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APPENDIX
A.1. Proofs of Main Results
A.1.1. Proof of Theorem 1

AS EXPLAINED IN THE PAPER, Theorem 1 follows from ten technical lemmas. The remain-
der of this subsection presents those lemmas and their proofs.

The first lemma can be used to show that én is consistent.
LEMMA A.1: Suppose Condition CRA(i) holds. Then 0, — 0, = 0p(1) if

M,(8,) > sup M, (8) — op(1).

0O

PROOF OF LEMMA A.1: It suffices to show that every § > 0 admits a constant c; > 0
such that

IP’[M,,(OO) — sup M,(0) > cg] Sl (A1)

0<0\0}

By assumption, sup,_q |M,(0) — M,(0)| = o(1). Also, by Pollard (1989, Theorem 4.2),

sup\]\;l 0 —M, (0)| =OIF’< M) =OIF’<L) = op(1).
0cO " " n vV ngy
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2 M. D. CATTANEO, M. JANSSON, AND K. NAGASAWA
As a consequence, for any é > 0,

M,(8y) — sup M,(0)=My(0,) — sup My(0) + op(1),

0<0\0] 0<0\0]

so (A.1) is satisfied with ¢; = [M,(60,) — SUPgc\07 My(0)]/2 > 0. O.E.D.

Assuming the derivatives exist, let M,(0) = IM,(0) /060 and M, (0) = 3*M,(0) 10000’
If M, is twice continuously differentiable on a neighborhood @, of 6,, then it follows
from Taylor’s theorem that

1 . 1.
M, (0) — M.,(6o) + (0 — 60)H, (0 — 6y)| < C,[|0 — 6ol + 7 Call0 - Oll’,  (A2)

for every 0 € ©,, where H,, = —MH(OO), C,, = ||Mn(00)||, and C',, = SUPycg, ||M,,(0) -

M, (60)]).
As an immediate consequence of (A.2), we have the following convergence result
about Q,.

LEMMA A.2: Suppose Condition CRA(ii) holds. Then Q, converges compactly to Qy; that
is,

sup |Q,(s) — Qy(s)| — 0

Isl<K

forany K > 0.

PROOF OF LEMMA A.2: Let K > 0 be given and suppose # is large enough that Kr, ! <
8, where 6 > 0 is as in Condition CRA(ii). Using (A.2) with @, = @} 1 , we have

1
‘Qn(s) - QO(S)‘ = ryzl[Mn(o(] + Srn_l) - MH(O())] + ES/HQS
1, . La :
E§|S(Hn_H0)S|+rnCn”S”+§Cn”S” :(K+K)0(1)

uniformly in s with ||s|| < K, where the last equality uses r.Cp = r,,||Mn(00)|| — 0 along
with the facts that

2

. .. .. J
H,—H,= _[Mn(o()) - Mo(oo)] — 0, M,(6,) = WMO(BL

and

Co="sup |[M,(0) - M,(0y)|

Kry

06(")0
<2 sup |M.(0)— My(0)||+ sup |My(8)—My(8,)| — O.
0cOL " bl Q.E.D.

The next lemma can be used to obtain the rate of convergence of 8.
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LEMMA A.3: Suppose Conditions CRA(ii)-(iii) hold. Then r,,(én —0y) =0p(1) if én -
0y = ox(1) and if
M,(0,) > sup M, (0) — op(r;?).

n
0O

PROOF OF LEMMA A.3: Forany 8 > 0 and any K € N, P[r,||0, — 8|l > 2¥] is no greater
than

P[supMn(O) — M0, > ar;Z] + P[0, — 00l > 5/2]

0O

+ > P sup M(0)- M0 = —8r,2)
jsK2i<or, YT <mll0-00l<2
By assumption, the probabilities on the first line go to zero for any 6 > 0. As a conse-
quence, it suffices to show that the sum on the last line can be made arbitrarily small (for
large n) by making 6 > 0 small and K large.
To do so, let 6 > 0 be small enough so that Conditions CRA(ii)—(iii) are satisfied and

c(8) = liminfl%[)\min(Hn) -G1>0,

where Cf = SUPy ||Mn(0) — M, (6,) | and where A, (-) denotes the minimal eigenvalue

of the argument. Then, for all n large enough and for any pair (j, K)' € N* with j > K, we
have

M,(6)—  sup  M,(0)—5r,>=2%c,x(8)r,>,
21 <y | 0—0y]| <2
where ¢, x(8) = [Amn(H,) — Cf] /8 — 2751, C, — 272§ and where the inequality uses the
following implication of (A.2): If Ayin(H,) — C2 > 0 and if @, is a subset of @,, then

1 .o .
M, (8y) — sup M, (8) > > [ Amin(H,) — C;] ollg, 160 — 61> — C, sup [|0 — 6]l

00, 2 0c0;,

Choosing n and K large enough, we may assume that c, x(8) > c¢(8), in which case

SB[ sup  N(0)— M0y = —or,7
2K 2i<or, 2P <mllo-8gl<2]

= Y [ sup (M(0) = M,(80) — My(8) + M,(80)) = e,k (9)r; ]
oK 2<or, 2 TI<mllo—6y<2

< > P sup HMn(m—ano)—Mn(oHMn(oo)uzszc@)rn—Z]

oK di<sr, Tnl0=80l<2
|

2
< rna) 3 Z—ZJE[ sup || M,(0) — M,(8,) — M,(0) + M,(6,)

c( =K. J<bm 7061 <2/

where the last inequality uses the Markov inequality.
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Under Condition CRAL(iii), g, Sup,_s s E[d? (z)*/8'] = O(1) and it follows from Pollard
(1989, Theorem 4.2) that the sum on the last line is bounded by a constant multiple of

d2//r,,
gy g Bl @] = fon sup B[ /3] 320,
0<6'<6

j>K 20 <éry =K

which can be made arbitrarily small by making K large. Q.E.D.

In combination, the next two lemmas can be used to show that G,, ~ G, in the topology
of uniform convergence on compacta.

LEMMA A.4: Suppose Conditions CRA(iii)~(iv) hold and suppose Q,(s) = o(s/n) for

every s € RY. Then G, converges to G, in the sense of weak convergence of finite-dimensional
projections.

