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S.1. ZERO AGGREGATE DEMAND IN EQUILIBRIUM

IN THIS SECTION, we formally derive equilibria in the special examples in which aggre-
gate demand ends up being zero on the equilibrium path (footnote 12 in Section 2.2 and
footnote 20 in Section 5). In Section S.1.1, we work out the example with one informed
trader, corresponding to footnote 12, and in Section S.1.2, we work out the example with
multiple informed traders, corresponding to footnote 20.

S.1.1. One Informed Trader

EXAMPLE S.1: The value of the security, v, is distributed normally with mean 0 and
variance 1. There is one strategic trader with signal 6; who observes the value perfectly:
0, = v. The demand of liquidity traders is u = —v. The market maker does not observe
any signals beyond the aggregate demand.

This example satisfies Assumptions 1 and 2 in Section 3, and thus we can use the closed-
form solutions derived in the proof of Theorem 1 and presented in Section 3.2 of the
paper (for the special case k), = 0). Because we have only one strategic trader in the
example, many of the matrices become scalars, simplifying the calculation.

Specifically, 3y = 34, = 1, and, therefore, A =2 and A~' = 1/2. Next, 3,, = 1, while
3y, = —1.Thus, A, =1/2 and A, = —1/2. The coefficients of the quadratic equation in
varea=—-1/4,b=(1/2)-4-(—1/2)+1=0, and ¢ = Var(—6/2 — u) = Var(v/2) = 1/4.
Therefore, y=1, Bp=1/y=1,and « = yA, — A, = 1. Thus, on the equilibrium path,
aggregate demand isequalto D=af+u=v—v=0.

S.1.2. Multiple Informed Traders

EXAMPLE S.2: The value of the security, v, is distributed normally with mean 0 and
variance 1. There are m strategic traders with the same signal #; = v. The demand of
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liquidity traders is # = —v. The market maker does not observe any signals beyond the
aggregate demand.

This example also satisfies Assumptions 1 and 2 in Section 2, and thus we can use the
closed-form solutions derived in the proof of Theorem 1 and presented in Section 3.2
(again, for the special case kj = 0). We now have multiple strategic traders, so the calcu-
lations involve matrix manipulations.

Specifically, 3, is an m-dimensional matrix whose elements are all equal to 1, while
S4iag 18 an m-dimensional identity matrix. We thus have

21 -+ 1 m -1 ... -1
1 2 .- 1 1 -1 m - -1
A=]|. . ] and AT'=—— . .
o T m+1]| : R
11 ... 2 -1 -1 -~ m
Next,
1 -1 1/(m+1) —1/(m+1)
261): ’ EeuZ > Ay, = P A, =
1 -1 1/(m+1) —1/(m+1)
The coefficients of the quadratic equation on vy are, therefore, a = —m/(m+ 1), b =

—(m —1)/(m+ 1), and ¢ = 1/(m + 1), which in turn gives us y = 1/m and Bp = m.
Thus,
1/(m+1) 1/(m+1) 1

1
+ . = — . s

a=’yAv_Au=_ : : m :
I/(m+1) 1/(m+1) 1

and so on the equilibrium path, aggregate demand is equalto D =a’ 0 +u = (1/m) -m -
v—v =0. Thus, for every m, the market price on the equilibrium path is also always equal
to 0, not revealing any information contained in the signals of the strategic traders and in
the demand coming from the liquidity traders.

S.2. ZERO INTERCEPTS IN EQUILIBRIUM

In this section, we prove the statement made informally in footnote 13 in Section 3.2
that in our setting, linear equilibria with nonzero intercepts do not exist.

PROPOSITION S.1: Suppose there exists an equilibrium of the form
o di(0)=25+al0,
e P(0y, D)= Bo+ By 0u+ BoD.

Then By =0 and forall i, 5, =0.

PROOF: Consider a particular realization of 6;, 6, and u. Then in this equilibrium, the
realized price will be given by

P =P(0y, D)= Bo+ By Oy + BpD

. - (S.1)
= BO + B}{[GM + BDU + BD 281 + BD Za?@,
i=1 i=1
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By the definition of equilibrium, for every realization of 6,, and D, the price set by the
market maker is equal to the expected value of the security conditional on 6, and D:

P(0y, D) = E[v|6y, D].

Integrating over all possible realizations of 6,, and D, we thus get, for the unconditional
expectation of the price,

E[P] = E[v].

Since by assumption, E[v] = 0, and also E[6)], E[u], and E[6;] (for all i) are equal to 0,
by taking the unconditional expectation of Equation (S.1), we get

0=Bo+Bp Y 8 (S.2)

i=1

Now, as in Step 2 of the proof of Theorem 1, consider the expected payoff of strategic
trader i from submitting demand d after observing signal 6;. It is equal to

E[d(v_BO_BLBM —BD<d+261+ZC¥jT0]+M>) ' 0,=5,:|
J# J#L

Except for the presence of constants 3 and §;, this is the same expression as in Step 2
of the proof of Theorem 1. By the same logic as in that step, it has to be the case that
Bp > 0 and the unique optimal demand d* is given by

1 . . -
d = ﬁE[U—Bo BMQM_BD(Zsj+Zaj6j+u>‘01‘:01’]

J# J#
(e 808 ) (1L (S 1))
B J#L '8 J#i

By assumption, we also have d* = §; + aiTg,-. Since the equalities above have to hold for
all realizations 6, it has to be the case that

T (BO+BDZ&),
J#
which can be rearranged as
Bo+ Bo Z 8; +2Bpd; =0. (S.3)
ji
Combining Equations (S.2) and (S.3), we see that for every i, Bp6; =0, and thus §; =0,
and therefore we also have B, =0. QO.E.D.

S.3. PROOF OF PROPOSITION 1

We first prove the following lemma.
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LEMMA S.1: Consider a market with at least two strategic traders, and suppose the signals
of traders 1 and 2 can be represented as 0, = (0'; 6¢) and 0, = (6°; 6c¢), respectively, in such
a way that random vector ¢ has dimension of at least 1, random vector 0" is orthogonal to
6c, and random vector 0* is also orthogonal to 6.5 Represent trader 1’s and trader 2’s equi-
librium strategies as vectors o, = (a'; a¢) and a, = (?; ayc), respectively, with dimensions
corresponding to those of (0'; 6¢) and (6%; 0¢). Then, a;c = a,c.

PROOF: Consider equilibrium condition (8) from the proof of Theorem 1, and rewrite
it for trader 1 as

S (Var(6) 0 a'\ 1 ((Cov(6",v)\ (Cov(6',0u)Bu
0 Var(6c) J \aic) — Bp \\Cov(bc, v) Cov(Oc, 0y)Bu
_ (Cov(6', %) 0 o’
0 Var(0¢) ) \ axc
B Z Cov(8', 6;) _ (Cov(6',u)
COV(OC, 0 )a, Cov(0c,u) /-
Restricting attention to the bottom block of rows (corresponding to the signal 6.), we get

2Var(fc)ac = 'BL(COV(HC, v) — Cov(6c, HM)BM)
D

- Var( ec)azc (S.4)
— > Cov(8c, 0;)a; — Cov(bc, u).

Jj>2

The corresponding equation for trader 2 is

2Var(6c)axe = BL(COV(HC, v) — Cov(6c, HM)BM)
D

- Var( ec)alc (S.S)
— > " Cov(6c, 0;)a; — Cov(bc, u).

Jj>2
Subtracting Equation (S.5) from Equation (S.4), we get
2Var(6c)(aic — axc) = Var(0¢c)(aic — axc),
and so Var(6c)(aic — axc) = 0. Since Var(6c) is full rank, we get a;c = a,c. O.E.D.

We can now finish the proof of Proposition 1. Without loss of generality, assume that 6 4
and 65 are orthogonal (this can always be achieved by a change of basis). Slightly abusing
notation, let (a4; ap) be the equilibrium strategy of trader 4 (and thus, by Lemma S.1,
the equilibrium strategy of trader B is agp).

$1We maintain the assumption that matrices Var((8'; 6¢)) and Var((6?; 6¢)) are full rank.
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The expected profit of trader A is equal to Bp(a’, Var(0 4)a4 + af Var(6p)ap) and the
expected profit of trader B is equal to Bpak Var(6p)ap. Since matrix Var(6,) is positive
semidefinite, a’, Var(60 4)a > 0 and, thus, the expected profit of trader A is at least as
high as the expected profit of trader B.

S.4. PROOF OF PROPOSITION 2

Some parts of the proof (the lower bound on Var(p), the lower bound on Var(D) for
class Cj, and the upper bound on the expected loss of liquidity traders for class C;) rely
on Theorem 1. Some parts (the upper bound on Var(p), the (lack of) upper bound on
Var(D), the lower bound on Var(D) for classes C, and C;, the upper bound on B, for
classes C, and C;, the lower bound on Bp, and the lower bound on the expected loss of
liquidity traders) rely on Theorem 2 or parts of its proof. The remaining parts of the proof
of Proposition 2 are self-contained.

Bounds on Var(p). As p = E[v|D], we have 0 < Var(p) < o0,,. The fact that the upper
bound can be approached arbitrarily closely (in class C;, and, therefore, also in classes C,
and C;) follows directly from Theorem 2 for the case Cov(u, v|6, 6,;) = 0. Note also that
the (lack of) upper bound on Var(D), the lower bound on S, and the lower bound on
the expected loss of liquidity traders also follow directly from this case of Theorem 2.

To see that the lower bound on Var(p) can also be approached arbitrarily closely, con-
sider a market with two strategic traders (and liquidity demand u independent of all other
variables). Trader 1 observes v + &, where ¢ is distributed normally with mean zero and
variance o,,, independently of u and v. Trader 2 observes v — ¢. The resulting covariance
matrix is

Ow.  Ow Ow o 0
Q — Oy : Oy + Ogs Oyy — Ogg 0

Oyy . Oyy Oge Oy + O, 0

O ...... 0 ........ O ,,,,, g-uu

In this case,

A= Ediag + 260 = <2(O—w + 0—68) Tuo ™ Tee ) )

Oy — Oge 2(0-111) + O-ss)

Ail — 1 Z(va+(78£) — Oy + 0,
30—311 + 1000 + 30—58 —Onw+ 0. 200+ 0))°
- 1 (Ow +30..)0, O 1
Av = A 12 v = vv ge VY — )
9 30-57} + 100—1”}0-83 + 30—3& ((O-vv + 3085)0-”” 30-1)11 + Oge 1

Next, using the compact formula for the case when liquidity demand u is independent of
the other variables in the model, we get

B — AzzdiagAv — Oy 2(0-711) + 088)
P O-MM 30—1)1} + 0-88 O-uu
1
a=—A,= _ Gw 1 .
B 2(0w + o) \1

and
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Finally,

Var(p) = Var(Bo(a? 0 + 1)) = B (o’ Sue -+ 1)

2
:2( O > va+ags< Ouu " 4crw+0uu>

30—1}1} + Oes Ouu 2(0-1)1) + O-SE)

2

g
=2—"— Zva + o + 0
(3va + 086)2( )

2
20,,

30y + 0

Thus, Var(p) can be arbitrarily close to zero when o, is large.

Lower bounds on Var(D). Consider first class C;. As the signals of the strategic traders
(and thus their demands) are uncorrelated with u, we have Var(D) > o,,, and thus it
is sufficient to find a sequence of markets for which Var(D) — o,,. Consider the same
two-trader setup that we used to establish the infimum for Var(p). In that example,

Var(D) = Var(a' 0 + u) = a’ Sy0 + 0,
Ouu

T 20+ )

30vw + O

= Ouy )

O-'UU + 0-85

x 4o, + oy

and so as o, grows large, Var(D) converges to o,,.

To establish that inf Var(D) = 0 on class C, (and thus also C;), consider a market with
two groups of n strategic traders. The demand of liquidity traders u is uncorrelated with
the value of the asset v. In the first group, all traders observe 6; = v perfectly. In the
second group, all traders observe 6, = u perfectly.

When a market contains several groups of identical traders, it is convenient to use the
“hat” notation and closed-form expressions from the proof of the special case of Theo-
rem 2. (This proof is given in Appendix B.) Using that notation, we have

o, 0 s 1(e, O
296 = ( 0 O_W> and Zdiag = ; ( 0 O_W> )
and then

-~ = +1
A=290+2diag=—nn (0(';,, 0 )

O-L[ u

and

o~ o~ n 1 -~ -~ n 0
Av=A71 L — ) Au=A71 T — .
20 n+1 <O> o n+1 <1>
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Then applying the closed-form expression from Step 1 of Appendix B, we obtain B, =
vn /o2 and the vector of multipliers for the two groups

. R 1 Ouu
a=A,/Bp— A, = el
n+1 o

Thus, in this market, the aggregate demand is

ﬁ O-H u _

D=ad"04+u= v
n+1V o, n+1

u+u,

and so
1 O

n
MM+ uu — .
i+ 127 T k12T T

In particular, Var(D) converges to zero as n grows.

