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THIS SUPPLEMENTARY DOCUMENT generalizes our main results for two-
member households toward M-member households: Section S1 contains the
nonparametric characterization of collective rationality, Section S2 discusses
the minimum number of goods and observations that enable rejection of
M-member collective rationality, and Section S3 presents the testable col-
lective rationality conditions. In addition, Section S4 clarifies the bargaining
power interpretation of the “situation-dependent dictatorship” solution that
underlies the sufficiency result (for two-member households) in Proposition 4
of the main text.

S1. A CHARACTERIZATION OF COLLECTIVE RATIONALITY FOR
M-MEMBER HOUSEHOLDS

The discussion in the main text restricts to two-member households. In this
supplemental material, we consider the case with M household members. Note
that this general case includes the two-member model (M = 2) and the unitary
model (M = 1) as special cases.

The household’s observed aggregate quantities q are now decomposed into
M quantities qm (m = 1� � � � �M) that capture private consumption and quan-
tities qh that represent public consumption. The different quantities are inter-
related as follows:

q = q1 + q2 + · · · + qM + qh�

Each member m (m= 1� � � � �M) is further characterized by own preferences
that are represented by a nonsatiated utility function Um(q1�q2� � � � �qM�qh)
that is nondecreasing in its arguments.

As was the case for two-member households, we assume a set of T obser-
vations of prices and quantities, where S = {(pj;qj); j = 1� � � � �T } denotes the
set of observations. To generalize Definition 1 of the main text, for observed
quantities qj , we define feasible personalized quantities q̂j as

q̂j = (q1
j � � � � �q

M
j �q

h
j ) with(S1.1)

q
1
j � � � � �q

M
j �q

h
j ∈ �n

+ and q
1
j + · · · + q

M
j + q

h
j = qj�

The interpretation is directly analogous to that for the two-member model.
Using (S1.1), we have the following definition.
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DEFINITION S1: Let S = {(pj;qj); j = 1� � � � �T } be a set of observations.
A combination of M utility functions U1� � � � �UM provides an M-member col-
lective rationalization (CR-M) of S if for each observation j there exist feasible
personalized quantities q̂j = (q1

j � � � � �q
M
j �q

h
j ) and µ2

j � � � � �µ
M
j ∈ �++ such that

U1(̂qj)+
M∑

m=2

µm
j U

m(̂qj)≥U1(̂z)+
M∑

m=2

µm
j U

m(̂z)

for all ẑ = (z1� � � � � zM� zh) with z1� � � � � zM� zh ∈ �n
+ and p′

j(z
1 + · · · + zM + zh) ≤

p′
jqj�

Analogous to the two-member case, optimal household quantities result
from the maximization of a weighted sum of household member utilities, with
weights representing the bargaining power of the household members. Once
more, optimality is to be understood in a Pareto efficiency sense.

To introduce the collective rationalization conditions for the M-member
case, we define feasible personalized prices (̂p1

j � � � � � p̂M
j ) as

p̂m
j = (p1�m

j � � � � �pM�m
j �ph�m

j ) for m = 1� � � � �M − 1�

p̂M
j =

(
pj −

M−1∑
m=1

p
1�m
j � � � � �pj −

M−1∑
m=1

p
M�m
j �pj −

M−1∑
m=1

p
h�m
j

)
�

with p
1�m
j �p2�m

j �ph�m
j ∈ �n

+(m = 1� � � � �M − 1) so that
∑M−1

m=1 p
c�m
j ≤ pj (c =

1� � � � �M�h); and define a set of feasible personalized prices and quantities

Ŝ = {(̂p1
j � � � � � p̂M

j ; q̂j); j = 1� � � � �T }�(S1.2)

Once more, the interpretation is analogous to that for the two-member case.
We then have the following result, which generalizes Proposition 1 of the main
text.

PROPOSITION S1: Let S = {(pj;qj); j = 1� � � � �T } be a set of observations. The
following conditions are equivalent:

(i) There exists a combination of M concave and continuous utility functions
U1� � � � �UM that provides a CR-M of S.

(ii) There exists a set of feasible personalized prices and quantities Ŝ such that
the sets {(̂pm

j ; q̂j); j = 1� � � � �T } (m = 1� � � � �M) all satisfy the generalized axiom
of revealed preference (GARP).

(iii) There exists a set of feasible personalized prices and quantities Ŝ and num-
bers Um

j �λ
m
j > 0 (m = 1� � � � �M), such that for all i� j ∈ {1� � � � � T }, Um

i − Um
j ≤

λm
j (̂p

m
j )

′(̂qi − q̂j).