PROOF OF LEMMA A.4: Because G, (s) = n~'/? Yo Wa(zi s), where
U (Z; 8) = /TG M, (2, 0 +s7,") —m, (2, 00) — M, (80 + sr;,') + M, (6,)]1(6, + sr, " € O)
the result follows from the Cramér—Wold device if
E[¢.(2: )i, (z; )] > Co(s, t) Vs, teRY,
and if the following Lyapunov condition is satisfied:

—E[¢u(2:8)'] >0 VseR"

Lets, t € R? be given and suppose without loss of generality that 8y +sr, ', 6y +tr,' € O.
Then, using Q,(s) = o(4/n) and the representation

1
0,(s),

Po(Z;S) = /TuGu[Ma(2, 00 + s7,") — M, (2, 00)] — 7

we have

E[ya(z; 8)ha(z; t)]
= r.q B[ {m.(z, 0+ sr,") — m.(z, 0) }{m,(z, 0+ tr, ") — m,(z, 6,)}]

1
- _Qn(s)Qn(t)
n
—> CQ(S, t)

and, using E[d% (2)*] = o(q;°r,)) (for 8, = O(r; 1)),
2
1
By )] = L5, o, 0+ 57,") — 2, 00 T + 50,0

r 1
=o|l =+ - )=o),
nq, n

as was to be shown. O.E.D.

16n
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LEMMA A.5: Suppose Conditions CRA(iii) and CRA(V) hold. Then (Gu(s) : sl <K} is
stochastically equicontinuous for every K > 0; that is,

sup |Gn(s) - G,,(t)| —50
T

forany K > 0 and for any A, > Owith A, = o(1).

PROOF OF LEMMA A.5: Let K > 0 be given. As in the proof of Kim and Pollard (1990,
Lemma 4.6) and using the fact that ¢,8, 'E[d’"(z)*] = O(1) (for 8, = O(r; ")), it suffices
to show that

r, sup I > dy(ziis, 1) >3 0,

lIs—tl<A, 7 5
sl It <K

where d,(z; s, t) = |m,(z, 0y + sr;') —m,(z, 0y + tr; )| /2.
For any C > 0 and any s, t € R? with ||s||, ||t]| < K,

0y ot < 30N K (02 (0,05 (2,
o gdn(zl,s, )" < . ;d,, (2:)*1(g,dy™ (z;) > C)
+ CE[d, 5, 0)]
1 n
+ C; ;{dn(zi, s,t) —E[d,(z;s, )]},
and therefore

rnE|: sup 4~ Zdn(z; S, t)2:| < ann]E[c?ff’;l (z)zll(q,,c?,‘f""f1 (z) > C)]
s =
+Cr, sup E[d,(z;s,t)]
Is7 =k

+ CrnIE|: sup
ls—tl <Ay
lsl, el <K

% Z{dn(z,-; S, t) - E[dn(Z; S, t)]}‘:|

i=1

For large n, the first term on the majorant side can be made arbitrarily small by making
C large. Also, for any fixed C, the second term tends to zero because A, — 0. Finally,
Pollard (1989, Theorem 4.2) can be used to show that for fixed C and for large n, the last
term is bounded by a constant multiple of

E[d¥ @] VK 7t !
rﬂ@= . Ja.E[2E (z)z/(Krnl)]=0(;> =oM- HED

The analysis of 5; also relies on five lemmas, each of which is a natural bootstrap analog

of a lemma used to analyze 8,. The following lemma can be used to show that 6: is
consistent in the sense that é: - @,, = op(1).
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LEMMA A.6: Suppose Condition CRA(i) holds and suppose H,, — H, where H is sym-
metric and positive definite. Then, éz - @n =op(1) if

M;(8,) = sup M;(0) — o0z(1).

0O

PROOF OF LEMMA A.6: It suffices to show that every 6 > 0 admits a constant ¢} > 0
such that

P[M;(é,,) — sup M(0)> c;] 1, (A3)

~ 8
0O\,

where @i ={0cO:0—0,| <8} The process J\;I;‘ satisfies
~ N N 1 P N ~ 1 &
M;(0)=M,(6)—M,(0)—-(0—-06,H,(0-6,), M, (0)=— Zmn(lf,,, 0),
2 n“= ’

where it follows from Pollard (1989, Theorem 4.2) that

sup\M*(O) —Mn(0)| =O]p( M) =O]p< ) =op(1).
0cO " n an"

As a consequence, for any 6 > 0,

~ A ~ 1 P A
M;(on)_ sup M::(B)ZE infé(o_on),Hn(a_on)—i_o]P‘(l)?

Ge@\@i 00\,
so (A.3) is satisfied with ¢} = §*Apin(H) /4 > 0. Q.E.D.

Next, because

~ - 1< 1 A . R
M,(0) =E;[M(0)] = — > (2, 0) =—2(0 — 6,)H,(0 - B,),

i=1
we have the following convergence result about Q,.

LEMMA A.7: Suppose r, — oo, H, > H, and suppose @,, —p 0y, where 0, is an interior
point of O. Then, Q, —p Q in the topology of uniform convergence on compacta, where

Q(s) = —s'Hs/2; that is,
0,(s) — (—%S/HS)

PROOF OF LEMMA A.7: Uniformly in s with ||s|| < K, we have

‘Qn(S) - (—%S’HS)

where the last inequality uses H, —; H and IF’(@,I +sr,'¢ @) — 0. O.E.D.

sup —p0

lsl=K

forany K > 0.

s'(H, —H)s| + % s’Hs|]1(@)n +sr,' ¢ 0) < K*op(1),

1
2

=
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The next lemma can be used to obtain the rate of convergence of éz.

LEMMA A.8: Suppose Condition CRA(iii) holds and suppose H,, —p H, where H is sym-
metric and positive definite. Then, r,,(éz - é,,) = Op(1) ifrn(én —6y) = 0p(1), 6: - én =
op(1), and if

M;(0,) = sup M;(0) — 0s(r,?).

0O

PROOF OF LEMMA A.8: For any & > 0 and any K € N, IP’[r,l||l~92 — 0, > 25+ is no
greater than

P[sup N1;(0) — M;(8,) = &, | + P[IH, — I > 8] +P[ |8, - 8, > /4]

0cO

+P[r,118, — 6ol > 2¥]

+ S P sup M;(o)—M;(én)z—ar;Z].

oK 2t <pry 2T <ml0-0,11<2T 1 10,~09|<2K, |H,~H]| <5

By assumption, the probabilities on the first line go to zero for any é > 0 and the probabil-
ity on the second line can be made arbitrarily small by making K large. As a consequence,
it suffices to show that the sum on the last line can be made arbitrarily small (for large n)
by making 6 > 0 small and K large.