Upper bounds on —E[u(v — p)]. First, we establish that sup(—E[u(v — p)]) =
Vw0 /2 inclasses C; and C,. Note that this is precisely the expected loss of the liquidity
traders in the canonical one-trader Kyle (1985) model. Thus, it is enough to show that for
any other market in C; and C,, the expected loss of the liquidity traders cannot exceed this
value. To see this, note first that in such markets, o, = 0. We have p = E[v|D] = %D.
The expected loss of the liquidity traders is E[u(p — v)] = Cov(u, p — v) = Cov(u, p) =
%ﬁ;’;(“’m. Project D on v and u: we then have D = av + bu + cw for some coeffi-
cients a, b, and ¢, where w is normally distributed with mean 0 and variance 1, and is

independent of v and of u. We then get

Var(D) =

fo e /1))

2 2 2
opa” + o,b" + ¢

Eu(p—v)] =

Oy Ty @b
— 2 b2
T + Oy
1
- -1 -1
o,a/b+o,'b/a

1
f E\/ v Ouus

where the last inequality follows from the fact that for any two real numbers (in this
case, 0,,'a/b and o,'b/a), their arithmetic average is weakly higher than their geometric
average.

Second, we establish that sup(—E[u(v — p)]) = /0,0y, in C5. We have E[u(p —v)] =
Cov(u, p—v) < \/Ou/Var(p —v) < \/0,./0w, Wwhere the first inequality is just the clas-
sical Cauchy-Schwarz inequality and the second inequality follows from the fact that
E[v— p|p]l =0, and thus Var(v) = Var(v — p) + Var(p) > Var(v — p).

To show that the bound is tight, consider a rescaled version of Example S.1 in Sec-
tion S.1.1. Given a normal variable w with mean 0 and variance 1, let the asset value
be v = /o, w and let the liquidity demand be u = —,/o,w, so that Var(v) = o,,,
Var(u) = o, and the asset value is perfectly negatively correlated with liquidity demand.
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There is one strategic trader who observes signal 6; = v (and thus also knows u). The
resulting covariance matrix is

As there is only one strategic trader, many matrices become scalars. We have A = 3, +
S99 =200, A =1/Q0y), Ay=A"35,=1/2,and A, = A"y, = —3 2w, Using our

closed-form characterization, we find Bp = /ZI—I;Z and a; = % Thus, in this market, the

demand of the strategic trader is equal to  /$v = —u, and the aggregate demand and the

price are always equal to 0. Since the strategic trader demands quantity —u and the price
is 0, his expected profit is E[—uv] = /0,0, which is also the expected loss of liquidity
traders.

Upper bounds on Bp. First, consider any market in class C;. As p = BpD, we have
Elu(p — v)] = Cov(u, p) — Cov(u,v) = Cov(u, p) = Bp Cov(u, D), and as the signals
of the traders are uncorrelated with u, Cov(u, D) = o,,. Hence, Bp = E[u(p — v)]/0u-
Using the upper bound obtained for the expected loss of liquidity traders, we immediately
obtain the upper bound on Sp.

Next, consider classes C, and C;. Consider the two-group market used to establish the
lower bound on Var(D) in classes C, and C;. Recall that, in this configuration, we ob-

tained Bp = /n /o2, which grows without bound as n grows large.

S.5. EXAMPLES

In this section, we give several additional examples that illustrate the general frame-
work presented in the main paper and also help develop intuition for our information
aggregation results. We first present a simple yet seemingly counterintuitive example in
which a trader informed about the value of the security trades in the direction opposite to
his estimate of that value. Next, we study what happens when one of the strategic traders
is informed about the demand of liquidity traders. We conclude by analyzing several ex-
amples in which the market maker possesses private information about the value of the
security, and study how this information gets incorporated into the price of the security
and how it affects equilibrium trading strategies and the sensitivity of equilibrium prices
to market demand.

S.5.1. Trading “Against” One’s Own Signal

We start with an example of information structure under which a trader who receives
a signal about the value of the security trades in the opposite direction: if, based on his
information, the expected value of the security is positive, then he shorts the security; if
it is negative, then he buys it. Note that since our model is single period, there cannot be
any dynamic incentives to manipulate prices, of the form “I will try to mislead others first
and then take advantage of the mispricing.”S?

S$2For examples of settings in which such dynamic incentives do arise, see Brunnermeier (2005) and Sadzik
and Woolnough (2015).
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EXAMPLE S.3: The value of the security is distributed as v ~ N (0, 1). There are two
strategic traders. Trader 1 observes a noisy estimate of v: 6; = v+ p; &, where £ ~ N (0, 1)
is a random variable independent of v, and p; is a parameter that determines how accu-
rate trader 1’s signal is (e.g., if p; =0, then trader 1 observes v exactly, and if p; is very
large, then trader 1’s signal is not very accurate). Trader 2 also observes a noisy estimate
of v: 0, = v+ p,&, with the same “driver” of noise, ¢, as in trader 1’s signal, but with a po-
tentially different magnitude of noise, p,. Finally, there is demand from liquidity traders,
u ~ N(0, 1), which is independent of all other random variables. Formally, the resulting
covariance matrix is

o |1 1+pi 1+pip2:0
"\ 1.l+pip2 14+p; -0

From the analysis and closed-form characterization in the main paper, we know that in
the unique linear equilibrium, the pricing rule is characterized by some B, > 0, and the
strategies of traders 1 and 2 are characterized by
where A = ( 2k ey

aq 1 -1 1
=—A .
<a2) Bp <1) ’ (5.6)
I+p1py 2+2p3

Using the matrix inversion formula and setting 6 =
is positive definite), we get

o 24202  —1—pip2) (1 1+2p32 — pips
= 5 2 = 6 2 . S.7
(az> (—1 —pip2 2+2p7 ) \1 142p7 — p1p2 -7

Thus, if p; =2p,+ p—12, trader 1 never trades, despite 6, being informative about the value

ey (Which is positive, since A

of the security, and for p; > 2p, + p—lz > 0, trader 1 always trades in the direction opposite
to his signal 0, despite 0; being positively correlated with the value of the security, v.
Similarly, if p, is equal to or greater than 2p; + pl—l, then trader 2 does not trade or trades
in the direction opposite to his signal.

To get the intuition behind this seemingly puzzling behavior, consider a slight variation
of Example S.3.

EXAMPLE S.4: The value of the security is v ~ N (0, 1). There are two strategic traders.
Trader 1 observes a noisy estimate of v: 6; = v+ &, where ¢ ~ N (0, 1), independent of v.
Trader 2 observes ¢: 6, = &. The demand from liquidity traders, u ~ N (0, 1), is indepen-
dent of all other random variables. The resulting covariance matrix is
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In this case, A = (} ) and

)=z 0= (5 W)6)=2(2) o

for some & > 0, and thus trader 2 trades in the direction opposite to his signal. Note that
in this example, trader 2 is not informed about the value of the security: his signal £ is
independent of v. However, he is informed about the bias in trader 1’s signal, and thus
knows the direction in which trader 1 is likely to “err” when submitting his demand. Thus,
trader 2, by partly “undoing” this error (i.e., trading against it), can in expectation make
a positive profit, despite not having any direct information about the value of the secu-
rity. In a sense, while trader 1 trades on “fundamental” information, trader 2 trades on
“technical” information: trader 1’s ability to make money is due to his information about
the value of the security, while trader 2’s ability to make a profit is due to his information
about the “mistakes” of other agents in the economy.>

In Example S.3, the intuition is similar. If p, is large relative to 2p; + i, then the main
part of trader 2’s information is about the mistake that trader 1 makes, and not about
the fundamental value of the security. This causes trader 2 to want to undo that mistake
and trade against his signal, while trader 1 continues to trade in a natural direction. When
p2=2p1+ pl—l, the incentives of trader 2 to trade on fundamental information (the positive

correlation of his signal with the value of the security) and on the technical information
(the positive correlation of his signal with the mistake of trader 1) cancel out, and trader 2
ends up not trading.

Examples S.3 and S.4 illustrate that a strategic trader’s behavior in equilibrium is driven
not only by the correlation of his information and the value of the asset, but also by the
informational content of his signals relative to the information already contained in the
signals and the resulting behavior of other agents—potentially even to the point of revers-
ing the direction of his trade. It is this flexibility that allows strategic traders’ information
to get fully aggregated and incorporated in prices as market size grows, even for very rich
information structures. In contrast, the behavior of liquidity traders is exogenous, and is
not endogenously affected by what information it contains. As a result, the information
contained in liquidity demand is fully incorporated in market prices only under appropri-
ate correlation structures (see Section 5 for details).

S.5.2. Information About Liquidity Demand

In this section, we present an example that shows what happens when one of the strate-
gic traders does not know anything about the value of the security, but is informed about
the amount of liquidity trading. We then compare the equilibrium to that of the standard
model without such a trader.

EXAMPLE S.5: The value of the security is distributed as v ~ N (0, 0,,), and the demand
from liquidity traders is distributed as u ~ N (0, o,,), independently of v. There are two

S3Formally, we say that trader i has fundamental information if Cov(6;, v|0)) # 0, and we say that trader
i has technical information if Cov(6;, u|6y) # 0 or Cov(6;, 6;|0s) # 0 for some j # i. If a trader has neither
fundamental nor technical information, then in equilibrium he does not trade and does not make any profit.
In Section S.6, we formally state and prove this result (Proposition S.2), and also explore in more detail the
dependence and nondependence of equilibrium trading strategies on various types of information.
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strategic traders. Trader 1’s signal is equal to v: 8; = v. He is fully informed about the
value of the security, just as in the standard Kyle model. Trader 2 is uninformed about the

value of the security, but has insider information about the demand from liquidity traders:
0, = u. Formally, the covariance matrix is

The auxiliary matrices in this example are

0 1
20, 0 —
2

Coefficient b in the quadratic equation is equal to 0 and, therefore,

c Ouy
Y= - = )
a Oy

1 1 [ou
“=3Y =3 g
1
ay) = —E

For comparison, if the second strategic trader was not present, the model would reduce
to the standard model of Kyle (1985), and the equilibrium would be characterized by

O-Llll
y=2 ,
O-UU
O-I/tl/t
o = .
O-UU

In other words, when the second strategic trader (who is informed about the demand from
liquidity traders) is present in the market, that trader takes away one-half of that liquidity
demand. As a result, the first strategic trader, who knows the value of the security, trades
half as much as he would in the absence of that second trader, and the market maker’s
pricing rule is twice as sensitive. Therefore, for any realization of v and u, the price in the
market with the second strategic trader will be exactly the same as that in the market with-
out that trader, and, thus, the informativeness of prices is not affected in either direction
by whether there is a trader in that market who observes the trading flow from liquidity
traders. Likewise, the expected loss of liquidity traders is also unaffected by the presence
of a trader who observes their demand. Since, by construction, the market maker in ex-
pectation breaks even, it has to be the case that the profit of the second strategic trader
comes out of the first trader’s pocket. In fact, the second trader takes away exactly one-
half of the first trader’s profit.>* Also, as in Example S.4, the second trader is trading on

54To see this, note that the prices in the two markets are always the same, realization by realization, while
the demand of the first strategic trader, in the presence of the second one, is exactly one-half of what it would
be in the absence of that trader.
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technical information, and is only able to make a profit because of the mistakes of other
agents in the economy.

Example S.5 shows that when liquidity demand is fully observed by some strategic
traders, they may have an incentive to trade in the opposite direction, effectively removing
part of that demand from the market. If the number of such strategic traders grows large,
they may end up removing all liquidity demand from the market, potentially hindering
information aggregation (and possibly the existence of limit equilibrium) in large markets
(see, e.g., footnote 20 in the main paper). Thus, in Sections 5 and 6, we assume not only
that the variance of liquidity demand is positive, but also that it remains positive when we
condition it on the signals of large groups of strategic traders and the market maker.

S.5.3. Informed Market Maker

In the preceding examples, the market maker does not receive any information other
than the aggregate demand coming from strategic and liquidity traders. In this subsection,
we turn to examples in which the market maker does possess some additional information.
We show how this information affects the strategies of other traders and illustrate the
interplay between the weight the market maker places on this additional information and
the weight she places on market demand.

Our first two examples illustrate that the equilibrium obtained when the market maker
has private information is generally not the same as when that information is publicly
available (i.e., known both to the market maker and to all strategic traders).>> This dif-
ference turns out to be important when we study the informativeness of prices as the sizes
of some (but not all) groups of strategic traders become large (Section 6). In that setting,
as the sizes of some of the groups become large, the market behaves as if the signals of
those groups were observed directly by the market maker—and not as if the signals of
those groups were observed publicly.

EXAMPLE S.6: The value of the security is v ~ N (0, 1). There is one strategic trader,
who observes signal §; = v+ ¢;. The market maker observes signal 6, = v+ &,. Variables
&, and &, are distributed normally with mean 0 and variance 1, independently of each
other and of all other variables. The demand from liquidity traders is also independently
distributed as u ~ N (0, 1). Formally, the covariance matrix that describes this information
structure is

Applying the formulas derived in Section 3, we get Sy, = g9 = Sy =2 and 3y =
Sy =3u=1.Thus, A=2+2—1/2=7/2, A, =0, and A, =2(1 — 1/2)/7=1/7. The

$3Jain and Mirman (1999) and Luo (2001) study extensions of the Kyle (1985) model with a partially in-
formed market maker and with partially informative public information, respectively. The difference between
the two cases can be seen by comparing their results (setting o> = 0 in Luo (2001)). Our Examples S.6 and S.7
are similar, though not identical, to the models of Jain and Mirman (1999) and Luo (2001). We present the
examples to emphasize the distinction between the two cases within the same setup, as this distinction is im-
portant for our hybrid-market information aggregation results.
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coefficients in the quadratic equation for y are a = —2/49, b =0, and ¢ = 1, and thus

Hence, the strategic trader’s behavior is given by

1 1
— A, =-2,
aq BD 2\/_

and the market maker’s sensitivity to her own signal is

3

BM = 2;41}\/[ (EMU - ZjgMAAv) = 7

Consider now a variation of Example S.6, in which the market maker’s signal is public
information (i.e., known to both the market maker and the strategic trader).