The construction of the proof is directly analogous to that of Proposition 1
in the main text.
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S2. MINIMUM NUMBER OF GOODS AND OBSERVATIONS TO ENABLE
REJECTION OF M-MEMBER COLLECTIVE RATIONALITY

Let us then regard the minimal empirical conditions for possible rejection of
the CR-M conditions in Proposition S1. These are given in the following result,
which generalizes Proposition 3 of the main text.

PROPOSITION S2: There does not always exist a combination of utility func-
tions U1� � � � �UM that provide a CR-M of the set of observations S = {(pj;qj); j =
1� � � � � T } if and only if (i) the number of goods n ≥M + 1 and (ii) the number of
observations T ≥ M + 1.

PROOF—Necessity: We sketch only the basic intuition for the result that
there is always data consistency with the CR-M conditions if n= M or T =M .
First, consistency with the CR-M conditions for M goods can always be
achieved for an intrahousehold allocation with each mth (m ∈ {1� � � � �M})
member consuming exclusively the mth commodity. Next, consistency with the
CR-M conditions for M observations can always be achieved for an intrahouse-
hold allocation with each mth (m ∈ {1� � � � �M}) member as the “dictator” for
the mth household observation. Compare with the argument following Propo-
sition 3 in the main text.

Sufficiency: We show that a CR-M of the set S = {(pj;qj); j = 1� � � � �M + 1}
is impossible if the following conditions are met:

∀j ∈ {1� � � � �M + 1}� p′
jqj > p′

j

(
M+1∑
i=1
i �=j

qi

)
�(S2.1)

As a preliminary step, we note that for all sets Ŝ we have ∀i� j ∈ {1� � � � �
M + 1},

M∑
m=1

(̂pm
j )

′̂qi = p′
jqi;(S2.2)

this follows from the definitions of p̂m
j and q̂i, and will prove useful in our

subsequent discussion.
Let us then rewrite the CR-M conditions (iii) of Proposition S1 as (for each

i� j ∈ {1� � � � �M + 1} and m ∈ {1� � � � �M})
1
λm
j

(Um
i −Um

j )≤ (̂pm
j )

′(̂qi − q̂j)�(S2.3)

Next observe that if there are M + 1 observations and given that there
are only M household members, then for any possible ordering of each
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member m’s (m = 1� � � � �M) “utilities” Um
k (k = 1� � � � �M + 1) there is at

least one observation j ∈ {1� � � � �M + 1} of which each mth (m = 1� � � � �M)
household member is dominated in utility terms by some other observation
i(m) ∈ {1� � � � �M + 1}; that is, ∃j ∈ {1� � � � �M + 1}, ∀m ∈ {1� � � � �M}, ∃i(m) ∈
{1� � � � �M + 1}, i(m) �= j :Um

j ≤Um
i(m)�

Let us then concentrate on such an observation j when constructing neces-
sary conditions for a CR-M of the set S. For all m = 1� � � � �M , it holds that
(see (S2.3))

0 ≤ 1
λm
j

(Um
i(m) −Um

j )≤ (̂pm
j )

′(̂qi(m) − q̂j)

or

(̂pm
j )

′̂qj ≤ (̂pm
j )

′̂qi(m)�

Using (S2.2), we thus have

p′
jqj =

M∑
m=1

(̂pm
j )

′̂qj ≤
M∑

m=1

(̂pm
j )

′̂qi(m)�(S2.4)

which provides a lower bound for
∑M

m=1(̂p
m
j )

′̂qi(m).
On the other hand, an upper bound can be constructed on the basis of (S2.2),

which implies for any subset M ⊆ {1� � � � �M} that

∑
l∈M

(̂pl
j)

′̂qi(m) ≤
M∑
l=1

(̂pl
j)

′̂qi(m) ≤ p′
jqi(m)� ∀i(m) (m ∈ {1� � � � �M})�

Define Mi = {m ∈ {1� � � � �M}|i(m) = i} for all i ∈ {1� � � � �M + 1}. Note that
Mj = ∅ by construction. Then

M∑
m=1

(̂pm
j )

′̂qi(m) =
∑
l∈M1

(̂pl
j)

′̂q1 + · · · +
∑

l∈MM+1

(̂pl
j)

′̂qM+1 ≤ p′
j

(
M+1∑
i=1
i �=j

qi

)
�(S2.5)

From (S2.4) and (S2.5), we derive a necessary condition for a CR-M of the
set S,

p′
jqj ≤ p′

j

(
M+1∑
i=1
i �=j

qi

)
�

which conflicts with the property (S2.1) of the observed prices and quantities
under consideration.
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We conclude that it is impossible to construct U1� � � � �UM that provide a
CR-M of a set S that satisfies (S2.1). This shows sufficiency for (at least) M + 1
observations. Sufficiency for (at least) M + 1 goods follows from Example S1
(CR-M rejection), which follows. Q.E.D.