To do so, let 6 > 0 be small enough so that Condition CRAC(ii) holds and

1 _ _
— inf A, (H+H Amin (H).
2\Iﬁ11111\\§8 ( + )> (H)

Then, if || H, — H|| < 8, we have

M,(0,) — sup M, (0) — 8r, 2> 2%k (),

2=l <ry|0—0, <2

for any pair (j, K)' € N* with j > K, where ¢} (8) = Apin(H)/16 — 2723,
Choosing K large enough that ¢ (8) > ¢* = Amin(H)/32 and using the fact that

M (0) — M:(0,) — M,(0) + M,(8,) = M:(0) — M:(8,) — M,(0) + M,(8,),
we therefore have

S op sup M;(0) — M;(B,) = —5r,]

oK 2t <ar, 2T <rall0—0,]1<2.r 10,00 <2K | H,~H] <5

< > P sup [M:(0) — M:(8,) — M,(0) + M,(,))

oK 2t <ary U <mll0=0n]1<2 00— (12K
> 22fc*r,,‘2]

< > P sup | M;(0) — M;(8,) — M,(0) + M,(8,)| > 22jC*”;2]

oK 2t <pr,  nll0=8n]1<2] 1|6y —6g ] <2K
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=

Y 2R sup |¥1;:(0) — M; (0) — M,(0) + M, (0)

ll0—00 (<2741, 1y |16/ — 09| <2K

|

('5* | :‘l\)

j=K, 2 <éry

where the last inequality uses the Markov inequality.

Under Condition CRAL(Iii), g, sup,_s_;E[d? (z)?/8'] = O(1) and Pollard (1989, The-
orem 4.2) can be used to show that the sum on the last line is bounded by a constant
multiple of

d2/+1/,n z
r ‘/ @] \/an sup E[d? (z)?/5'] 22 iz
0<6'<é

=K, 2/+1<3r,, j=K

which can be made arbitrarily small by making K large. Q.E.D.

Finally, the next two lemmas can be combined to show that G* ~»; G, in the topology
of uniform convergence on compacta.

LEMMA A.9: Suppose Conditions CRA(iii)~(iv) hold, r, (0, — 8,) = Ox(1), and that, for

every K > 0, sup,_x |G (s) + Q,(s)| = op(/n). Then G* converges to Gy in the sense of
conditional weak convergence in probability of finite- dimensional projections.

PROOF OF LEMMA A.9: Because Gi(s) =n""2Y""_ ,(z;,: s), where

Dn(z;s) = STl Ma(2, l),,—ksrn’) m,(z, 0,)— M( +sr; )+Mn(én)]]l(@n+sr;1 €0),

the result follows from the Cramér—Wold device if
E: [, (2" 8) a2 t)] Z Ua(2i; )P,(zi 1) =5 Co(s, 1) Vs, teRY,

and if the following Lyapunov condition is satisfied:
lE"[wn(z s) Zt/n.(z,, s)' >p0 VseRY
T

i=1

Let s, t € R be given and suppose without loss of generality that 0, + srit, 0, + tr !
0. Because r,,(0,, —0y) = Op(1), we have

0,.(s) = r,zl[l\;[n(én +sr,') — M, (0,,)] ( +sr,' € 9)
={G,[r.(8, — 0)) +5] + O.[ru(8, — 0) +5]}
—{Gu[ru(8, = 00)] + Q.[1.(8, — 0]}
= op(x/n)
and, using E[csz"(z)“] =o0(q,’r,) (for 8, = O(r;")) and Pollard (1989, Theorem 4.2),

rg B [{m,(z, 0, + sr=") — m, (z*, 0,)\{m,(z", 0, + tr-") — m,(z*,0,)}] = C, (s, t)
any [ {m( L) —ma(z, 0,) Hm( p
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- rnnﬁ Z{mn(zh 0.+ st ) — my(2i, 9n)}{mn(zi, 0, + tr;!) —m,(z;, ?)n)} —C(s,t)

i=1

[ Tn
:0]P<rnQn n_q_o,> ZOIF’(I)a

where
Co(s, ) =1, E[{m, (2, 0+ s7,") = mo(z, 0)} {m, (2,0 + tr,") — m, (2, 0)}]lys,
= Co(s, t) +op(1).
Using these facts and the representation

1

(zn(Z; S) = rnqn[mn(z’ én + 57;1) - mn(z’ én)] - \/ﬁ

Ou(s),
we have
A ARG
= r,,q,,E:[{m,,(z*, @)n + srn_l) — m,,(z*, én)}{m,,(z*, @)n + trn_l) — m,,(z*, @)n)}]
1 A ~
- _Qn(S)Qn(t)
n
=Co(s, t) + op(1)

and, using E[d®(2)*] = o(q;°r,) (for 6, = O(r; ")),

1 N
[ (259)']

1 - 7 rrZzQi . P _ N 4 1 A
:@;lpn(zi;s)“f72’}71"(1”0”4-5;*"1)_mn(zi’on)| +;Qn(s)4

i=1

r n 1 1)
=0 — =0 .
’ ng, n ’ QE.D.

LEMMA A.10: Suppose Conditions CRA(iil) and CRA(v) hold and suppose r(0, — 0,) =
Op(1). Then {G(s) : |Is|l < K} is stochastically equicontinuous for every K > 0; that is,

sup |Gi(s) — G5(t)| =50
Ie7 i<k

forany K > 0 and forany A, > Qwith A, = o(1).

PROOF OF LEMMA A.10: Let K > 0 be given. Proceeding as in the proof of Kim and
Pollard (1990, Lemma 4.6) and using ¢,8,'E[d’"(z)*] = O(1) (for 8, = O(r;')) along
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with the fact that rn(én — 6y) = Op(1), it suffices to show that, for every finite k > 0,

Iy (rn”o _00||<k) sup q"Zd ln’ ’t)2

ls—tl<d,
lsll, IeT=<K

qn 2
<r, sup —E d,(z:,:8,t) =30,
ls—tl<A,
Isll, It <K+k

where
d,(z; s,t)=%|mn(z, én-i—sr;) m,(z, 0, +tr,")| = d,(z; (8, — 0y) +s, 1.(0, —6)) +t).

Let k > 0 be given. For any C > 0 and any s, t € R? with ||s]|, ||[t| < K + k,

4 e b < I N gk (g 2 J(K+or!
n ;d”(zi,n’s’ t) < n ;dn (z:,) 1(q.d, (z,) > C)
+ CE[d,(z; s, 1)]

+ C% g{dm,«,,,; s, ) ~Eld,(z;5,0)]}

rcl z Lis )~ Ed, (x5, 9)]).

and therefore,

r,,]E[ sup q"Zd z,:s, }

[s—tl<An
Isll It <K+k

qn = - L w2 7 bk
rs] Y 6 0 )~ )

+Cr, sup E[d,(zs,t)]
Is—tl=A,
ISR

+Crn]E Sup %Z{dn(zi,n; S,t) _E[dn(Z; Sat)]}|}
i=1

[s—tll<An
sl it <K+k

+CrnE sup _Z ln’ S, E*[d”(z*’s’t)]}‘:|

[s—tll<An
sl it <K+k

For large 7, the first term on the majorant side can be made arbitrarily small by making
C large. Also, for any fixed C, the second term tends to zero because A, — 0. Finally,
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Pollard (1989, Theorem 4.2) can be used to show that for fixed C and for large n, each of
the last two terms is bounded by a constant multiple of