EXAMPLE S.7: The value of the security is v ~ N (0, 1). The market maker observes sig-
nal 6, = v+ &,. The strategic trader now observes two signals, ' = v+ &, and 6> = v+ &,.
Both ¢; and ¢, are normally distributed with mean 0 and variance 1, independently of each
other and of all other variables. The demand from liquidity traders is independently dis-
tributed as u ~ N (0, 1). The covariance matrix that describes this information structure
is now

We now have Yo = 355 = (}1), Zumv =2, Zow = (3), Zoo = (), and 3, = 1. Thus,
A= (P2, A7 =16 12), Arm () and Aym A7) ()172) = 1760 L),

12 172
The coefficients of the quadratic equation on vy are now

T
a:—1/36<_11/2) (% é) (_11/2>:—1/24, b=0, and c=1,

and, thus,
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and the market maker’s sensitivity to her own signal is now given by

Bur = Zi(Zuo — Sy ) = 5.
The equilibria in these two examples are substantively different: the sensitivities of the
market maker to the aggregate demand and to her own signal are different, and the sen-
sitivity of the strategic trader’s demand to signal 0" is different as well. We can also com-
pute the expected profits that the strategic trader makes in these two markets (and thus
the losses of liquidity traders): in the first example, the expected profit is +/2/7, while in
the second one it is greater: +/6/12. These differences illustrate the point that having the
market maker observe a signal is substantively different from having that signal observed
publicly.
Our next example considers the case in which a strategic trader’s information is strictly
worse than the information available to the market maker.

EXAMPLE S.8: Let v, 1,, &1, &, and u be independent random variables, each dis-
tributed normally with mean 0 and variance 1. The value of the security is v = v, + ;.
The demand from liquidity traders is u. There are two partially informed strategic traders
and a partially informed market maker. Trader 1’s signal is 6; = v; + &;. Trader 2’s signal
is 6, = v, + &,. The market maker’s signal is 6, = v,. Note that while trader 1 possesses
some “exclusive” information about the value of the security, trader 2 does not (because
v, is observed by the market maker and ¢, is pure noise). Formally, the covariance matrix
is

The auxiliary matrices in this example are
4 0 0 !
A:(O 3), Au=<0), and A,= (g)

Therefore, in this case, we have
ar\_ L (5
(65 BD 0 ’

and so a; = 0. Thus, trader 2 does not trade in equilibrium. This illustrates a more general
phenomenon: in equilibrium, a strategic trader cannot make a positive profit (and does
not trade) if his information is the same as or worse than (in the information-theoretic
sense) that of the market maker.5¢

Our final example considers a sequence of markets indexed by the number of strategic
traders, m. All traders receive the same information, which is imperfectly correlated with
both the value of the asset and the market maker’s information.

$6See Proposition S.2 in Section S.6 for a formal statement and proof of this result.
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EXAMPLE S.9: The value of the security, v, the demand from liquidity traders, u, and
two information shocks, &; and &, are all distributed normally with mean 0 and variance
1, independently of each other. There are m identically informed strategic traders and
a partially informed market maker. Each strategic trader observes a signal 6; = v + &;.
The market maker observes a signal 6, = v + &, . Formally (indexing all matrices by the
number of strategic traders in the market, m), the covariance matrix is

1-11---1:1:0
1:22-..2:1°0
1:22---21:0
o=l
1:22..-2:1:0
1°11---1:2:0
000---0:01
The auxiliary matrices are
1 1 1 1
3- 1= 1= 1=
1 .1 % 1
S 1= 1=
2
A" = R
1 1 1
1= 1= 3= 1=
1 1 % 1
- 1= ... 1= 3=
2 2 2 2
3m+1 -3 -3 -3
6m+8 o6m+38 6m+8 o6m+38
-3 3m+1 -3 -3
6m+8 o6m+8 6m+8 o6m+38
sothat (A™) ' =] S S
-3 -3 3m+1 -3
6m+8 o6m+38 6m+8 o6m+38
-3 -3 -3 3m+1
6m+8 o6m+38 6m+8 o6m+38
1
0 3m+4
Al=1:], and A} = :
0 1
3m+4

Coefficient b in the quadratic equation is equal to 0, and so

c 3m+4
’y = _——=

a V2m ’
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1
o =y AL = ——,
V2m
g 1( m )_2m+4_m+2

M=o\ 3m+4) 6m+8 3m+4

Note that the weight ), that the market maker places on her own signal is not con-
stant in m. If there were no strategic traders at all, and only noise traders (m = 0, al-
though strictly speaking that case is not allowed by our general setup), it would be equal
to 1= %9%) As m grows, this weight is monotonically decreasing (converging to  in
the limit). Intuitively, as m grows, an increasingly large fraction of the market maker’s
information about the value of the security is also contained in the strategic demand, and
can be extracted from it by the market maker—thus leaving a smaller part for the signal
0y that the market maker observes directly.

The second observation concerns the informativeness of prices. Take any m, and
consider a realization of 6;, 6y, and u. In this realization, demand D is equal to
mal'0; +u = JL_Gl + u, and the market price P set by the market maker is equal to

pD + Byovw = 50 v 0, + 3’;‘;24 Oy + 3ﬁu Now fix the realization of random variables,
and let the number of strategic traders, m, grow to infinity. Then price P converges to
16, + 160, But notice that this express1on is precisely the expected value of the asset, v,
condltlonal on the information available in the market: u is uninformative, because it is

independent of all other random variables, and

E[v|6,, 0] = Cov <v’ (g};))TVar ((gﬂll))_l <00A14>
~a 0} 3) (1)

! 01 + ! 0

- 3 1 3 M-
Hence, as the number of strategic traders becomes large, their information and the in-
formation of the market maker get incorporated into the market price with precisely the
weights that a Bayesian observer with access to al/l information available in the market
would assign. In other words, as the number of strategic traders becomes large, all infor-
mation available in the market is aggregated and revealed by the market price. Of course,
this is not a coincidence: as we show in Theorem 2, the information aggregation result
holds very generally.

S.6. THE IMPACT OF INFORMATIVE AND UNINFORMATIVE SIGNALS ON TRADING
STRATEGIES

In this section, we prove the statement made in footnote S.3 in Section S.5.1 and also
following Example S.8 in Section S.5.3 that a trader who possesses neither fundamental
nor technical information (and who is thus less informed than the market maker) does
not trade in equilibrium and thus does not make a profit. We also show that the presence
of such a trader does not affect the trading behavior of other agents or the pricing behav-
ior of the market maker. We then present two examples showing that the interaction of
different types of information can, in general, be quite subtle: a trader who possesses only
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technical information may be able to make a positive profit even if he is the only strate-
gic trader in the market, and a trader who has some signals less informative than those
of the market maker may nevertheless use those signals for trading if he also has some
other, more informative signals. We conclude by showing that if a subvector of strategic
traders’ signals is uninformative (rather than simply being less informative than the signal
of the market maker), then the traders do not use this subvector of signals in equilibrium,
and the presence of these signals has no impact on the agents’ trading behavior or on the
pricing behavior of the market maker.

Formally, we say that trader i is (weakly) less informed than the market maker if, condi-
tional on the market maker’s signal 6,,, trader i’s signal 6, does not contain any additional
information about other random variables in the model—v, u, and 6; for j # i:

Cov(8;, v|0y) = Cov(8;, ulby) = Cov(0;, 0;16)) =0.

Note that this is equivalent to the trader having neither fundamental nor technical infor-
mation, as defined in footnote S.3 in Section S.5.1.

PROPOSITION S.2: Suppose trader i is less informed than the market maker. Then in equi-
librium, a; = 0, and the profit of trader i is 0. The equilibrium strategies of all other traders
and the pricing behavior of the market maker are the same as in the economy in which trader
i is not present.

PROOF: For notational simplicity, suppose i = 1 and suppose the dimensionality of
trader 1’s signal is k (i.e., 6, € R¥). Note that by the maintained Assumption 1 of Sec-
tion 3, at least one strategic trader receives at least some information about the value of
the security that is not contained in the market maker’s signal, and, thus, there are at least
two strategic traders in this market: n > 2.

From the closed-form solution given in Sections 3.1 and 3.2, the vector « that stacks all
trading strategy vectors «; on top of each other is given by

1
a=—A,— A,
Bo

=A"" (i Cov(8, v|0y) — Cov(6, ulOM)).
Bo

Note first that the assumption that trader 1 is less informed than the market maker
implies that the top k elements of vector (% Cov(6, v|0y) — Cov(0, u|0,)) are all 0.

Next, consider matrix A = 3g;,, + Var(6|6y),

211 0 0
0 Sp - 0
A=1 . . .
(S.9)
Var(01|0M) 0 0
0 Var(6,|0y) -o Cov(6,, 6,10)
+ . . . .

0 Cov(0,, 0:10y) -+ Var(8,/60um)
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(o o) 10
where M is an invertible matrix.
Thus,
-1
A = ((En t Vafo(91|9M)) MO_1> (S.11)

and, therefore, in vector
1
a=A" (B_ Cov(6, v|6y) — Cov(, u|0M)>,
D

the first k elements are all 0 and they are precisely the elements that describe the equilib-
rium trading strategy of trader 1, «;. The result about the zero profit of trader 1 is then
immediate.

Next, the first k elements of vector 4, = A~ Cov(6, v|6,,) and vector A, = A~ Cov(6,
u|6y) are all 0, and so it is immediate that the coefficients a, b, and c of the quadratic
equation that pins down market depth y = 1/8p are the same as in the corresponding
quadratic equation for the market in which trader 1 is not present (see Section 3.2 for the
closed-form solution formulas). Thus, the presence of trader 1 does not affect Bp.

Finally, from the block-diagonal formulas in Equations (S.9), (S.10), and (S.11), it fol-
lows that the elements of vectors 4, and A, after the first k are exactly the same as in the
corresponding vectors for the market in which trader 1 is not present. This observation,
combined with the observations that the first k elements of A4, and A, are all 0 and that
Bp is not affected by the presence of trader 1, imply that 3, is not affected by the pres-
ence of trader 1 and that the elements of vector « after the first k are exactly the same as
in the corresponding vector for the market in which trader 1 is not present. Q.E.D.

The statement of Proposition S.2 is intuitive, but it is important to note that the interac-
tion of information and trading can, in general, be quite subtle. To illustrate the subtlety,
we present two examples. The first example shows that a trader who possesses only tech-
nical information may still be able to make a positive profit even if he is the only strategic
trader in the market.>” In the example, the reason for the ability of the technical trader
to make a profit is that liquidity demand is informative about the value of the security,
and so the market maker’s pricing rule is sensitive to aggregate demand. The technical
strategic trader, in turn, is informed about the bias in liquidity demand.

EXAMPLE S.10: The value of the security is distributed as v ~ N (0, 1). Liquidity de-
mand is distributed as u = v + &, where € ~ N (0, 1). Random variables v and ¢ are inde-
pendent. There is a single strategic trader in the market, whose signal is given by 0; = e.
The market maker does not directly observe any signals (k,, = 0).

To compute a linear equilibrium, suppose the sensitivity of the market maker’s pricing
rule is Bp > 0 and suppose the strategic trader’s trading rule is given by multiplier ;. The

$7Strictly speaking, the setting of the example violates Assumption 1 of our model, which states that at least
one strategic trader in the market must possess some fundamental information. Thus, our general results are
not applicable to this setting. Nevertheless, as we show, there still exists a unique linear equilibrium in this
example.
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aggregate demand D is then equal to v+ (14 a4)e, and the expected value of the security
conditional on aggregate demand is then given by

1

Ev|Dl=— D
= ey

1
Thus, BD = 71+(1+a1)2 .

On the other hand, suppose the strategic trader observes a realization 6 of his signal. If
he submits demand d, his expected profit is equal to

E[d(v—Bp(v+0+d)|=—Bp(0d + ).

Thus, the optimal demand is d = —6/2, and so a; = —1/2, which in turn implies 8 = 4/5
and a positive expected profit of trader 1 (conditional on observing realization 6 of his
signal, trader 1’s expected profit is equal to 62/5).

Our next example shows that for Proposition S.2 to hold, it is important that a trader’s
entire vector of signals is less informative than the signal of the market maker. If only
some of trader i’s signals are less informative, while others contain useful information
that the market maker does not observe, then the trader may end up putting nonzero
weights on the less informative signals in equilibrium.

EXAMPLE S.11: The value of the security is distributed as v ~ N (0, 1). There is a sin-
gle strategic trader in the market who observes a vector of signals (6'; 6%) € R?. The first
component of the vector is given by §' = v + 8§, where § ~ N(0, 1) is a random variable
independent of v. The second component is #* = 5. The market maker’s signal is given
by 6y = &. Finally, the demand from liquidity traders is u ~ N (0, 1), distributed indepen-
dently of v and 6.