In words, as soon as there are more goods and observations than household
members, the collective model can be rejected. If one of the conditions (i) and
(ii) in Proposition S2 is not fulfilled, then a CR-M of the set of observations S
is always possible.

To further illustrate, we next provide a general price-quantity data structure
that cannot be collectively rationalized.

EXAMPLE S1—CR-M Rejection: In the proof of Proposition S2, we estab-
lished that a CR-M of the set S = {(pj;qj); j = 1� � � � �M + 1} is impossible if
the following conditions are met:

∀j ∈ {1� � � � �M + 1}� p′
jqj > p′

j

(
M+1∑
i=1
i �=j

qi

)
�(S2.6)

We investigate these conditions for pj ∈ �M+1
++ and qj ∈ �M+1

+ (j = 1� � � � �M+1)
that have the structure

pj =



1
���
1
p

1
���
1


and qj =



1
���
1
q

1
���
1


�

where p and q always appear as the jth row elements of, respectively, pj and qj .
This specific set of observations S obtains

p′
jqj = pq+M ∀j ∈ {1� � � � �M + 1}�

p′
jqi = p+ q+M − 1 ∀i� j ∈ {1� � � � �M + 1}� j �= i�

Hence, the set S meets (S2.6) if and only if

pq+M >M(p+ q+M − 1)�(S2.7)

Rewriting (S2.7) as

p(q−M)>M(q+M − 2)�
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it is easy to see that for all q >M there exists p such that (S2.7) is met.
To give a numerical example, we reject collective rationality for M = 5 if

q = 10 and p = 14. Similar constructions are conceivable for alternative M
values.

S3. TESTABLE COLLECTIVE RATIONALITY RESTRICTIONS

We next generalize the testable collective rationality restrictions of Section 3
of the main text. First, as for the necessity restrictions, we can establish results
similar to Lemmas 1 and 2. For compactness, we abstract from a formal state-
ment, but the analogy with the two-member case is easy. Using this, we have
the following result.

PROPOSITION S3: Suppose that there exists a combination of utility functions
U1� � � � �UM that provide a CR-M of the set of observations S = {(pj;qj); j =
1� � � � � T }. Then there exist hypothetical relations Hm

0 and Hm for each member
m ∈ {1� � � � �M} such that:

(i) If p′
iqi ≥ p′

iqj , then qiH
m
0 qj for some m.

(ii) if qiH
m
0 qk�qkH

m
0 ql� � � � �qzH

m
0 qj for some (possibly empty) sequence

(k� l� � � � � z), then qiH
mqj;

(iii) if p′
iqi ≥ p′

iqj and qjH
mqi for all m ∈ M ⊆ {1� � � � �M}, then qiH

l
0qj for

l /∈ M.
(iv) If p′

iqi ≥ p′
i(
∑M

k=1 qjk) and qjk1
Hmqi for some k1 ∈ {1� � � � �M}, then

qiH
l
0qjk2

(with m �= l) for some k2 ∈ {1� � � � �M}.
(v) p′

jqj ≤ ∑
qi∈Rj

p′
jqi for each set Rj = {⋃m=1�����M{qim}|∀m ∈ {1� � � � �M} :

∃im ∈ {1� � � � �T } such that qimH
mqj}.

The construction of the proof is directly analogous to that of Proposition 2
in the main text.

This necessary condition has an interpretation directly similar to its two-
member analogue. Rules (i)–(iv) contain restrictions on the specification of the
hypothetical relations Hm

0 and Hm for the given set of observations S. Rule (v),
which complies with rules (v) and (vi) in Proposition 2, subsequently states
that if each household member m prefers qim over qj , then qj cannot be more
expensive than the combination of these preferred quantities under the prices
pj . It is easy to verify that this condition reduces to the unitary GARP condition
for M = 1 (i.e., there is only one household member).

We next define the complementary sufficiency condition for a CR-M of the
set of observations S.

PROPOSITION S4: Suppose that for the set of observations S = {(pj;qj); j =
1� � � � � T } there exist hypothetical relations Hm

0 and Hm for each member m ∈
{1� � � � �M} that satisfy rules (i)–(v) in Proposition S3 and in addition allow for
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constructing sets S1� � � � � SM with
⋃

m Sm = S and Sm ∩ Sl = ∅ for m �= l such
that:

(vi) Sm = {(pj;qj) ∈ S|p′
jqj ≤ p′

jqi whenever qiH
mqj};

(vii) for each (pi;qi)� (pj;qj) ∈ Sm, qiH
m
0 qj whenever p′

iqi ≥ p′
iqj�

Then there exists a combination of utility functions U1� � � � �UM that provides a
CR-M of the set S�

PROOF: It can be shown that if the set of observations S meets the sufficiency
condition, then the conditions for a CR-M of the data are met for the following
specification of the set of feasible personalized prices and quantities Ŝ: (i) we
specify the feasible personalized quantities such that for (pi;qi) ∈ Sm, qm

i = qi

and ql
i = 0 for l �=m; (ii) for each observation i we specify feasible personalized

prices such that p
m�m
i = pi for m ∈ {1� � � � �M − 1} and p

l�m
i = 0 for l �= m� The

construction of the proof is directly analogous to that of Proposition 4 in the
main text. Q.E.D.