2)?/{(K+k)r,'}]

Iy

Ha @] JRTR
| - N

n

1
ZO(Z) =o(1). O.E.D.

A.1.2. Proof of Lemma 1
Without loss of generality, suppose r, 16 — 8, < K for some fixed constant K. Defining

v 1 N ~ ~
Hrlj,]?cl = _E[Mn(ao + €€ + e_nel) - Mn(o() — €€, + e_nel) - Mn(a() + €€ — e_nel)

n

+ Mn(o() — €,€; — Enel)]

and

- 1
H,{Dk[(o) = _4_62[Mn(0 + €,€x + 6nel) - Mn(0 — €,€ + e‘nel) - Mn(o + €,€ — Enel)

n

+ M, (0 — €&, — €,€)],
we obtain the decomposition
I:Iﬁl = I:Iﬁz + RS,Dkl + Sﬁza

where

Ry = I:IrI:H;cl - I:Iﬁ/ - Hﬁ/(én) + 1:1213(;(90),

S}jﬁd = ﬁffiz(én) - ﬁ}ﬁl((’o)-

The proof will be completed by showing that I:I,Ifi, —p Hou, R = 0p(1), and §i75, =

op(1).

First, using (A.2) and the fact that C,= o(r;') and C, = o(1) under Condition CRA(II),
we have

1 €,
M,(0) + €,e; +€,¢) — M, (0y) = —Giz(ek +e)H, (e, +e)+ 0<r_ + fi),

implying in particular that

- 1
H,5(00) = H, 1 + O(r c + 1)7

where, using H,, — Hj,

/ /
Hn,kl = eanel d engel = H(),k[.
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Moreover, H okl ~ 1:153{1(00) is op(1) because it has mean zero and its variance is bounded
by a constant multiple of

E[d*" (z)* 1 1
[, EZ) ] =0( 3> =0<@) =o(1).

ne, ng,e,

As a consequence, ﬁﬁl —p Ho i
Next, to show that R, = op(1), it suffices to show that

1
2

sup | M,(0) — M,(8y) — M, (0) + M,(8))| = 0s(1).

\0—00|§Krn_1+26,,

m

The displayed result holds because it follows from Pollard (1989, Theorem 4.2) that

1 . . E[&fr,TlJrZen (Z)z]
E[—z sup |Mn<0)—Mn(oo>—Mn<0)+Mn(oo>|]=0< —4)

€, |0700|§Kr,71+26n ne,

1
= O<—> = 0(1).
Jrie
Finally, making repeated use of (A.2) and the fact that r, 16 — 6] < K, we have
SND _ 1 1 — 1
nkl — Op r2€2 + = OIP’( )

A.1.3. Proof of Lemma 2

Letting I:I,Iff,’{,, R» and 8, be defined as in the proof of Lemma 1, we have R, =

op(1/,/r}€3) because Pollard (1989, Theorem 4.2) can be used to show that for any K > 0
and for any A, > 0 with A, = o(1),

1 N .
= sup |M,(0y+€,8) — M, (0, + €,t) — M, (0y + €,5) + M,(0y + €,1)|
€, lIs—tl<A,

lIsll, It <K

1 <./rnen) ( 1 )
= —20]1» — | = Op .
“© o\ Jre

Also, Taylor’s theorem can be used to show that

Jd - A
Skt = _{%Mn,kl(oo)} (0, — 60)) + op(€2).
As a consequence, I:I}ff,’d — FI}% = op(€2+1/\/r}e3) + Op(1/r,), where the Op(1/r,) term
7 it 00 (B, — 0
29 Lnki (G0 , — 0

does not depend on €,.
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Next, we approximate the moments of ﬁ,lff,’d First, using Taylor’s theorem, it can be
shown that

E[Flﬁz] —H,y=—€B,u+o0(e),
where
2

B 1[’921\2 O0) + i1 (0)} 1[’921\2 (0)+a2M (0)] B
n = 7| 5 n ) n - ——| T T2 = °
,kl 6 (70% NIARYI) [?012 ,kINY0 6 &Gi 0,kI\Y0 (9012 0,kI\Y0 kl
Finally, to obtain an expression for the variance of H wos let my (z) denote

m,(z, O + €, + €,€) —m,(z, Oy + €&, — €,€))

- mn(z, 00 — €,€ + enel) + m,,(z, 00 — €,€ — enel)-

Because
. 1 &
Hﬁl = _m ; mikl(zi)’
we have
V[H™] = LV[mA (2)]= ! E[m, ,(z)*] + O !
e T P 16net "t M n)
Also, by condition CRA(iv),
?E[{mn(z’ 00 + Sé'n) - mn(zy 00)}{mn(za 00 + ten) - mn(za 00)}] - CO(Sa t)

Therefore,

v 1 1 1 1
V[H}R;] = @[Vn,kl + 0(1)] + 0(;) = ,/3_3Vkl + 0(@)

where, using Cy(s, —s) = 0 and Cy(s, t) = Cy(—s, —t),

qn

16e, E[mikl(Z)z]

V=

1
- g[Co(ek + e, e +e)+Cole, —e, e —e) —2Co (e, +e, e —e)

—2Co(e + e, —e; + el)]
= V.

A.1.4. The Benchmark Case

The remainder of the Supplemental Material verifies Condition CRA for the four ex-
amples in the paper. In three of those examples (namely, maximum score, panel maximum
score, and empirical risk minimization), the function m, does not depend on n. To state
a simplified version of Condition CRA applicable in such cases, let the function m, be
denoted by m, and for any é > 0, define

my(z) = sup , Mo={m(-,0):0¢06},

meM,

m(z)
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and

di(z) = sup|d(z)

8
deDO

. Di={my(-,0) —my(-,0)):0€c0O;}.

Condition CRA, (Cube Root Asymptotics, Benchmark Case) The following are satis-
fied:
(i) The class M, is manageable for the envelope 1, and E[m(z)*] < oo. Also, for
every 6 > 0, SUPye\67 My(0) < My(6y).
(ii) @y is an interior point of @ and, for some & > 0, M is twice continuously differ-
entiable on @3. Also, Hy = —3*M,(0,)/3078' is positive definite.
(iii) For some & > 0, the class {D{ : 0 < & < §} is uniformly manageable for the
envelopes d and sup,__, E[d} (z)*/8'] < oo.
(iv) For every §, > 0 with §, = O(n~'7?), n’1/3E[&g" (z)*] = o(1) and, for all s, t € R?
and for some C, with Cy(s, s) + Cy(t, t) — 2Cy(s, t) > 0 for s £ t,

sup iE[{mo(z, 0+ 8,5) — mo(z, 0)}{my(z, 0 + 8,t) — my(z,0)}] — Co(s, t)

Pon n
0600

=o(1).
(v) For every §, > 0 with §, = O(n™1?),

lim limsup sup E[1(d}(z) > C)dj(2)*/8]=0

Cooo o 0<8<8,

and sup, oo Ellmo(z, 8) —mo(z, 0)]1/10 — 0] = O(1).