Note that the second component of the strategic trader’s vector of signals is (weakly)
less informative than the market maker’s signal: it contains no additional information. By
Proposition S.2, if that were the only information that the trader observed, he would not
trade based on it. In Example S.11, however, that is not the case. In the unique equilib-
rium, the strategic trader will put negative weight on component 6*: his demand is given
by d = (6" — 6*) = v and so «; = (1; —1). The market maker ignores her signal (8, = 0)
and puts weight Bp = 1/2 on aggregate demand. (Note that this equilibrium is essentially
the same as the equilibrium of the standard Kyle (1985) model and that trader 1 having
access to signal 6” is essential for this equivalence: if trader 1 had access only to signal 6',
the equilibrium would be substantively different, with, e.g., By # 0.)

The last result of this section shows that if some elements of traders’ vectors of signals
are uninformative about all other relevant random variables (including the information
of the market maker), then traders will indeed not trade on that information: it will have
no impact on their trading. We use this result in Section S10 in the proof of the general
case of Theorem 3, where in some cases we add auxiliary uninformative signals to avoid
having to deal with zero covariance matrices.

Formally, suppose each strategic trader i’s signal 6; can be represented as a pair
of signals (0;; 67) in such a way that the combined vectors ¢ = (6,;...;6,) and 0" =
(0;;...; 6)) have the property that vector 0" is uninformative:

Cov(8",v) = Cov(6”, u) = Cov(6", ') = Cov(6", 6)) =0.
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(Note that for some traders i, 6; or 6, may be empty, but we assume that both ¢’ and 6"
have at least one element.) Let o’ and «” be the vectors of components of equilibrium
demand multiplier & corresponding to 6" and 6”.

PROPOSITION S.3: Suppose 0" is uninformative. Then o' = 0. Moreover, the equilibrium
is not affected by the presence of signals in 0": pricing multipliers Bp and By are the same as
those in the market where only signals in 0’ are observed, and the vector of strategy multipliers
o' is the same as the vector of strategy multipliers in the market where only signals in ¢’ are
observed.

PROOF: The proof is similar to that of Proposition S.2. From the closed-form solution
given in Sections 3.1 and 3.2, the vector « is given by

1
a=—A,— A,
Bo

=A" (i Cov(6, v|0,) — Cov(6, u|0M)>.
Bo

Since by assumption, 6" is uninformative, it is independent of u, v, and 6,,, and so the
rows corresponding to elements of #” in the matrix (% Cov(80, v|0y) — Cov(0, u|6,)) are
all 0. Call this observation 1.

Next, consider matrix A = 3y, + Var(0]0y) = Saig + S0 — Jom Sy >0y, Take any
element i from vector ¢ and any element j from vector 6" (these elements can be parts of
the same trader’s signal or can be observed by different traders). Since by assumption, 6”
is independent of both 6’ and 6,,, the entries in matrix A in cells (i, j) and (j, i) are both 0
(because the corresponding entries are all 0 in matrices Sig, So0, and gy 2,21, This,
in turn, implies that the entries in matrix A~! in cells (i, j) and (J, i) are also both 0.58 Call
this observation 2.

Combining observation 1 and observation 2, we find that the entries in vector a =
A*(% Cov(8, v|0y) — Cov(8, u|0,)) corresponding to the elements of 6" are all equal
to 0.

The proof of the statement that the pricing multipliers 8, and B, are the same as
those in the market where only signals in 6" are observed, and that the vector of strategy
multipliers ' is the same as the vector of strategy multipliers in the market where only
signals in 6’ are observed, is completely analogous to the proof of the statement in Propo-
sition S.2 that the equilibrium strategies of traders j # i and the pricing behavior of the
market maker are the same as in the economy in which trader i (less informed than the
market maker) is not present. Q.E.D.

$8To see this, note that by rearranging the rows and columns of matrix A to first list the entries corresponding
to 6" and then the entries corresponding to 6", one gets a block-diagonal matrix

Siiag + Var(0[6,) 0
0 Z;,liag + Var(e//) '
the inverse of which is also block diagonal:

((z’diﬂg + Var(6'16y)) " 0 ) .

0 (Z;iag + Var(&ll))f
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S.7. RESCALING LIQUIDITY DEMAND

In this section, we formally show that equilibrium prices are not affected by the scale of
liquidity demand.

Take an original market as defined in Section 2 and consider an alternative market
in which the demand from liquidity traders, u®", is equal to the demand from liquid-
ity traders in the original market multiplied by a constant factor p > 0: u™ = pu. For
notational convenience, we append the superscript (alt) to variables associated with the
alternative market, while variables associated with the original markets have the same
notation as before.

The total demand observed by the market maker in the equilibrium of the alternative
market is thus

D(alt) — di(alt) + u(alt)’
>
where d™ = (a“9)79; is the demand of trader i. The price in the equilibrium of this
alternative market is then a random variable given by

(alt) B(dlt) (Z(a(an))Tei + pu) + ( R;lt))TeM.

i

PROPOSITION S.4: In the unique linear equilibrium of the alternative market,

(alt) @
D = )
p
(all)
BM9
a™ = pa.

In particular, equilibrium price does not depend on the scale of liquidity demand.:

(alt)

P =p
PROOF: The proof follows directly from the equilibrium characterization of Sec-

tion 3.2. First note that 3" = Cov(0, ) = 34, and, similarly, Zfﬂ;‘g’ = Jgiag> e —

Cov(8yr, 0r) = Sans> SV = Cov(0, v) = 3y, and 35 = Cov(0y, v) = 3. Next note
that 3" = Cov(, pu) = pS., 3y = Cov(Oy, pu) = pSuu, oY = Var(pu) = p*0,.,
and (r(a“) = Cov(v, pu) = p(rw ThlS 1mmedlately yields AW = A,, AW =p A @ =
a, b — pb, and ¢ = p?c. Hence, Y = py, B = Bp/p, ““) = Bu, and o™ = pq,

and, therefore, p@ = p. Q.E.D.

S.8. PROOF OF THEOREM 2 (GENERAL CASE)

The proof of Theorem 2 in the main paper applies to the special case in which the
covariance matrix of random vector (0; 0,,; u) is full rank. In this section, we prove The-
orem 2 for the general case, imposing only Assumptions 1 and 2L: Cov(v, 0|6,,) # 0 and
Var(u|0, 6,) > 0.

Before proceeding to the proof, we first prove the following lemma.
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LEMMA S.2: Let ¢ be a random vector normally distributed with mean 0 and covariance
matrix 3. Let a be a vector of the same dimensionality, and let {«,} be a sequence of vectors
such that

lim ()" =" ¢

for every realization é of random vector ¢ except possibly on a set of probability 0. Then the
limit also holds in the L sense, that is,

. 2
lim E[((@)"¢ —a’¢)"] =0.
PROOF: Let N be the rank of matrix Var(¢) and take an orthogonal matrix ® such that
T (M 0
O Var(¢p)P = (O 0> ,

where M is a symmetric positive definite matrix of size N (if matrix Var(¢) is itself positive
definite, and thus full rank, then we can simply take @ to be the identity matrix and, thus,
M = Var(¢)).

Let 4y = ®7¢ (and, thus, since @ is orthogonal, ¢ = ®@¢). If, for almost all realizations
¢> of ¢, we have ()" ¢> — ach) then for almost all realizations ¢ of i, we also have
(o) T @y — a Dy, which can be rewritten as

(@) & — (@) . (S.12)

Since i is distributed normally with mean 0 and covariance matrix (% 0 0) where M is a
positive definite matrix of rank N, the fact that the convergence in Equation (S.12) holds
for almost all realizations ¢ of random vector implies that the first N components of
vector @7, converge to the first N components of vector ®” . Then

E[((@)7 ¢ — a” )] = E[ ()" — o Dyp)’]
= E[(07a — DTar) " (07 — DT ar)]
= (CI)Tozk — CDTa)TVar((p)((DTak — q)Ta)

= ((I)Tak - (DTa)T (A(;I 8) (CDTak - (I)Ta).

Since the first N components of ®”«, converge to the first N components of &, we get
that the first N components of (&7« — T ) converge to 0, which in turn implies by the
last equation that E[((ax)" ¢ — a” ¢)*] — 0. Q.E.D.

We are now ready to prove Theorem 2. The proof proceeds in five steps.

Step 1. Step 1 is identical to Step 1 in the proof of the special case in Appendix B and
is therefore omitted. The remaining steps are different from those in the proof of the
special case.

Step 2. Let us now consider the entire sequence of markets, and restore superscript
(m) for the variables. We introduce, for each market m, a random vector 0“”) which is
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independent of the other random variables of the model, and is distributed normally with
mean 0 and covariance matrix 3.

Applying the usual projection formulas for jointly normal random variables, we note
that the expressions for A™, 2;’"), and 25’” that were obtained in Step 1 can be written
as

A — Var(6 + &7 + @\(m)laM),
A = [Var(0-+ £+ 310)] ' Cov(0-+ €7 + 57, ),

A = [Var(6+ £™ + 8"160y)] " Cov(0+ £ + 8™, v]6y).

Note that, unlike the special case considered in Appendix B, the limit of A is not
guaranteed to be invertible, and so we cannot directly consider the limits of ;4\;’") and
;4\,()’”’. Instead, we (in essence) will perform a change of basis, and will work in the new
system of coordinates.

Formally, let ® be an orthogonal matrix such that

T (MO
&7 Var(0|0,,)P = ( 0 0),

where M is a symmetric positive definite matrix whose size is the rank of Var(6|6,,) (and
if Var(6|6y) is itself positive definite, we can simply take @ to be the identity matrix and
M = Var(6|6y)). Note that Assumption 1 (Cov(v, 6|6,,) # 0) implies that Var(6|6,,) # 0;
thus, the size of matrix M is greater than 0.

Let (0; 0”) be the random vector defined as ®7 6, where the dimensionality of 6’ is
equal to the rank of M. (Note that Var(6'|0,) = M and that Var(6”|6),) = 0.) In a similar
fashion, we let ((§")'; (™)) = BTG and ((£M™); (£m)"y = BT gm,

We will first show that the following limits hold:

Var(£7) + (@) 1(£7) + (7)) ~ 0,

)
Var(A) (€ +57) 0,
Var(A1Y (67 +37))
Var(A)57) 0,
ar(A) ) 0,
Var((A7)" ™) — 0,
Var((4;7) €™) > 0,
Cov((A™ T, 9™ — 0,

)

)

)
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Cov((ﬁg"“))T@(’"), (2;m>)T'07m>) — 0.
Step 2(a). We show that Var((£™) + (8™ )[(£")" 4+ (6"™)") — 0. Note that
Var((£™), + (8™) (™) + (6)") < Var((™), + (6"),),

where (£") + (§("’)); denotes the ith element of random vector (£™) + (6™)'. We then
observe that, using the variance—covariance inequality,

[Cov((£™); + (@), (6™, + @) (™) + (@))
< Var((£™); + (@) I(6™) + (8™))

x Var((¢™), + (68") (™) + (0™)')

< Var((£™);+ (6");) Var((£™); + (8™)))-

Since Var((¢™); + (9(’")) ) = Var((¢ ’”)) ) + Var((0<’">) ) — 0 for all i, we conclude that
every element of matrix Var((£™) + (0(’")) [(E0™)" 4 (0(’”))”) converges to 0.

Step 2(b). We now show that Var((A(’")) (€™ 4+ 9™y - 0 and Var((A(”‘)) (&M 4+
9(””)) — 0. We focus on the first limit; the second one can be obtained via a similar

derivation. For any vector 6 of the same dimensionality as 6" and ¢, we can rewrite
(Am)THm ag

E[v]0+ ™ + 9™ =9, 0y = 0]
= E[v|®70 + ®TE™ + DTH™ = DT, 9, = 0]
= E[v]0 + (£€™) + (6™) = (6), (") + (8")" = (6")", 6y =0],

where we define ((§")’; (6™)") = ®TH™ and the second equality makes use of the fact
that, conditional on 6, = 0, it is the case that §” = 0 almost surely.

Let ™ = (£&") + (9('"))' E[(E™M) + @my [(Em)" 4 (8")"], that is, X" is the
residual of the projection of (£")" + (B™) on (£™)" + (8™)". As (£™) and (8™) are
mdependent of v, (£™)” 4+ (§™)" is also independent of v, and noting that (£")” +
(§™)" is independent of @', ™, and 6,,, we get

(ALY 5 = E[u + (67) + @) = (0. (£7) + @) = (3)'. 0w =0]
=E[v|0' + x"™ = £(6™), 6y =0],
where we define f(67) = (6) — E[(£™) + (8" |(£™)" + (8")" = (6™)"]. Next,
E[]6 + (x™) = £(6™), 6y = 0] = Cov(v, 6 + x™16x)[Var (6 + x™16)] " £ (8™).
Hence, since f(£™ + ) = ™,
Var((A™)" (£ + 8"™)) = Var(Cov(v, 6 + x10x)[Var(6' + x™16x)]" x™).
Therefore, to show that Var((Zf)m))T(f‘"’) +9™) — 0, it is enough to show that

Var(x™) — 0,
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and that
Cov(v, 6 + x"10,)[Var(6' + x™10,)] " — Cov(v, 0'16,)[Var(6'16,)] "

To get the first limit, note that Var(y™) = Var((£™) + (8™ |(£)" + (6")"), which
was shown to converge to 0 in Step 2(a). The second limit follows directly from the first
one, along with the observatign that Var(OJ 0y) is, by construction, positive definite and,
thus, invertible. Thus, Var((A")7 (£ + ")) — 0.