Like in the two-member case, this sufficient condition can be interpreted in
terms of a situation-dependent dictatorship model. Just like the necessity con-
dition, the sufficiency condition reduces to the GARP condition for M = 1.
In that case, the only feasible personalized prices and quantities are the ob-
served aggregate prices and quantities, and the necessary and sufficient condi-
tions for rational household behavior always coincide. In the more general case
(M > 1), we may expect the necessity condition to converge toward the suffi-
ciency condition when the sample size increases; compare with our discussion
in Section 4 of the main text.

Finally, because the necessary and sufficient conditions in Propositions S3
and S4 only require aggregate prices pj and quantities qj , they enable oper-
ational collective rationality tests that apply to the general case of T observa-
tions. Finite algorithms for verifying the conditions are directly similar to those
for the two-member case (see the Appendix in the main text).

S4. BARGAINING POWER AND SITUATION-DEPENDENT DICTATORSHIP

This section shows that the requirement of a strictly positive bargaining
power for each household member (i.e., ∞ >µj > 0 in Definition 1 of the main
text) is compatible with the situation-dependent dictatorship solution that un-
derlies the sufficiency result in Proposition 4 of the main text. The following
argument concentrates on two-member households for simplicity, but it can
directly be generalized to hold for M-member households.

To formally explain the compatibility, we first recall the sufficiency part
((iii) ⇒ (i)) in the proof of Proposition 1 in the main text. That proof shows
that if the data are consistent with the inequalities in part (iii) of Proposition 1,
then consistency with a collective rationalization of the observed set S is possi-
ble for µj = (λ1

j /λ
2
j )�
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The proof of Proposition 4 then shows consistency with the GARP condi-
tions in part (ii) of Proposition 1 for the following specification of the feasible
personalized quantities and prices:

if (pj;qj) ∈ S1� then q
1
j = qj;

if (pj;qj) ∈ S2� then q
2
j = qj;

p
1
j = pj� p

2
j = p

h
j = 0 for all (pj;qj) ∈ S�

We note that consistency with these GARP conditions implies consistency
with the inequalities in part (iii) of Proposition 1. In fact, it can be verified that
for the given specification of the feasible personalized quantities and prices,
consistency with these inequalities does not in any way impose λ1

j = 0 or λ2
j = 0.

For example, let us give a specific solution for the inequalities for member 1:

for all (pi;qi) ∈ S1� (pj;qj) ∈ S1 : U1
i −U1

j ≤ λ1
j (pj)

′(qi − qj)�(S4.1)

for all (pi;qi) ∈ S1� (pj;qj) ∈ S2 : U1
i −U1

j ≤ λ1
j (pj)

′(qi)�(S4.2)

for all (pi;qi) ∈ S2� (pj;qj) ∈ S1 : U1
i −U1

j ≤ −λ1
j (pj)

′(qj)�(S4.3)

for all (pi;qi) ∈ S2� (pj;qj) ∈ S2 : U1
i −U1

j ≤ 0�(S4.4)

To construct the solution, we first take, for all (pi;qi) ∈ S1�U1
i > 0 and λ1

i > 0
that obtain consistency with (S4.1); this is possible because the subset S1

is consistent with GARP. Subsequently, we specify for all (pj;qj) ∈ S2 that
U1

j = U with min(pi;qi)∈S1 U1
i > U (>0) (note that this guarantees consistency

with (S4.4)). In that case, we can always choose λ1
j > 0 for all (pj;qj) ∈ S;

see in particular (S4.2) and (S4.3). We conclude that the set of inequalities
(S4.1) and (S4.4) does not impose λ1

j = 0 for any j. A directly analogous ar-
gument obtains that we can always set λ2

j > 0 for any j when the sufficiency
condition in Proposition 4 is met.

As a result, we can always specify (for all observations j) µj such that ∞ >
µj > 0 to obtain consistency with Definition 1. We thus conclude that our spec-
ification of the personalized prices and quantities (i.e., the situation-dependent
dictatorship solution) for establishing the sufficiency result in Proposition 4 is
consistent with the requirement that ∞>µj > 0 in Definition 1.
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