LEMMA A.11: If Condition CRA, is satisfied, then Condition CRA is satisfied with q, = 1.

A.2. Example: Maximum Score

To state sufficient conditions for Condition CRA, in this example, let F,; denote the
conditional distribution function of a given b.

Condition MS For some é > 0, Sr > 1, and Sy > 2, the following are satisfied:
(i) 0 <P(y =1|x) < 1 almost surely and F,, x,(1|x1,X,) is S times continuously
differentiable in u and x; with bounded derivatives.

(ii) The support of x is not contained in any proper linear subspace of R¢*!
E[|x;]*] < oo, and conditional on x,, x; has everywhere positive Lebesgue den-
sity. Also, F,,x, (x1|X,) is Sr times continuously differentiable in x; with bounded
derivatives.

(iif) @ is compact and 6, is an interior point of @.

(iv) M"$(0) =E[m"(z, 0)] is S, times continuously differentiable in 6 on @3 and

1%

H* = ZE[fulxl,xz (Ol - X/200a XZ)fxl X3 (_X,200|X2)X2X,2]

is positive definite.
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COROLLARY MS: Suppose Condition MS is satisfied. Then Condition CRA is satisfied
with g, =1, Hy=H", and Cy = C", where

C"(s, t) = E[ fr 1, (—X,00/%2) min{|x;s

x,t|}1(sgn(x}s) = sgn(x5t))].

2

Alternative representations of H*® and C* are available. In particular, defining

Jd
7" (%) = {EE(ZY —1xq, XZ)}fxlxz(xl|X2)|x1—x’200
1

= qulxl,xz (OI - X/2003 XZ)fx1|x2(_X/200|X2)

and
‘PMS(Xz) = E[(ZY - 1)2|x17 XZ]fxllxg(xl|X2)|x1:—x’200
= frm (—%:001%2),
we have
H" =E[7" (x2)%:X, |
and

C"(s, t) = E[ ¢ (x,) min{

}1(sgn(x}s) = sgn(x,t))].
Similar representations will be obtained for the other two maximum score examples.

As an estimator of H"®, the generic numerical derivative estimator can be used directly.
Another option is to employ a “plug-in” estimator, where the conditional densities are re-
placed by nonparametric estimators thereof. As a third alternative, consider the example-
specific construction H*® discussed in the paper. To obtain results for that estimator, we
impose some standard conditions on the (derivative of the) kernel function.

/ /
X,S|, X5t

b

Condition K The following are satisfied:
() [ K@)?du+ [,(1+u)K )| du < 0.
(ii) fRK(u) du=0, [, uK (u)du=—1, and Jx WK (u)du =0.
(iii) [, K(u)*du < oo, where K (u) =sup,.,, K (v) — K(u)|/|v — ul.
Under Condition K, H” admits counterparts of Lemmas 1 and 2 in the paper. To state
these, we let Flffskl and H,; denote element (k, /) of I:I£,4S and H™, respectively, and define

Bu=E[{F,"” (%) + Fy>* (x,) + Fy " (x:)/3} 22,45, / WK (u)du
R

and
Vi =2E[F)"" (x2)x3 (22 ] / K(u)?du,
R

where x, , = €,x, and

i & J
(&,])
F() ! (XZ) = O,)uiFu\xl,xz(_ulxl + u, XZ) (?le Fxl\xz(x1|X2)

u=0,x1=—-x,09
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LEMMA MS: Suppose Conditions MS and K hold.
(i) If h, — 0, nh? — oo, and if E[||x,]|°] < oo, then H** — H"S.
(i) Ifalso Sy >3 and Sy > 4, then H n 1 @dmits an approximation FIffil satisfying

~ . 1 1
HMS :HMS + 0 (hZ + ) + 0 <_>’
n,kl n,kl P n nh?: P %

where the Op(1/3/n) term does not depend on h,,, and where

. 1 1
E[(HYS, — H;“,S)Z] =h'B;, + i —Vu+ o(h“ + 7)

A.2.1. Proof of Corollary MS

By Lemma A.11, it suffices to verify that Condition CRA,, is satisfied.

Condition CRA(i). The manageability assumption can be verified using the same argu-
ment as in Kim and Pollard (1990). Note that the function |m"*(z, )| is bounded by unity
in this example, and thus finite second moment condition holds. It is easy to show that
0, uniquely maximizes M,(0) over the parameter set. Well-separatedness follows from
unique maximum, compactness of the parameter space, and continuity of the function
M, (0).

Condition CRA(ii). Conditions MS(iii)—(iv) imply this condition with Hy = H".

Condition CRA,(iii). Uniform manageability can be verified using the same argument as
in Kim and Pollard (1990). Note d(z) = SUP|g_gy<s 11(X1 +X,0 > 0) —1(x; +x50, > 0)].
The condition sup,_; _s E[d{ (2)]/8" < oo is verified in Abrevaya and Huang (2005).

Condition CRA,(iv). Since d3(z)* = di(z), E[d)"(z)*] = O(8,,), which implies the first
condition. Also,

C" (s, t) =E[fi, 0 (—X,00/%:) ot }1(sgn(x;s) = sgn(x)t))]

satisfies C"5(s, s) + C"5(t, t) — 2C™5(s, t) > 0 for s # t. Finally, C* admits the representa-
tion

C*(s, ) == [B™() + B*(t) = B®(s — )],  B"(8) = E[fe 0 (—X,00/%:)|%,s|]-

N =

Using this representation and the fact that 2xy = x* + y* — (x — y)?, the displayed part of
Condition CRA(iv) can be verified with Cy = C*® by showing that for §, = O(n~'7?3),

1
sup | —E|m*(z, 0+ 8,8) — m™(z, 0 + 8,0)| — B*(s — t)| = o(1).

0e(~)g” n
Defining 6, , = 0 + 6,s and 0, = 6 + 5,t, we have, uniformly in 0 € @3",

1
6—E\mMS(z, 0,,) —m"(z, 01,n)|2

1
= S—E[]l(xl + %50, > 0> x; +X,0,,)]

n
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1
+ B—E[]l(xl +x,0, > 0> x; +x,0,,)]

n

1 —x’ZOt,n , ,
iy [/ Foumo (X11%2) dx1 1 (x5t < xzs):|

5” xéﬂs,n
1 —x, 05,
+ 5_E|:/ Feim (X11%2) dx, 1(x58 < x/zt)}
n —X/29[,,,
=E[frym (—%,01%2)X) (s — )1 (x5t < X)s) ]
+E[fo 1 (-X01%)%,(t — $)1(x;s <X3t) |+ o(1)

ZE[fx]\xz(_X,200|X2) ] + 0(1)a

/ /
X,S — X,t

from which the desired result follows. B
Condition CRA,(v). The first part easily follows from d{(z) < 1, while the second part
follows from the verification of Condition CRA(iv).