Step 2(c). Since £ and 6" are independent, we have that Var((ng)T(g(m +9m)) =
Var((;l\(u’”))Tg(’")) + Var((;l\f)m))TIO\(m)), and as the left-hand side converges to 0 as m — oo
and the two terms on the right-hand side are nonnegative, we get that Var((;l\fj") )T@\(’")) —
0 and Var((;él\(’")) £y — 0. We also get Var((;l\fdm))T@(’”) — 0and Var((ﬁi”’))Tf“”)) -0
by the same argument.

Step 2(d). We now show that COV((A(m))T om 0(”’)) — 0; the proof of the conver-
gence for Cov((A“"))TG(’”) ™y — 0, Cov((A(’”))TO(’”) EMy - 0, and Cov((A‘”'))TB("’)
&) — 0 is again completely analogous.

By the covariance inequality,

[Cov((Ay)' 3, B < Var((Ay7) 9 Var (8"

and we know from Step 2(c) that Var((A<”’>)T0("’)) — 0. In addition, we also have that
Var(A(’")) — 0. Hence, Cov((A™)T§™ A(’”)) — 0 for all i and, thus , Cov((A™)7§™,
My — 0.

Step 2(e). Again, by the covariance inequality,

[Cov((AL) T, () ) < Var(A) 9 Var((A0) 5,
and we have just shown that both variances converge to 0. Thus,
Cov((A) 8™, (Am)" ™) — 0.
Step 3. In this step we will show that

(/l(m) - Oa
b"™ — —Cov(u, v, 0y),

™ — Var(ul6, 0y).

By the projection formulas for jointly normal random variables, we observe that the
expressions obtained in Step 1 for the coefficients a", b, and ¢ can be written as

a™ = Var((;l\ff"))T/O\(m)),
b™ =2 Cov((A™) 6™, (A7) 6™ — Cov(u, v|6 + €™ + 6™, 6),
™ = Var((ZLm))T(H + &™) — ul6y).

Step 3(a). We showed in Step 2 that Var((A™)7§") — 0. This implies a™ — 0.
Step 3(b). Let us show that b — — Cov(u, v|6, 0)).
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In Step 2, we showed that
Cov((A) g™, (A4) g™ — 0,

s0 it remains to show Cov(u, v|6 4+ ™ + 8™ 6,,) — Cov(u, |6, Our).
Using the projection formula, we write Cov(u, v|0 4+ £ + ™, ,,) as

Cov(u, v|0y) — Cov(u, 8]0y )[Var(6 + ™ + 8™ 16,)] " Cov(6, v]6y),

where we used the fact that £ + 8" is independent of v and 6. Then using the orthog-
onality of @, that is, that ®7 = ®~! we observe that

Cov(u, 0]6y)[Var(6 + £ + 8 10,)] ™ Cov(6, v|6y)
= Cov(u, D010,/ )[Var(®7 0 + O £™ + BTG (6,,)]” Cov(D 6, v|0y).
Also observe that Cov(u, ®70|6,,) = (Cov(u, 6'|6y),0) and Cov(®T0,v|0,) = (Cov(8,

v|60y);0). From the block matrix inversion formula and using the facts that
Var(0”]0,) = 0 and that random vectors 0 and £ + 0“”) are independent, we get

Cov(u, D7 0]0,)[Var (76 + BT ™ + OT9™16,/)] " Cov(® 0, v]0,)
= Cov(u, 0'|6y)
x [Var(6/ + (£™) + (6 16x)
— Cov((£™) + (0", (™) + (8™)") Var((£™) "+ (8™))
x Cov((£™)"+ (™)', (™) + (8))] " Cov(e', vi6y)
= Cov(u, 0/16u)[Var (6 + (£€™) + (8) 16u, (E)" + (8)")] " Cov(e', vl ).
Now, as
Var(6' + (£™) + (0™) 10w, (€™) + (6)')
= Var(6'|6a) + Var((£™) + (6") 1(£™)" + (6™)"),

and since we have already proven in Step 2 that Var((£"™) + @my| (&MY 4 @™y — 0,
we have

Cov(ut, 7016, )[ Var(®7 6 + &7 ™ + BTG"16,/)] " Cov(®T 6, v|6)
— Cov(u, 0)[Var(6'16y)] " Cov(8, v|0y).
Thus,
Cov(u, v]0y) — Cov(u, 0]0y)[Var(6 + ™ + 8 0,)] " Cov(6, v6y)

— Cov(u, v0u) — Cov(u, 6/64)[Var(6/16,)] " Cov (€', v]6a),

$9See, for example, http://en.wikipedia.org/wiki/Block_matrix_pseudoinverse.
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and the latter expression is equal to Cov(u, v|€’, 6),), which in turn is equal to Cov(u, v|
0, 0),). Thus, b — — Cov(u, v|0, 0y).
Step 3(c). Finally, let us show that ¢ — Var(u|0, 6,,). We have already shown that

™ = Var(Cov(u, 6+ £ + 016, )[Var(6 + £™ + 8"10,)] " (6 + £™) — ulfu)
= Var(Cov(u, 6+ £ + 0"[60y)[Var(0 + £ + 6" 10,)] 6 — ul6y)
+Var((;4\ff”))T§('”)).

We have shown in Step 2 that Var((Z;’”))Tf(’")) — 0. Now again using &7 = ®~!, we note
that

Cov(u, 04 £ + 010y )[Var(6 + £ + 6 10,)] 0
= Cov(u, D" 010,/ )[ Var(®7 0 + O £™ + BTG™(6,,)] " @7 6.

Next using the same block matrix inversion formula as in Step 3(b), and the same facts
about vectors 6", 0, and 0", we get

Var(Cov(u, 6 + £ + ) Oy )| Var(6 + &7 + @\(’”)IOM)]A 0 — u|6y)
= Var(Cov(u, ®7 0|6y, )[Var(®7 6 + BT + 76 10,,)] ' D70 — ul6y)
— Var(Cov(u, 6/10))[Var(6'16y)] "' 0 — ul6y).

Finally,

Var(Cov(u, 6|6y )[Var(6'16y)] " 6' — ul64) = Var(ul6', 6,
= Var(u|0, 6y)

and, thus,
"™ — Var(ul6, 0y).

For the last observation in Step 3, note that by Assumption 2L, Var(u|6, 6,,) > 0, and,
thus, the results above on the limits of a®, b™, and ¢ imply that 83" also converges
to a finite value.

Step 4. By equilibrium condition (i) of Definition 1, 8% and B8{;” are coefficients of the
projection of v on the total demand ()7 (0 + £€") + u and the market maker’s signal

0M7
v=B5" (") (04 E™) + 1) + (B") Ot + Suamy(osemysuays (S.13)

where &, ,om7 (g1 ¢0m) 146, 18 independent of («")7 (6 4+ ) 4+ u and 0.
In addition, equilibrium condition (ii) of Definition 1, expressed via Equation (17) in
the proof of the special case of Theorem 2 in Appendix B,5!° can also be rewritten as a

S101¢ is straightforward to check that the derivation of Equation (17) does not depend on the additional
assumptions imposed in the special case, and remains valid in the general case that we consider in the current
proof.
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(m)

projection equation of v — B3"u — (B};")" 6y (corresponding to the right-hand side of
Equation (17)) on 6 + £" + 6 (corresponding to the left-hand side of Equation (17)):

v — B(Dm)u — ( ;Z'))TGM = gn) (a(m))T(G -+ g(m) + /O\(m)) + &y, 04£0m) 4 g(m) « (S.14)

We will now show that 6, is independent of &, 4, sm5m . Because of joint normality,
it is enough to show that Cov(g, gsm5m, 8)) = 0. From Equation (S.14), and using the
independence of ™ and 6,

Cov(&y,g4gmgm , Oyr)
= Cov(v, ) — Cov( g")(a(’"))TO, 6y) — Cov( "u, 6r) — Cov(( %))TOM, Ou).
From Equation (S.13), we get that
Cov(v, 0y) = Cov(BY" ()" 6, 6y ) + Cov(BLu, 6y) + Cov((BL") Orr, Ou),

hence establishing the equality Cov(e, g gm 4 gom, Oy ) = 0.
In the remainder of the proof, p™ is the random variable that corresponds to the
equilibrium price of the asset in market m, that is,

P =By (@™) 0+ ™) + By u+ (BY”) Our. (S.15)
Step 5. As m — oo, the behavior of the market depends on the sign of Cov(u, v|6, 6,).

Step 5(a). Let us first consider the case in which Cov(u, v|6, 6,7) > 0.

In this case, ,Bg") — Cov(u, v|0, 0y)/ Var(u|, 6,,), which is immediately seen from the

limits of the coefficients of the quadratic equation on 8% in Step 3. We will show that

2
p™ N E[v|0y, 0, u], that is, p™ converges to E[v|6), 6, u] in the L? sense.
We observe that

E[v|0y, 0, u]l — p™ =E[v— p"™ |0y, 6, u]
and, from equations (S.14) and (S.15),
b= P = B (@) B + ey,
and since 9" is independent of 6, 0,,, and u, we get that
E[v]0y, 0, u] — p™ = El&, gi.eom40m |0r, 0, Ul = El&, g1 com 430m |0, ul,

where the second equality comes from the fact that &, g, som 5en and 6,, are independent.
By Lemma S.2, to prove

E[El&, 41¢m gm0, ul’] = 0,
it is enough to show that, for almost every realization (5; 1) of random vector (6; u),
El&y gy ems3m|0 =0, u=1]— 0.
To show the latter convergence, it is in turn sufficient to show two convergences:
Cov(ey,pisomgom, 0) = 0

and COV(SU,9+§(01)+§M1) 5 u) —> 0.
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We first show that Cov(e, g, ¢om g, 8) — 0. From Equation (S.14), and using the fact
that 6" and 6 are independent, we have

COV(SU’9+§(m)+§(m) , 0)
= Cov(v, 8) — Cov(BY" u, 6) — Cov((BL")" 6, 6) — Cov(BL” (™))" 6, 6).

Recalling that &, g, ¢, gom and 6+ ™ + 6 are independent, and that 9 and £ are
independent of each other and of v, u, 6, and 6,,, we also have

Cov(v, 6) = Cov(v, 6 + £ + A(’"))
= Cov(By" (a™)" 6, 6) + Cov(By" (™) 8™, §)
+ COV(BEJ’")(aW))Tg("“, E™) + Cov(By u, 8) + Cov(( ('")) O, 6).
Thus,
Cov(&, g gomsgm » ) = Cov(BE” (™) 6, G + Cov(BL” (™) €™, &™),
Now, since B converges to a finite value, by Step 2 we have
Cov(By” (™) 8™, ") = Cov((A™) 8™, 8™ — B Cov((A1) 8", 6™ — 0.
Similarly, we have
Cov (B (a<m>)T§<m>, gm) = Cov((Zg’”))Tf(’"), gm) — gon Cov((;l\ﬁﬁ))Tf(m), £m) -0,

and, thus, we get that

COV(EU’9+§(M)+§(m), 0) — 0.

Observe that to establish this convergence, we did not rely on the fact that 8% converges

to a positive value; we only used the fact that it converges to a finite value. We will use
this observation in Step 5(b).
Next, we show that Cov(e, g, zm5m, u) — 0. From Equation (S.13), we get that

Cov(v, ()" 8) + Cov(v, 1)
=C0V(Bg”)(a(m>)T0 (a(’”)) 0) + Cov(B" (a <m>)T§<m>’(a(m))T§<m>)
+Cov(By" (a™)" 6, u) + Cov(By u, ()" 6) + Cov(BYy"u, u)
+ Cov/(( (’”)) GM,(a“”)) 6) + Cov(( (’”)) Ou, u).
From Equation (S.14), it follows that

Cov(v, (@™)"6) — Cov(BY" ()" 6, (™) 6)
—Cov(,BE)m(a(”’)) gm. (a(m>)T§<m>) COV(B(m) (a(’"))TO)
— Cov((B4")" 0, ()" 6) = Cov(By" (™) 8™, (™) 5™,
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where the last term can be rewritten as
Cov(BE)M)(a(’”’)T@m) (a<m>)7’07m))
= (B5") " Var((4y") 8"™) —2Cov((4y") 8™, (A1) 8)
+ BY” Var((A4™) ).

