.747
0.749
0.749
0.750

0.029
0.012
0.004
0.003
0.002
0.001

0.011
0.007
0.003
0.003
0.002

1.125
1.090
1.017
1.009
1.004
1.002

1.072
1.024
1.009
1.005
1.002

0.161
0.103
0.042
0.030
0.022
0.015

0.131
0.074
0.039
0.030
0.022

3.114
3.087
3.018
3.009
3.004
3.002

3.068
3.029
3.009
3.005
3.003

0.163
0.097
0.041
0.030
0.022
0.016

0.125
0.073
0.038
0.030
0.022

0.713
0.735
0.744
0.746
0.748
0.749

0.748
0.749
0.749
0.749
0.749

0.032
0.012
0.006
0.005
0.003
0.002

0.008
0.006
0.004
0.003
0.003

1.345
1.383
1.392
1.395
1.397
1.398

1.380
1.391
1.396
1.395
1.397

0.111
0.059
0.039
0.031
0.025
0.017

0.087
0.055
0.036
0.031
0.024

3.314
3.375
3.390
3.394
3.396
3.399

3.382
3.394
3.397
3.396
3.399

0.117
0.059
0.038
0.032
0.024
0.018

0.083
0.055
0.037
0.031
0.024
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where X, 1, X2, Ai, and F, are generated as in previous tables. We also allow
time serial heteroskedasticity in ¢;, with ¢; ~ N(0, 1) for t odd and ~ N (0, 4)
for ¢ even. For small T, the estimated parameters are biased primarily due
to heteroskedasticity. Under large 7', the estimator performs quite well. The
within-group estimator for p is not heavily biased, but the estimators for 3,
and B, are biased for all combinations of N and 7.
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