A.2.2. Proof of Lemma MS
A.2.2.1. Part (i) [Consistency]. Defining
y 1 « . _ .
H = - > @y = DK, (x4 +%5,00)x0:%,,, H™(0) = —E[(2y — DK, (x1 +x,0)x:x,],
i=1
we obtain the decomposition
I:IMS — I‘_’IMS 4+ RS 4§
where
MS AMS

R =H—H°-H°0,)+H0,), S°=H730,)-H0).

The proof will be completed by showing that ﬁﬁfs —p H",RI® = 0p(1),and S}° = 0p(1).
First, using the dominated convergence theorem and fR uK(u)du= -1, we have
I:ID,:IS(B(J) = —E[(Zy — 1)Kn (.X'] + X/200)X2X/2:|

E / 1-— 2}’1”)51’,(2 (—uhn|uhn — X/ZO(), Xz)
B R hn

X fxllxz (uhn - X/200|X2)K(U) duxzx/z:|

—>2E[Fél")(x2)x2x/2]/uf((u)du
R

= ZE[fulxl,Xz (Ol — X/200, Xz)fxlb‘2 (—X/za()le)XzX/z] = HMS.
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Moreover, I:I;45 - I:Iffs(ﬂo) = op(1) because each element has mean zero and a variance
that is bounded by a constant multiple of

: s \2
E[K, (v +%00)] _ 0(%) = o(1).
n nhn

As a consequence, flﬁfs —p HYS,
Next, R}° = op(1//nh3) = op(1) follows from Pollard (1989, Theorem 4.2) if it can be
shown that, for every C > 0,

BE[  sup  [Ky(x+x,0) — Ky (xn+x.00) )] = o().

10—-6yll<Cn—1/3

Defining K,(u)=K(u/h,)/ h,, we have, by Condition K(iii),

sup |K,,(x1 +x,0) — K,,(xl +x,0,)| <

Tthn (xl + X’2‘90) 1,
10—09 ]| <Cn=173 n—n,

and therefore, using nh> — oo,

BE[ sup |K,(xi+x,0) Ko+ %00) ]

10—-6yll<Cn—1/3

c > ' p 2 1
= n2/3hnE[K"(x1 +X200) ||X2||6] = O(w) = 0(1).

Finally, defining

1 —2F,\, 5, (—uh, + x,8|uh, — x,00 — X,8,%,)

En(u, 6,%)) = 7 Feuo (t6hy — X300 — X, 8x,)
1 —=2F s, x, (—uhy,|uh, —x,0,, x ,
- SR (a0,
we have
sup ”I:Ifs(ﬂ) — HfS(OO)H = sup IE|:/ &.(u, 8, XZ)K(u)duxzx/z:|
6—6gll<Cn~1/3 I8l <Cn=1/3 R
EEH/ sup | &1, 8, %) K (w)] du}uxzuz}
R ||8]<Cn=173
-0

for any C > 0, where the last line uses the dominated convergence theorem.

A2.2.2. Part (ii) [Approximate MSE]. 1t was shown in the proof of part (i) that R}5, =
op(1//nh3). Also, Taylor’s theorem and Condition K(ii) can be used to show that for any
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C > 0, we have, uniformly in ||8,| < C/¥/n,

H, (00 +8,) = HiY + RE[{Fy"” (%) + Fy*? (x0) + F3V (x2) /3 } x0,1%2,1] / WK (u)du
R

+ {4E[F(§1’2)(Xz)xz,kxz,lxz] + ZE[Féz’l)(Xz)xz,kxz,lxz] },511 + O(hi)y
implying in particular that
Skt = {4E[F(§1’2)(Xz)xz,kxz,zxz] + ZE[Féz’l)(Xz)xz,kxz,lxz]}/(én — 0,) + o0x(h).

As a consequence, ﬁﬁ, — I—VIﬁl = op(h2 + 1/\/nh) + Op(1/J/n), where the Op(1/J/n)
term

{4E[F(§1’2)(Xz)xz,kxz,zxz] + ZE[Féz’l)(Xz)xz,kxz,zxz] }/(an —0)
does not depend on 4,,.

Next, we approximate the moments of H » - By the previous paragraph,

E[H)%] - Hif = H)5,(00) — Hf = h;Bu + o(e}),

where
Bu =E[{F}"” (%) + Fy"? (%) + Fy" (%2) /3 } 22,2, /R WK (u)du.
Also,
V[I:Iffskl] = %V[(z)’ ~ DK, (X1 +X,00)x24 X2, ] = %V[Kn(x1 + X,00) X252,/
1 .. 2 1
= B[R (1 +x00) 50 ] + o(ﬁ)
= iVkl + o(i),
it it
where

Vi = lim BE[K,(x, +X/200)2x§,kx§,,] =E[fr,p (—X3001%2) x5 , X3 ] / K(u)*du
n—00 R
ZZE[FéO’l)(xz)x;kxil]/K(u)2du.
R

A.2.3. Rule-of-Thumb Bandwidth Selection

We provide details on the rule-of-thumb (ROT) bandwidth selection rules used in the
simulations. To construct ROT bandwidths, we choose a reference model involving finite-
dimensional parameters and calculate/approximate the corresponding leading constants
entering the approximate MSE of H"® and H'".

Specifically, we assume u[x ~ N (0, o(x)) and x;[x; ~ N (w1, o), where we will spec-

ify some parametric specification on o2(x) = o2(x, X,). Then, in this reference model,
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Fy*? (%) =0,

FU (xg) = —— 2O ¢(X50“+“1)[(X30°+“1)2—1],

o-u(—x’200, xz) (713 (51 (o)1

and

F (%) =

¢ (0) d)(X/zoo +

O'S(X)O'] g1

>[1 - &u (X)a-u (X) + 2(.7-u (X)2]|x1=—x’2007

where ¢ is the standard normal density and where ¢,(x) = do,(x)/dx; and 7,(x) =
9*a,(x)/dx3.

A.2.3.1. Plug-in Estimator H'.  Given our reference model, natural estimators of the
bias constants

B = E[{F () + F& (x0)/3 ) 22,] f WK (u) du

R

are

1 " A A .
[— > {EM (xa) +F,i“(xZi>/3}e;xZ,~e;xZi] / WK (u)du,
n R

i=1

where F(1¥ and F®) are constructed using maximum likelihood for the parametric refer-
ence model (i.e., heteroscedastic Probit) together with a flexible parametric specification
o?(x) = y'p(x) for o2(x), with p(x) denoting a polynomial expansion.