As BY" converges to a positive value, the limits established in Step 2 imply that all the
terms on the right-hand side of the last equation converge to zero, and, thus,

Cov(By (™) ™, (™) §"™) — 0

and 5o
Cov(v, ()" 0) — Cov(By" ()" 0, (™) )
— Cov(BY" (™) £, (a™) £™) — Cov(BEu, (™) 6)
— Cov((B%")" 0w, (@™)" 6) — 0.
Thus,

Cov(v, u) — COV(B([’,”)(a(m))TB, u) — Cov(B3" u, u) — Cov(( (m)) Oy, u) — 0

and so COV(SU’9+§(m)+§(m)’ u) — 0.
Step 5(b). We now examine the remaining case: Cov(u, v|6, 8)) < 0. In this case,
" _ 0, which again follows from the limits of the coefficients a", b, and ¢ in

2
Step 3. We will show that p™ — E[v|6, 0,].
Expressing v using Equation (S.14), and taking expectations on both sides conditional
on 0 and 6,,, we have

ENv]6, 1= By Elul6, 01+ [(B5")" 0 + BY” (™)' (6 + £™)]
+ E[SU’9+§(W)+§(W) | 07 GM]
= By ELul6, 0] + [p" — By u] + Ele, .m0, O],

and so we have
P — E[v]0, 0y1= By (u— E[ul6, 0,1) — Ele, g e0m 5016, On].

As Bg’” — 0, the first term on the right-hand side, ,8('”) — Elu|6, 6y]), converges
to 0 (in L? sense). Also, in Step 4 we showed that &, g, ;m,5m is independent of 6y,
and, therefore, E[e, 4, com 5m |0, O] = El&, g4 cm 5m|0]. In Step 5(a), we showed that
Cov(e,, gremgom, ) — 0, implying that E[e, g4z 50m|0 = 5, Oy = Oul converges to 0
for almost every realization (5; 5M) of random vector (6; 6,,). Therefore, by Lemma S.2,

2 2
Eley g1com im0, 03] —> 0. Thus, p™ - E[v]6, 0,].
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S.9. PROOF OF THEOREM 3 (SPECIAL CASE)

In this section, we prove Theorem 3 in the special case in which the covariance matrix
of random vector (6y; 0; 0); u) is full rank. In Section S.10 below, we provide the full
proof of Theorem 3, without making this simplifying assumption.

Step 1. In addition to the markets indexed m = 1,2, ..., we consider the alternative
market that includes s groups of traders i =1, ..., s. The size of group i is ¢;. Each trader
j of group i receives signal 6;. In this alternative market, the market maker receives sig-
nal (6;; 6y). We use superscript (m) when we refer to the variables of the market m,
and we use superscript (alt) when we refer to the variables in the alternative market. By
Theorem 1, a unique linear equilibrium exists for each market m and for the alternative
market. Recall that Zf-’”) is constant in m for i <'s.

Fori=s+1,...,n,wedefine £ = Q. &)/ and €7 = (M. €M), Fori <,

s+1°
we let, by convention, 3° =0, & =0, and ¢ = (& ...; £€™). Let 5("” (&5 EM).
Also, as before, we define

1
— 0 0
61211
Sae=1 0 . o
1
0 0 T “ss
632
and
f(m) (211 + 3¢ ) 0 0
S = 0 0
¢
0 0 g (S + 30
‘We also define
1
€0 0
ng)
360 0 0
1
0 0 —23¢
Z(m) n

Note that 3% is the covariance matrix of £”. Also note that as m — oo, 3> — 0 and

SUm _, 3 where we define
(oo) 2(11:) 0
Edlag, ( (6 ¢ 0 .

dlag diag”

We could proceed by showing various convergence results directly, by matrix manipula-
tion, as in the proof of the special case of Theorem 2 in Appendix B. However, it turns out
that the proof becomes simpler and more intuitive if instead we follow the methodology
of the proof of the general case of Theorem 2, introduce auxiliary random variables, and
interpret various matrices in the proof as covariance matrices of various combinations of
these auxiliary random variables and the random variables in the model.
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Specifically, for each market m, we introduce a random vector 9™, which is indepen-
dent of the other random variables in the model, and is distributed normally with mean

0 and covariance matrix /Z\(m)g We also introduce a random vector 55, which is indepen-
dent of the other random variables in the model, and is distributed normally with mean 0

1
and covariance matrix zg?;g) Finally, we introduce a random vector 8, which is defined

as 0 = (fs; 0), and is therefore distributed normally with mean zero and covariance

matrix 302,

First let us focus on the linear equilibrium in market m. We have

A = 340 4 SEM 4 Var(6]0y) = Var(0 + €7 + 00y,
A = (A™) ™ Cov(6, ulbu),
A = (A™) ™ Cov(8, v]6n).
Finding the linear equilibrium is equivalent to solving the quadratic equation
¢ (BY") + b BY + a™ =0,
where

a™ — —(2“’“) Z(m)A(””
v

diag
b = (21()’")) (228’:;; + //1\(””)2;’”) — Cov(u, v|6y),
™ = Var((A)" (6 + £™) — ul6y).
Similarly, there exists a unique linear equilibrium of the alternative market. Let
AC = S8+ Var(0s| 0y, 01) = Var(6s + 0510y, 01),
AW = (A Cov(Bs, ul6u, 01),
A = (A9) ™ Cov(s, v|6y, 61).
Finding the linear equilibrium is equivalent to solving the quadratic equation
v (Bglo)z + b(alt)th) 4+ a0 =,
where

a(alt) — _(A(alt)) E(alt)A(alt)

diag

b = (A <alt>) (2 Efﬁg) + A<d't>) A — Cov(u, vy, 61),
c@n — Var((;l\ff“))Tes — u|By, GL).
The equilibrium price in market m is

pm = ( L"))THM 4 B;)m)((a(m))Te(m) + u)
= (B") O+ B (04) 05+ (@) (67 + £7) + ),

where we decompose the vector ™ as a™ = (a"”; a{™).
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The equilibrium price in the alternative market is

p(ah) — (B(alt))Te(alt) + 'g(alt)((a(ah))Tes + u)
_( (alt) ) 0, +( (alt)) 6, +ﬁ(alt)((a(alt))T0S+u),
where 65" = (0,; 0,) and B4;" is decomposed as 85" = (B5: Bi)-

We will show in Step 2 that B — B5"Y. Then in Step 3, we will show that 85" — B/,

By et — By, and B ey — BV a. By the same argument as in Step 3 of the
proof of the special case of Theorem 2, showmg these four convergence results is sufficient
to prove the statement of Theorem 3.

Step 2. First, we show that the coefficients of the quadratic equation that BY" satis-

fies converge to those of the quadratic equation that B2 satisfies. As the coefficient on

(B%9)? in the latter equation is positive (as shown in Step 5 in the proof of Theorem 1 in

Appendix A), this convergence implies that B8\ converges to B

Step 2(a). We first show that a™ — a™". We have
St = Sy = Var((8s; 0));
thus,
A — A .= Var((6s + Bs; 6,)|0)
and, as A is positive definite (which follows from Assumption 2H),
A(’”) — A(°°) (A(‘"‘)) Cov(8, v|0y)
= Var((0s + Bs; 6,)16u) " Cov((8s + Bs; 6,), v|6y).

This identity implies that for any (fixed) vectors B (of the same dimension as random
vector ) and 6, (of the same dimension as random vector 6, ), we have

(Zfzoo))T(as; 6,) =E[v|0y =0, 05 + 05 = 05, 0, = 6, ]. (S.16)
Now note that
a™ = a™ = — (A ) Zfﬁ:;A("‘” (fo’"))TVar((/O\S; 0)) A
= — Var((A™)" (85; 0)).
Likewise, for any (fixed) vector 85 (of the same dimension as 65), we have
(A1) 85 = E[v]6y =0, 65 + 05 = O, 0, = 0]. (S.17)
Also,

(alt) __ i) T Jalt) Falt)
a - _(Av ) EdlagA

—(;4\,()3“)) Var(6s) AV
= — Var((A4)" ).
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Equations (S.16) and (S.17) imply that for every realization 65 of random vector s,
(A°)" (B5; 0) = E[v]6y =0, 65 + 65 = b5, 6, = 0]
= (A“)"8,
and, thus,
Var((Zg”))T(ﬁs; 0)) = Var((?l\ff“))p(is),

and so a™ — q(® — g@lt
Step 2(b). Next we show that b — b@"_ In the limit,

b — b = (A (235 4+ A) A — Cov(u, v]Oy),

dldg
where

A= lim A = (A%)™" Cov(6, ul6i).

m—oo

Similarly to Equations (S.16) and (S.17) above, for any fixed vectors 65 and 6, , we have

(A% (Bs: ) = Elul0y =0, 05 + 0 = 05, 0, = b, (S.18)
(A©) Gy = E[ulfy =0, 65 + 05 = Bs, 6, = O], (S.19)
Note that
(A) 302 409 = (A" Var((9s; 0)) A
= Cov((A)" (Bs: 0), (A2)" (B5: 0))
and

(fél\ff‘“)) E(‘j‘;‘gA(‘"‘“) (A\(a“))TVar(b\s)E(a“)
= Cov((A) By, (A5) D).
By Equations (S.16)—(S.19), for any realization 65 of random vector s,
(2;w>)T(5S; 0) = (Xgal‘))Tgs and
(A" (B5; 0) = (A“) "8,
and so

(alt) (alt)
diag A

(}[(oo)) Eéoo)Amo) (A“‘l‘)) 2
v iag
Next note that

( 2<oo>)T Ae) (o)

ov(v, (05 + Os; 0,)10,) [Var ((0s + 8s; 0.)10)] " Cov((0s + Os: 0., ul6y)
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and so
(;l\ff"))r/’l\(“)le\;"") — Cov(u, v|0y) = — Cov(u, v|0y, 01, Os + Os).
Similarly,
( qu}alt))T Al Z(uam
— Cov(v, 05 + 510y, 0,)[Var(0s + B0y, 6,)] " Cov(8s + Bs, ulfy, 6,),
and so
(Ef}a“))T//l\(a“)Eff“) — Cov(u, v|0y, 0,) = — Cov(u, v|0y, 01, Os + Os).

Therefore, we have

b — b =2(A) T30 0o 4 ((A)" A 4 — Cov(u, v]6y))

diag
=2(A™) G0 A — Cov(u, v|6y, 01, 05+ B)
— b(alt).

Step 2(c). Finally, we show that ¢ — ¢@Y_ We have

™ — ¢ = Var((A)" 0 — ulfy)
and

¢ = Var((A“)" 5 — ul 6y, 6.

Let random variable y be the residual from the projection of u on (65 + 55, 01;0y).
By construction, x is orthogonal to 6, and 6y, and, thus, by the properties of the normal
distribution, is independent of those two random variables. Recall that 65 was also chosen
to be independent of 6, and 6,,.

Next

Var((A°)" 6 — u|6y) = Var(u — (A°)" (05 + Bs; 6,) + (A°)" (B5; 0)104)
= Var(x + (;1\;“))T(/9\s; 0)[6)

and

Var((A™)" 65 — 1|6y, 0,) = Var(u — (A7) (65 + b5) + (A“) " 8516y, 6,
= Var()( + (sz"))T/G\SWM, OL)
Since y and 55 are both independent of 6,, and 6, , we have

Var(x + (42" (Bs; 0)[6y) = Var(x + (42 (85; 0))
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and

Var()( + (Z;alt))T’ést, 9L) _ Var()( + ("A\Lalt))T,é\s).

Take any realizations ¥ and 85 of random variables y and 6s. From Equations (S.18)
and (S.19) in Step 2(b), we have

X+ (A% (Bs; 0) = X + E[ul60y =0, 05 + 05 = b5, 6, = 0]

=X+ (A™)"Bs,

and so
Var(x + (A°)" (B5; 0)) = Var(x + (A“)" 65)
and, thus,
M s (00 — @t
Step 3. We now show that g — 5;“,)‘4, o B;jltz, and Bg")a(sm) BV @0,

The arguments below rely on Assumption 2H, Wthh implies that various conditional ex-
pectations that we compute below are guaranteed to be well defined. They also rely on

the result we showed in the prev10us step, B5° Nﬁgl‘)_
First note that for any s, (ay")” 65 = (a(””) (95: 0), and s0

Jim 4@ (B 0) = G5 (A7) 185 ~ (A) ) B 0)
= E[v— B5 ul0y =0, 65 + 05 = 05, 6, = 0]
— th) (agalt)) 05.

ThUS B(m) (m)_)B(glt)a(alt).
Next we have

E\T) - (OC) = ZMM (EMv EeTMAf;OO)) - Bj)OO)EX/IIM (ZMu - 29TMAE,°°))’
and so for any 5M, we have
(BS) By = E[v— B |6y = By, 05 + 05 =0, 6, =0].
Also, similarly to the above expression for 85 (™, for any 6, we have
CN (™) 8, = E[v— BSulfy =0, 65+ 05 =0, 6, = 6, .
Thus,
(BE: BSa™) (B 01) = E[v — BS ul0y = By, 05+ 05 =0, 6, = 6, ].
Analogously to the expression for ( ,8(°°))T5M, we also have
(B3") (Bu; 6) = E[v— B3 uls + s =0, (8 0.) = (Gur; )]

= (B B5 et s ).
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Thus, By — By and By a™ — B4}, and combining all the convergence results
above and using the same argument as in Step 3 of the proof of the special case of Theo-
rem 2 in Appendix B, we conclude the proof of Theorem 3.

S.10. PROOF OF THEOREM 3 (GENERAL CASE)

The proof in Section S.9 applies to the special case in which the covariance matrix
of random vector (0s; 0 ; 0); u) is full rank. In this section, we prove Theorem 3 for
the general case, imposing only Assumptions 1H and 2H: Cov(v, 05|6;, 6)) # 0 and
Var(u|6;, 6,) > 0.

In addition to the markets indexed m = 1,2, ..., we consider the alternative market
that includes s groups of traders i =1, ..., s. The size of group i is ¢;. Each trader j of
group i receives the same signal 6,. In this alternative market, the market maker receives
signal (6;; 6)). We use superscript () when we refer to the variables of the market m,
and we use superscript (a/t) when we refer to the variables in the alternative market. By
Theorem 1 a unique linear equilibrium exists for each market m and for the alternative
market.

Fori=s+1,...,n,wedefine & = (3, & ,)/¢/" and & = (£} ...: €&m). Fori <,

s+1°
we let 3T =0, £ =0, and & = (£ ...; £M). Let £ = (£ ... &™),
We also define

1
R 5_1211 0 0
b3 0 0
0 0 S
and
o (2 n+3) 0 0
- 1
S = 0 . 0 ;
0 0 (S +27)

e“"
where ¢ = ¢; if i < 5. Note that

~ ~ Salt)
(m) o) . [ g 0
Z"diag - Z"diag T < e 0 .

Similarly, we define

1
sz 0 0
1
Sém) 0 0
¢

Note that 3% is the covariance matrix of the random vector £ and that

lim 34" =0.

m—oo
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We follow the methodology of the proof of the general case of Theorem 2 and the
special case of Theorem 3. We introduce auxiliary random variables, and interpret various
matrices in the proof as covariance matrices of combinations of these auxiliary random
variables and the original random variables in the model.

Specifically, for each market m, we introduce a random vector 8", which is indepen-
dent of the other random variables in the model, and is distributed normally with mean

0 and covariance matrix Eg’g)g We also introduce a random vector 65, which is indepen-

dent of the other random variables in the model, and is distributed normally with mean 0

1
and covariance matrix 2;;2 Finally, we introduce a random vector 8 = (f; 0), which

Si(00)

is distributed normally with mean 0 and covariance matrix 3, .

The remainder of the proof assumes that Var(6;|6,,, 05 + 05) # 0. This assumption is
without loss of generality: if the signals of the large groups are such that Var(60.|0,, 05 +
0s) = 0, we can append a randomly and independently distributed signal to the common
signals component of one large group, so that the conditional variance becomes nonzero.
By Proposition S.3 in Section S.6, traders never trade based on this additional, uninfor-
mative signal, and the equilibrium outcome is not impacted by its presence.

Finally, we define the following matrices and vectors, similarly as in the proof of Theo-
rem 1. For market m, we let

A = Var (0 + ™ +6"|0y),
A = (A™) ™ Cov(8, ulfy),
A = (A™) 7 Cov(8, v]0y).
For the alternative market, we let
A = Var(0s + Bsl0y, 0,),
AW = (A) ™ Cov(Bs, ulu, 6.,
;4\5)3“) = (/’1\“"1‘))7l Cov(6s, v|0y, 6.).
We remark that, for a vector 6 of the same dimensionality as 6,
(A™) G=E[v] 0y =0, 05 + 05 = Bs, 6, + £ + 0™ =0, ],

where we decompose 9 as (55; 5L). We get an analogous expression for ;4\,([”% Similarly,
we have
(A1) G5 = E[v | 0y =0, 05 + 05 = 0]

and we get an analogous expression for Aif‘“).

Change of Basis

As in the proof of the general case of Theorem 2 in Section S.8, to handle the problem
of covariance matrices that are not positive definite, we perform a change of basis.
Let ® be an orthogonal matrix such that

D7 Var (6, |0y, 05 + 05)D = (A(;[ 8> ’
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where M is a symmetric positive definite matrix whose size is the rank of Var(6. |0y, 05 +
05) Since, by assumption, Var(6;,|6,, 6s + 03) # 0, the size of matrix M is greater than 0.

Let (0;; 67) be the random vector defined as CDTBL, where the dimensionality of 6; is
equal to the rank of M. Note that Var(8, |0, 05 + 05) =M and that §; =0.Ina 51m11ar
fashion, we let ((6 '")) : (@"”)”) <I>TA('”) gndN((f(’”))/, gg(m))”) = ®T ¢, For a vector o,
of the same dimensionality as 6;, deﬁne (0,;6))=a70,.

We let "™ be the residual of the projection of (£™) + (/01”'))’ on (&™) + (?—)\(Lm))”, that
is, X\ = (&™) + (0,") — E[(&]™) + (07"Y(£/")" + (8)™)"]. We have already shown
in the general proof of Theorem 2 in Section S.8 that Var( X"y = 0.

For a vector 0, of the same dimensionality as 6;, we define

f(8) = (B — E[(&1") + (00") () + (8") = B)').

In addition, let
B = [Var((6s + 0s: 0, + x\")10x)] " Cov((6s: 6,),v | 6x)

and note that since (65 + 95, 0} ; 6y) is not degenerate, and that Var( X('”)) — 0 and
Var(A(’")) — 0, we have the limit

lim B = B™ := [Var((0s + 0s; 6,)10u] " Cov((65; 6, ), v|0x).

m—00

Similarly, define

B — [Var((65 + s: 6, + x™)16x)]” Cov((6s: 8,). | 6)
and note that we have the limit

lim B" = B := [Var((0s + 0s; 6,)10x)] " Cov((6s; 6, ), u | 0xs).

Finally, let

C, = [Var((6s + 0s: 0,)10u)] ™ Cov((6s; 0.), v 1)
and

C. = [Var((8s + Bs; 6.)10,)] " Cov((6s; 6.), u| 6x),

where the matrix inverse in the last two equations denotes a Moore-Penrose pseudoin-
verse, because the random vector (6.; 6),) may be degenerate. Note that, for 6, a real-
ization of 6; and any vector 65 of the same dimension as 6g, we still have the equality

(C))"(Bs: 8,) = E[v]6) =0, 05 + 05 = 05, 6, = 0, ]
and, similarly,
(C)T(Bs: 6,) = E[u|6y =0, 5 + 05 = Bs, 0, = 0,].

Auxiliary Results

Next we first state and prove several auxiliary results.
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Auxiliary Result (a)
First, we prove that
llm COV(M, U|0M, 05 —+ ’0\5, 9L +’éTLm) + f(Lm)) = COV(LL, v|9M, 05 + 55, OL)
We have, noting that 6] =0,
Cov(u V|0, 05 + Os, 601 +A(m) + §<m))
— COV(” v|0M, es + 05’ 0/ + (?0\(m))/ +( Em))/, (b\im))// + ( im))//)
= Cov(u, v|y, Os + Bs, 0, + xi™).

The covariance matrix of (6, 65 + 55, 0} ) is positive definite. As the covariance matrix
of x\"™ converges to 0, we get

lim Cov(u, v|6y, 05 + 05,60, + xi") = Cov(u, v|6y, 05 + 0, 0,)
= Cov(u, vy, 05 + O, 0.),
which yields the desired result.

Auxiliary Result (b)

Next we prove that, for every vector B of the same dimensionality as 6g, we have the
limit

lim E[v]0) =0, 6 + 05 =05, 0, + 0, + & =0]
= E[v|0y =0, 65 + 05 = 0, 6, = 0].
Indeed,
E[vl0y =0, 65 + 05 = 05, 0, + 6, + £ = 0]
= E[v]0y =0, s+ 05 = 05, 0, + (0,) + (&) =0, (6,)" + (&) =0]
= E[v]6y =0, 65 + 05 = 05, 0, + x\" =0, (6,) + (¢&/)" = 0]
= E[v]0y =0, 65 + 05 = b5, 0, + x\" =0].

Observing that the covariance matrix of (6,,, 05 + ag, 0}) is positive definite and the co-
variance matrix of y\"™ converges to 0 yields the desired result.

Auxiliary Result (c)

We get, in the same way, that for every vector B of the same dimensionality as s, we
have the limit

hm E[ul6y =0, 65+ Bs = Bs, 1 + £ 4 —0]

= E[u|0y =0, 65 + 05 = 05, 6, = 0]
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and that for every vector 5M of the same dimensionality as 6,;, we have the limit

lim E[v]6y = Oy, s + 05 =0, 0, + £ + 6" =0]

= E[v|6y = Oy, 05 + 05 =0, 6, =0],
lim E[ul6y = Oy, 05+ 05 =0, 6, + £ + 9" = 0]
= E[u|6y = 0y, 05 + 05 =0, 6, =0].
Auxiliary Result (d)

Next we prove that

lim Var((;l\v”’)T(’O\s; ")) = Var((EZ”)T’O\S).

m—00

We have, using the independence of the two random vectors 65 and 6 A(m) , the equality
Var((A7)" (85 07")) = Var (A7) (Bs: 0) + Var (A7) (0:37")).
By Auxiliary Result (b),
lim Var((A7)" (85; 0)) = Var((A")"8),

so it remains to prove that
Tim Var((47)" (0: 61)) = 0. (S.20)
We have
Var (A7) (0:07")) < Var(A7)" (0: 07")) + Var(2)" (0: £))
= Var((47)" (0:9," + £)).
We have, for any vector 8, of the same dimension as 6, ,
E[v]6y =0, 05+ 05 =0, 0, + ™ + 0" =6, ]
= E[v]6y =0, 05+ 05 =0, 0, + (&) + (6/) = (6.), (&) + (6{) = (6.)"]
= E[vl6y =0, 05 + 65 =0, 6, + x;” = f(6.), (&) + (6;") = (6.)"]
= E[vl0y =0, 05+ 05 =0, 0, + x\" = £(6.)].
Thus,
Var((A) (007" + £07)) = Var (L) (0: 81" + £17)
= Var((B") (0: £ (xi™))
-0

since B — B and Var(y!™) — 0. Limit (S.20) follows.
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Auxiliary Result (e)

Next we show that

(‘:L(;m)) Z(m)A(m) (Zz()alt)) Z(all)A(alt) (S.21)

diag diag

We note that
(Am) 3w 40 = Cov(

diag

(A" (05:9,7). (A) (8 677))
= Cov((By")" (B: £(8")). (BY")' (8s: £ (35™)))
— Cov((B®)" (B5; 0), (B)" (Bs; 0)),
using that, by linearity of f and independence of 6 8™ and f('") Var(f(6'™)) <

Var(f(a(m) + ™)) = Var(x?") — 0, and also B(”’) B<°°> and B(’") — B(‘"’)
In addition, for any vector 65 of the same dirnensmnahty as 65, we can write

(B®)" (85; 0) = E[v]6y =0, 6, =0, 65 + 05 = 0s] = (A“)" By
and

(B™)" (85 0) = E[ul0y =0, 6, =0, 65 + 05 = bs] = (A“V)",
Thus,

Cov((B™) (85; 0), (B™)" (Bs; 0)) = Cov((A“) s, (A)"B5)) = (A1) 3 gt

diag
which allows us to get limit (S.21).
Auxiliary Result (f)

Next we show that

lim Var((A™)" (65; 0, + £™) — ul6y) = Var((C,)" (65; 0,.) — u|6y). (S.22)

m—0o0

Since §(L’”) is independent of (6s; 0,), u, and 6,,, we have
Var((A™)" (6s; 6, + £™) — u|6y) = Var((4)" (65; 6,.) — ul6y)
+ Var((A)"(0; £™)).

In Auxiliary Result (d) we have shown in limit (S.20) that Var((A™)7(0; £€)) — 0 and,
similarly, we have Var((A4)7(0; £&™)) — 0. It remains to show that

lim Var((A"™)" (6s; 6,) — u|6y) = Var((C,)" (6s; 6,) — u|6y). (S.23)

m—0o0

By the same argument as in Auxiliary Result (d), for any vector Bs of the same dimension
as 65 and any vector 6, of the same dimension as 6,,

~

(§,([”))T(5S;5L)— [uIOM_O 05+95—9s,9L+§(’") A(m) 0]
= E[ul6y =0, 05+ 05 =85, 0, + X" = f(0.)],
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(m)

and since the random vector (8,;, 65 + 05, 6,) is not degenerate and Var(x;") — 0, we
have the limit

1lim E[u|0y =0, 05 + 05 =05, 0, + X" = £(00)]
= E[ul6y =0, 5 + 05 = 05, 6, = £(0.)].
Note that since 0] =0, f(60,) = 6;. Thus, for any realization 5L of 6;,
E[ul6y =0, 65+ 85 = b5, 6, = f(6,)]
= E[ul6y =0, 05 + 05 = 05, 0, = 0,1 = (C.)" (Bs; 6,).
Therefore limit (S.23) obtains.

Auxiliary Result (g)
This result is an equality. We show that
Var((C,)" (8s: 61.) — ulfy) = Var((C,)" (653 0) — ul6u, 6,).
For any vectors 5;\4, 55, and 5L, let
0(Ou, Os, 01) = u— E[ulfy = Oy, 05 + 05 = 05, 0, = 6, ].