Similarly, natural estimators of the variance constants

V=2E[F)"" (x:)x3 X3 ] / K(u)*du,
R

are given by
v, = 2[% > ﬁ,i“”(xﬂ)(ezxﬁ)z(e;xm-)z} / K(u)*du.
i=1 R

A.2.3.2. Numerical Differentiation Estimator . In our reference model, the bias
constants are of the form

Bu = —E[{F}"”(x) + F;*" (%) /3}{x3 ;X2 + X243, } ]
natural estimators of which are given by
1< - A
- ; Z {F,(,l’3) (x21) + F,(,3’1) (X2i)/3} { (62X25)3 (e;X2i) + (e}cxzi) (e;XZi)3 } .
i=1
Similarly, natural estimators of the variance constants

Vi = {2By(ex) + 2By (e)) — Bo(ex +€) — By(ex —€))}/16, By(s) = 2E[Fy"" (x,)

IE

/
X,
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are given by

n

1 .
3 Z{Zlezxzﬂ + Z‘CEX&" - |(ek + el)/XZi‘ - ‘(ek - el)/XZiHF,(LO’l)(XZi)-
i=1

A.3. Example: Panel Maximum Score

To state sufficient conditions for Condition CRA, in this example, define

J
N7 (%) = {ﬁ_xlE(ylxl’ X5) }fxllxz(xl |%2) [, =—x, 0 -
Condition PMS For some 6 > 0, the following are satisfied:

(i) For every u e R, 0 < Fy x, x,,0 (U11X1, Xo, @) = Fx, x50 (12| X1, X5, @) < 1 al-
most surely. Also, E[y|x;, X,] is continuously differentiable in x; with bounded
derivative, and E[y?|x,, X,] is continuous in x;.

(ii) The support of x is not contained in any proper linear subspace of R+l
E[]x;]*] < oo, and conditional on x,, x; has everywhere positive Lebesgue den-
sity. Also, Fy,«x, (x1]x) is continuously differentiable in x; with bounded deriva-
tive.

(iii) @ is compact and 6, is an interior point of @.

(iv) M™5(0) =E[m™5(z, 0)] is twice continuously differentiable in 6 on @3 and

HPS — E[T]PMS(XZ)XZXIZ]
is positive definite.
Letting

P (%) = B(y*1X1, X2) fry iy (X11%2) [, =30
and proceeding as in the proof of Corollary MS, the following result is obtained.

COROLLARY PMS: Suppose Condition PMS is satisfied. Then Condition CRA is satisfied
with g, =1, Hy = H™S, and Cy = C™*, where

C™(s, t) = E[y™(x,) min{

X8|, [%,t]}1(sgn(x;s) = sgn(x5t))].

2

The case-specific estimator H?S of H™® admits a counterpart of Lemma MS, but for
brevity we omit a precise statement.

A.4. Example: Conditional Maximum Score
To state sufficient conditions for Condition CRA in this example, let X denote the
support of x = (x, x,)" and for & > 0, let W? = {w €R? : | w]|| < 8}. Also, define

p(w; 0) =E[yL(x; +x,0 > 0)|w] fi(W),

. d
[.LCMS(W; 0) = %,‘LCMS(W; 0) = E[{E(y|x1, X2, w)fxllxz,w(x1|x27 w)}lxlz—x/zﬂx2|w]fw(w)7

2

30560’

A (w; 0) = pE(W; 0),
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and

J
”fICMS(Xz) = JE(NM , X, W) fxl\xz,w(xl x5, W)|x1:7x’200,w:0-
1
Condition CMS For some 6 > 0 and P > 1, the following are satisfied:
(i) For some strictly increasing F,

II:-D(Yt = 1|X17X23 X33 a, YOa tee thl) = F[Xll + (X,2[, thl)ao + a], = 17 23 3.

Also, on X' x W?, E(y|x1, x,,w) is differentiable in x;, dE(y|x;, X2, W)/dx; is
bounded and continuous in (x;,w), and E(y?|x;, X,, W) is positive and continu-
ous in (X1, w).

(ii) E[|x;|*|w] is bounded on W? and for every w € WW?, the support of x given
w is not contained in any proper linear subspace of R**!. Also, on X x W?,
fryx.w(X1]X2, W) is positive, bounded, and continuous in (x;, w) and f,, (W) is pos-
itive and continuous in w.

(iii) @ is compact and 6, is an interior point of @.

(iv) u(w; @) is twice continuously differentiable in @ on @] with bounded deriva-
tives, u“"*(w; @) is uniformly (in @ € @) continuous in w at 0, 1<"¢(w; 0,) is P
times continuously differentiable in w on W?, ji®s(w; ) is uniformly (in 0 € @)
continuous in w at 0, and

HES — E[nCMS (Xz)XZX/z |W] fw(w) lw=0

is positive definite.
(v) « is bounded, of order P, and supported on [—1,1]¢. Also, nb? — oo and
nb®3f — 0.

Let

2
l//CMs(Xz) = E(Y |x1, X, w)fxl\xz,w(xl X2, W)|x1:—x’200,w:0-

COROLLARY CMS: Suppose Condition CMS is satisfied. Then Condition CRA is satisfied
with q, = b®, Hy = H"®, and Cy = C™"®, where

C(s, t) = E[“**(x,) min{|xs

2

x| }1{sgn (x,5) = sgn(x,£) } W] fu (W) o - /

k(v)*dv.
R4

The case-specific estimator H of H™® admits a counterpart of Lemma MS, but for
brevity we omit a precise statement.

A.4.1. Proof of Corollary CMS

Condition CRA(i). Because «, does not depend on 6, uniform manageability can be
established by proceeding as in the maximum score example.

Also, m,(z) = |k,(w)| satisfies ¢,E[m,(2)*]=b'O(1/b%) = O(1).

Next, using the representations

Mn(ﬂ)z/ w(vb,; @)k(v)dv and Mo(0)=/ w(0; 0)k(v) dyv,
R4 R4



BOOTSTRAP-BASED INFERENCE FOR CUBE ROOT ASYMPTOTICS 23

we have

Sup|Mn(0)—Mo(0)|§{ sup |M(W;0)—M(0;0)}}/ k()] dv=o(D),
R4

0cO 00, ||w||<by

where the equality uses uniform (in 0 € @) continuity of u(w; 6) at w=0.

Finally, well-separatedness follows from compactness of @, continuity of M,(0) =
1(0; @) in 0, and the fact (shown by Honoré and Kyriazidou (2000, Lemmas 6 and 7))
that 6, is the unique maximizer of M,(0).

Condition CRA(ii). We have

J
%Mn(ﬂ) = /Rd f(vh,; 0)k(v) dv, %Mo(ﬂ) /d 1(0; 0)k(v) dv,
and
7 . 7 ;
070070M (0)—/du(vbn;0)K(V) dv, 2090 Mo(0)—fd iL(0; 0)k(v) dyv,

where, using uniform (in 8 € @;) continuity of ji(w; 0) at w =0,
2

s J
u
Pl 5000

00

[ M,(8) — My(0)]

=| s |,ii,(w;0)—;'i,(0;0)|}/|K(V)|dv=0(1).
R4

003, || <by

Also, by a standard bias calculation for kernel estimators,
J . .
%Mn(OO) = /d [2(vby; 00) K (V) dv = 1(0; 6) + O(by,),
R

where it follows from Honoré and Kyriazidou (2000) that 1(0; 0y) = IM(0,)/90 = 0. As
a consequence, ,||dM,(0,)/30| = O(/nbi+3¥F) = o(1).

Finally, Hy = —i(0; 6,) = H®™ is positive definite by assumption.

Condition CRA(iii). Because k, does not depend on 6, uniform manageability can be
established by proceeding as in the maximum score example. For this example,

(ZS(Z) = [ sup ]l(x’zﬂo <—x < X’ZO) + sup ]l(x’20 <—x < X’200)]|K,,(w)|.

10—0y1<5 10015

By change of variables and using boundedness of fx, w(¥1[X., W), we have, uniformly in §,
bE[d(2)/8] = b O(E[ %]k, (W)*]) = O(1).

As a consequence, g, SUp,_s_, E[&S'(z)z/é/] =0(1).

Condition CRA(iv). Using d?(z)* < 8d?(z)|k,(w)*, it follows from calculations similar
to those above that ¢’r; 'E[d” (z)*] = O(r;'8,) = o(1).

As in the maximum score example, C**(s, s) + CS(t, t) — 2CS(s, t) > 0.

Finally, the representation

{mﬁMs(z, 0+ 5,8) —m."(z, 0)}{mCMS(z, 0+ 5,t) —m " (z, 0)}
= y*[1{8, min(x}s, X,t) > —x; —x,0 > 0}
+ 1{8, max(x,s, x,t) < — x; — x; 0 < 0} ]k, (W)’
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on

can be used to show that, uniformly in 8 € @;",

?E[{miMs(z, 0+ 8,5) —my"(z,0)}{m"(z, 0 + 5,t) — m"(z,0)}] =C™(s, t) + o(1).

n

Condition CRA(V). The first condition follows from g, c?,‘f (z) < sup, g« |k(V)|. The second
condition follows from the calculation similar to the covariance kernel calculation.

A.5. Example: Empirical Risk Minimization

In this example, we follow Mohammadi and van de Geer (2005, Theorem 1) when
stating primitive conditions. Let F denote the distribution function of x and let P(x) =
Ply =1]x].

Condition ERM The following are satisfied:
(i) P(0) < 1/2 and P admits a continuous derivative p in a neighborhood of each

element of 6,.

(ii) F is absolutely continuous and its Lebesgue density f is continuously differen-
tiable in a neighborhood of each element of 6,.

(iii) @ is an interior point of 6.

(iv) 69 = (601, 002, - .., 00.4) is the unique minimizer of P[hy(x) # y] and p(6y,) x
f(6o)#Oforeefl,...,d}.

COROLLARY ERM: Suppose Condition ERM is satisfied. Then Condition CRA is satisfied
with g, =1, Hy = H™" and Cy = C*™™, where

P(60.1)f(00,1) 0 0
e B 0
0 0 (_1)d+1p(00,d)f(00,d)

and, fors = (sy,...,84) and t=(t1,...,t;),

d

C*(s, t) = Y _ f(Bo.) min{|s,|, ||} 1{sgn(s) = sgn(t,)}.

(=1

A case-specific (plug-in) estimator of H*" is given by the diagonal matrix H*™ with
diagonal elements

Hy5i = D™ 2p(B0)0(00), £=1,.00d,

where p, and f, are some nonparametric estimators of p and f. This estimator is consis-
tent whenever its ingredients p, and f, are.

A.5.1. Proof of Corollary ERM

By Lemma A.11, it suffices to verify that Condition CRA,, is satisfied.
Condition CRA(i). Manageability of M, follows from {1(4e(x) # y) : @ € @} forming a
VC subgraph class. Also, the envelope is bounded by 1. Finally, SUPy.o\07 My(0) < My(6y)
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for every 6 > 0 because @ is compact, M, is continuous, and 6, is the unique maximizer
of My(0).

Condition CRA(ii). By assumption, 6, belongs to the interior of ®,. Mohammadi and
van de Geer (2005) showed that, for odd ¢,

2

J d
pr P(ho(x) #y) =2p(0)f(0:) + (2P(6,) — 1)%]?(0[),

and that a similar formula holds for even ¢ as well. In particular, M, is twice continu-
ously differentiable on @3. Finally, positive definiteness of H, = H*™" was established in
Mohammadi and van de Geer (2005).

Condition CRA(iii). This condition corresponds to the first part of (vii) in Theorem 7
of Mohammadi and van de Geer (2005).

Condition CRA,(iv). Since d2(z)* = d’(z), E[d)"(z)*] = O(8,,), which implies the first
condition. For the second part, Mohammadi and van de Geer (2005) showed that

d
C()(S, t) = Zf(eo’()[min{sh t@}:ﬂ_(Sg > 0, t@ > O) — maX{Sg, tg}]]_(Sg < 0, t( < 0)]

=1

Using the representations

1d/2] L(d+1)/2]
mo(L,x,0) ==Y 1(x €02, 1)), mo(=1,x,0) == Y 1(x €01, 0x)),
=0 =1

it can be shown that, for @ in the interior of @ and for 8, small enough,

{mo(z, 0+ 8,8) — mo(z, 0)}{mo(z, 0+ 8,t) — my(z, 0)}

:ﬂ_(x € [0(/ + 8,1 maX{Sg, tg}, 0@))]].(.% < 0, tg < 0)

I
&~
I

+ ]]_(x € [95, 0@ + 8,1 min{si, t(}))]]_(SZ > 0, t, > 0)

As a consequence,

—E[{mo(z, 0+ 6,s) —my(z, 0)}{m0(z, 0+ 5,t) — my(z, 0)}]

n

— Zf(ez) —max{s,, £,}1(s, <0, t, < 0) +min{s,, £,}1(s, > 0, 2, > 0)] + o(1)

= Zf(eo,z)[— max{s,, t}1(s, <0, t, < 0) + min{s;, #,}1(s, > 0, 1, > 0)] + o(1)

uniformly in 6 € @]".

Condition CRA((v). The condition in display is identical to the second part of (vii) in
Theorem 7 of Mohammadi and van de Geer (2005). The second assumption corresponds
to (vi) in Theorem 7 of Mohammadi and van de Geer (2005).
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