Note that n is linear in its arguments. Also, since 1(6y, 05 + 55, 0;) is the residual of
the projection of u on (60, 05 + 65, 6,), it is independent of the latter random vector.
Therefore,

Var(u — (C,)7(8s: 0,)10y) = Var(n(6y, 05 + Bs, 0,) + (C.)” (8s: 0)] 0
= Var(1(6u, 05 + 05, 0,) + (C.) (Bs: 0) 0y, 6.
= Var(n(0, 05 + 05, 0) + (C.)" (95 0)| 6, 6.)
= Var(u — (C,)7 (85 + 05 0) + (C.)" (Bs: 0)|6, 61
= Var(u — (C) (85 0|64, 6.).

Main Body of the Proof

We are now ready to prove Theorem 3. The proof proceeds in three steps.
Step 1. First let us focus on the linear equilibrium in market (). Following Theorem 1,
finding the linear equilibrium is equivalent to solving the quadratic equation

™ (BY): + b BYY 4 a™ =0,

where

T iom)
diag

b = (A)" (2340 4 A™) A — Cov(u, v6x),

a™ — —(Zim)) 1’4‘;m>’

¢ = Var((A™)" (6 + £™) — ul6y).
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Similarly, there exists a unique linear equilibrium of the alternative market, and finding
the linear equilibrium is equivalent to solving the quadratic equation

It) ( p(alt))2 It) p(alt) It
C(a)(IBD ) + p@ )ﬁD +a(a)=0,
where
(alt) __ a7 Sialt) (alt)
a®™ = — (A" ) S Al

b = (A)" (2 + A) A — Covw, vioy, ),

¢ = Var((A“9) 65 — ul 6y, 6,).
The equilibrium price in market (m) is
pm = (ﬁﬂ?))TGM 4 35;">((a<m>)T9<’"> + u)
= (B 0w+ B ()05 + () 07+ 67) +0),

where we decompose the vector of coefficients " as a™ = (a"; ai™).
The equilibrium price in the alternative market is

Pl — (,85\3“))%5\?,“) + BS‘“((a“‘”)TOS + u)
= (BS) O+ (BU) 6L+ R (™) 65 + u),

where 03" = (6); 0,) and B is decomposed as B = (BS: By

M,M>
We will show in Step 2 that 85" — B45"; then in Step 3 we will show that B{;” — B4,
Sla™ — B, and By ag" — BEYa@ By the same argument as in Step 3 of the

proof of the special case in Section S.9, showing these four convergence results is sufficient
to prove the statement of the general case of Theorem 3.

Step 2. First we show that the coefficients of the quadratic equation that BY" satis-
fies converge to those of the quadratic equation that 83" satisfies. As the coefficient on
(B%")? in the latter equation is positive (as shown in Step 5 of the proof of Theorem 1 in
Appendix A), this convergence implies that 81 converges to B

Step 2(a). We first show that ¢ — @@ which is a direct consequence of Auxiliary
Result (d) when observing that

at = (A S A =~ Var(A) (05 51")

diag
and
a(alt) — ( (alt)) E(alt)A(alt) Var((;l\(a“))T’e\s).
v

diag
Step 2(b). Next we show that b — bV We have

) (22('") + /’1\(””);1\5;”’ — Cov(u, v|0y)

diag

= (A}
= 2(Am) 3 A0 4 (A)" A A — Cov(u, v]0y)

—2(Ay AL
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+ Cov((;l\(’"))T(G + &M 4 ’0\(’")), (;4\(’”))T(0 + &M + /0\(’"))) — Cov(u, v|0y)
= Z(ijm)) Z(M) A(m) COV(U U|0M, 05‘ + 65, OL + 6 ’\(m) §(m))

diag

Similarly, we have

pan — 2(2&3“)) Z(a“)A(a“) Cov(u, v|0y, 05 + Os, 01).

1ag

That b — b is implied by

( ;l\f)m)) E(m) A(m (Zl()alt)) 2(&11) A(alt)

diag diag

and

lim Cov(u, V|, 65 + Bs, 0, + 8, + £™) = Cov(u, v| 8y, b5 + Bs, 61),

m—0o0

owing to Auxiliary Results (e) and (a), respectively.

Step 2(c). Finally, that ¢ — ¢@ comes from a successive application of Auxiliary
Result (f) and then (g).

Step 3. Step 2 of the current proof showed that 9" — B,

We now show that 8y’ — o By al™ — B, and By — B el

First, for any vector 05 of the same dimension as 6y,
m (T Dy — R (( FNT  pem I Y
By (™) (85:0) = B5" ((A)") /Bp” — (AL™) )(6s:0)
=E[v—BYul6y =0, 05+ 05 = 05, 0, + & + 0" =0]
and

Bglt)( (alt)) B(alt)((A(alt)) /Bgllt) N (;l‘(ah))T)'éfS
=E[U — B(Dalt)u|0M = 0, 05 +aS — 55,7 HL — 0].

We have BU” — B, and by Auxiliary Results (b) and (c), respectively,
lim E[v]0y =0, 65 + 05 = 05, 0, + & + 6" = 0]
=E[v|0y =0, 05 + (95 = 05, 0, =0]
and
lim E[ul6y =0, 65+ 05 = b5, 0, + £ + 0" =0]
=E[ul6y =0, 65+ 9s = 95, 0, =0].

It follows that B\ a™ — BYV @0,
Next we have the equality

= 2 (B — 2 A7) — BE Dy (Sua — 20, A
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hence, for any 5M,
(B4") By = E[v— Bu ulOy = Oy, 05 + 05 =0, 0, + £ + 0™ =0]. (S.24)
Similarly, as B — B%'", and by Auxiliary Results (b) and (c),
lim E[v]0y = 0, 65 + 05 =0, 0, + & + 67" =0]

=E[v|0y = BM, Os + 95=0, 0, =0]

and
JEEOE[MWM =0y, 05+ 05=0, 0, + & + "™ =0]
— E[u|6y = 0y, 05+ 05 =0, 6, =01,
we get

(B3") By — E[v— B3 ulby = B, 05+ 85 =0, 6, =0]. (S.25)

Finally, for any 5L realization of 0, , we have
(™) 0, — E[v— B ulfy =0, 65+ 05 =0, 6, = 8, ].
Thus,
(B BU ™) (Bus; 01) — E[v — Bl 0y = Bu, 05 + 65 =0, 6, = 0.,
and we observe that, analogous to the expression for ( ijf) )TgM, we also have

(BE) (Bar; 6,) = E[v — BEulfs + 05 =0, (O3; 0,) = (Bur; 6,)].

Thus B’ — B, and Bg'”a(g") B4 . Combining these convergence results and ap-
plying the same argument as in Step 3 of the proof of the special case of Theorem 3 in
Section S.9, we conclude the proof.

S.11. BEAUTY CONTEST GAMES

In this section, we show that our information aggregation results do not extend to
beauty contest games, even though such games share many of the features of the Kyle
model and Cournot competition (normally distributed signals, linear best responses, and
the uniqueness of linear equilibrium). We first derive a closed-form linear equilibrium
for a family of beauty contest games, and then use that characterization to illustrate the
non-aggregation of information in a specific example.

Our setup is in the general beauty contest framework of Morris and Shin (2002a), but
with some key differences. First, we consider a game with a finite number of players (in-
stead of a continuum), and then take a limit of such (still finite) games as the number of
players becomes large. Second, we allow for an arbitrary, potentially asymmetric covari-
ance matrix of players’ multidimensional signals (instead of assuming that players’ signals
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are single dimensional and symmetrically distributed).>!! These generalizations allow us
to consider versions of beauty contest games with the same types of complex information
structures as in the other models of our paper. In particular, in Example S.12, we assume
that some players are better informed than others.

Our formal model is as follows. There are n > 2 players, i =1, ..., n. A “state of the
world” v € R is drawn at random. Each player i privately observes a signal §; € R¥i. Vector
(6;;...;0,;v) is drawn from the normal distribution with mean (0;...; 0; v) and covari-

ance matrix (2. As before, without loss of generality we assume that for each i, Var(6;) is
full rank. We do not impose any other restrictions on matrix (2.

After observing the signal, each player i independently chooses action a; € R. Subse-
quently, the state of the world v is revealed, and each player i receives the payoff

™= —w(a; — v)* — (1 - w)(a; — @)’
where
2.4
7=t
=
and w € (0, 1).

As before, we focus on linear equilibria of the form a,(6;) = a 6; + §,.

S.11.1. Equilibrium Existence and Uniqueness
PROPOSITION S.5: In the beauty contest game, there exists a unique linear equilibrium.
PROOF: Fix some player i, and suppose every player j # i plays according to the strat-
cgy aj(Hj) = CKJTGI' + 8j, with aj e R* and 8/ eR.
The expected payoff of player i is concave in a;, and the best response is pinned down
by the first-order condition:

—2w(a; — E[v]6,]) — 2(1 — w)(a; — E[a_;|6,]) =0.

Thus,
a;(0;) = wE[v|6:] + (1 —w)E[a_;|6:],
with
Y8, > alE[6)6;]
Ea10]= T + ——
Next,

E[6;10;] = 2/;'2;]9[,
E|6]=v+ 21}1'2;101',

S11See also Section 3 of Morris and Shin (2002b) for a two-player version of the beauty contest setting
in which the signals have a general correlation structure, as well as the discussions in Bergemann and Mor-
ris (2013) on finite-player analogues of continuum-player quadratic economies (of which the beauty contest
setting is a particular case).
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and so

28j ZajTZﬁZE]
E[G..|6,] = J#i J#i 0..
[a-:10:] n—l+ n—1

Therefore, we have

8 1
a;(0;) = W+ w2, 3,0+ (1—w) Y - — THa- w)(Z mafz,@;l) 6;
J#i Jj#i

and so the best response of player i is linear: a;(0) = &/ 0; + §,, with

o
8 =wv+ (1— : :
i=wo+ (1 “’)Zn—r (S.26)
Ji
1
airzwzvizi;l+(1_w)zma;2ﬁ2;1_ (S.27)
J#

Therefore, all linear equilibria are characterized by vectors ay, ..., @, and numbers
81, ..., 6y, such that for all i, Equations (S.26) and (S.27) are satisfied.

We immediately get 6; = v for all i. For vector @ = (a;; . ..; @), multiplying Equa-
tion (S.27) by 3;; on the right, and combining the resulting equations for all i, we get

1—w

aTzdiag = wzv@ + aT(EBO - Z<c1iag);

n—1

where 3, is defined as before. Solving for «, we get>'?

a=(n—Dw((n—w)Su — (1 —w)Zp) . QE.D.

S.11.2. Information non-aggregation

We can now present a simple example of information non-aggregation in a large beauty
contest game. In fact, the example has an even more striking feature: half of the agents
directly observe the state of the world without any noise. Yet in equilibrium, there is
no information aggregation, and even the perfectly informed agents distort their actions
relative to their signals.

S12To see that matrix (n — w) Ygig — (1 — W)y, is positive definite (and thus invertible), note first that it is
equal to ((n —w) — n(1 — w)) Jgiag + (1 — W) (nZgiag — ). The first part of the sum, ((n—w) — n(1 — W) Zging,
is positive definite, because Xy, is positive definite and (n — w) — n(1 — w) = (n — 1)w > 0. The second part,
(1 — w)(nZgiag — 2g), is positive semidefinite. To see that, note first that (1 — w) > 0. Next, to see that matrix
(nZgiag — 209) is positive semidefinite, take any vector x of the same dimensionality as 8. We need to show that
xT (n3giag — Zg0)x > 0 or, equivalently, that nx” 3g,,x > x” Sgox. Let ¢ be the scalar random variable equal
to the dot product of 6, and the vector consisting of the first k; components of vector x, let i, be the scalar
random variable equal to the dot product of 6, and the vector consisting of the next k, components of vector x,
and so on. Note that )", ¢; = x” 6 and that the inequality nx” 34, x > x7 340x can be equivalently rewritten
asny ., Var(y;) > Var()._, ¢;). The last inequality follows directly from the fact that for every i, j < n, we
have Cov(¢;, ;) < /Var(y;) Var(;) < (Var(y;) + Var(y))/2.
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EXAMPLE S.12: There are two groups of players, A and B. There are m players in each
group. The state of the world v is distributed normally with mean 0 and variance 1. Every
player in group A observes the true state of the world v. Every player j in group B observes
signal 6% = v + &;, where for each j, &; is distributed normally with mean 0 and variance
1, independently of v and of the signals of other players.

By symmetry, in the unique linear equilibrium in Example S.12, every player in group
A chooses the same action a” = a']"v, and every player j in group B chooses action
b; = ay"” (v + &;) (since v = 0, we also have 8 = 0). From Equation (S.27) in the proof of

Proposition S.5, we have two equations that determine «'}” and ay”,

1—w

¢T:w+¢m_1«m—n¢P+nm$m (S.28)
(m) (m)
o _w  1-w e _n2 S.29
*s 2'*mn—1<m y Tm=b= )’ (5.29)
solving which gives us
) wdm—w-—1)
o =
A T 3mw+m—ww+1)°
o w(2m — w)
@p

:3mw+m—w(w+1)'

In the limit, as m — oo, we get

™ s 4w
4 3w+1’
m 2w
B w41’

Thus, in the limit, even the players fully informed about the state of the world v (those
in group A) end up choosing an action different from v, and the less informed players
(those in group B) end up with actions that are, on average, even further away from v.
Thus, in equilibrium, information dispersed among the agents does not get aggregated in
any meaningful way.
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