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APPENDIX B
B.1. Proofs of Pooling Calculations

GIVEN A POOLING BID b;, let the random variables L", G", and X" = L" + G" denote the
number of losers, number of winners (or the number of objects left for the bidders who
submit a bid equal to %), and number of bidders that submit a bid equal to b7, respec-
tively. Let L= IE‘,[L”|P" = b" ,v], G" = E[G"|P" = b” ,v],and X" =L"+ G". leen these
definitions, Pr[b; lose|P" = b” ,v] = E[L"/ X"|P" = b” ,v] and Pr[b; win|P" = b” , V] =

E[G"/X"|P" = b;, v]. For any type 0 that submits the pooling bid, Pr(L" =i| YS"(ks +1)=

0,v) = bi(iin — 1 — k,, 0% and Pr(X" = i|Y/(k, + 1) = 6,v) = bi(in — 1 —

ky, S Therefore, E[L"| Y (k,+1) = 6, v] = n" 20 (1 — k, — 1), ELX"| Y} (k, +
Fg(10,001v) 7 0p  F{((67,0)v) n
D) = 6, vl =i St L= [y n R (1 = = 1/m Pr(Y ks 1) = 6lv) d6, and
"=y n S%P(Yf(kﬁ—l)_mwde.

We prove a somewhat stronger version of Lemma A.2 in Lemma B.1 below.

LEMMA B.1: Iflim Pr(P" > b;|v =0), then

F(0310) (1~ 7, (8310))

nF ([0}, 03]10) (x, — F (010))

p’> 7p

lim Pr(b" lose|P" = b,V =v) /

Suppose lim Pr(P" = b |v) > 0.
(i) Zf lim F7 ([0}, 0}11v) > 0, then lim Pr(b), win| P = b", v) = lim f G2,

(i) If /AIFI (8" (0)|v) — FI (8" v)| — oo, then lim % Pr(b", lose|P" = ", v) €
(0, 00).

(iil) If V/nlF(0"(v)|v) — F!(8)|v)| < oo, then lim /nF} ([0,
b’}), v) € (0, 00).

(iv) If /n|F"(6"(v)|v) — F(07]v)| — oo, then lim
(0, 00).

5 0711v) Pr(b” lose|P" =
FE(18%,0%11v)
FEA6" (), 01v)

Pr(b’; win|P" = b;, v) €
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2 A. E. ATAKAN AND M. EKMEKCI

W) If V/nlF!(0"(v)|v) — F(60;|v)| < oo, then limﬁFf([Q:, 0 1|v) Pr(b” win|P" =
b’;,v) € (0, 00).

PROOF: (i) Suppose that Y (k,+1)=6", 6" € [Q’;, 61, and F;’(0"|v) € (ky; — €1, Ky +
€1). There are k, bidders with signals above 6" and the distribution of G” is binomial,;
LA Also, Pr(G” < (1 — 8)G,|Y! (k, + 1) = 6", v) < e~ for
any 8 € (0, 1) by the Chernoff inequality.'® Similarly, L, = (n_l_ks)iyp—(,,g(’;’el:‘;F‘mn‘v)) + 1 be-
cause there are n — 1 — k, bidders with signals below 6" and the distri‘t;ution of L" is bino-
mial, and Pr(L" < (1 — S)En|YX”(kS +1)=0,v) < e‘%i". The random variables X" and
L" are independent conditional on Y!"(k, + 1) = 6". Moreover, Pr(b; win| Y (k;+1) =
0",v) =E[G"/(L" + G")|Y!(ks+ 1) = 6", v]. The function G"/(L" 4+ G") is concave in
G" and convex in L". Therefore, using Jensen’s inequality and then the Chernoff bound,
we obtain

hence, G, =

E[ Gn_ st(kS+1):0n7 U] SQni}E[ s Gn st(kx_}_l):On’ v}:
G,+L, G,+L,
_ (1=, (1—e*§éﬂ) <OS=——"+ Gn bl
G11(1_5)+Ln Gn+(1_6)Ln

where Q, = Pr(b'[’, win|Y!"(k;+1) = 6", v). Our assumption lim FS”([Q;, 6°1lv) >0 implies
either G, — oo or L, — oo or both. Taking the limits and noting that § is arbitrary, we
obtain lim Pr(b” win|Y}'(k, + 1) = 6", v) = lim Yn_ Since F"(0"|v) € (k, — €1, K, + €])

. Gn+Ln :
by assumptlon, we have

(s — &1 = F(0}1v))

KS
lim _ Kite
. (ke + €1 — F(6]v)) td- KS)F:(Q;lv) — K, + €
K, — € 1—k,—¢€
(ks + € —FS”(G’;W))
<1 3 <1 _ $ Ky — €1 _ ]
e P CAL) Fr(8810) — ro — €
K £ + (1 - Ks) £
Ky + € 1—k,+¢€

But lim Pr(F"(Y" (k,+1)|v) € (k,— €, k,+€,)|v) = 1 for every €, > 0 by the LLN. Hence,

HmPr(F*(Y! (ks + DIv) € (k, — €1, ks + €)Y/ (k,+ 1) € [07, 6], v) = 1.

_p’ P

18See Janson, Luczak, and Rucinski (2011, Theorem 2.1).
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Therefore,
(.~ € = P2 (1)
Ky
lim _ Kot
. (ks + €1 — F2(05]v)) i KS)FS”(Qplv) — K+ €
Ky — €1 1-— Ky — €1
< lim Pr(b’) wins|Y]'(k, + 1) € [, 6’;], v)
(k; + & = 7 (0,1v))
<lim _ AT S .
K (Ks i F:(QZ“})) + (1 — KY)FYH(Q,;)“)) —eTe

Ks+ € 1_Ks'i'el

Since this is true for each €; > 0, taking €, — 0 shows limPr(b’; wins|P" = b’;, V) =
li Ks—F (0 v)
FE(10%,0%1v) *
(i))=(v). Further below we argue that the expected number of losers at the pool-
ing bid satisfies 0 < liminfj—% < limsup f/—; < oo if lim /n|F"(6"(v)|v) — F:’(Q:lv)l < 00,

o . . Ln N r . . n n
and satisfies 0 < hmlnfm < llmsupm < 1if lim /n|F"(6"(v)|v) —
F(8)lv)] — oo.

We will prove items (ii) and (iii) using these bounds for L"; items (iv) and (v) follow
from an identical argument. We begin by proving the lower bounds in items (ii) and (iii).

Note that Pr(L" > L" — 1|P" = b",v) > 1/2 because L" is a binomial random variable."
Therefore,

Pr(b" lose|P" = '), v)

Ly, - .

z]E[Y L">L"— 1,P"=b’;,v:| Pr(L" > L" —1|P" = b, v)
En_l ; = . . 1

ZE[ — =L -1p _bp,v:|§

. (L"—1)/2
TE[X'L"=L"—1,P"=b",v]

(by Jensen’s inequality).

Note that E[X"|L" > L" — 1,P" = b",v]Pr(L" = L" — 1,P" = b |v) < E[X"[v] =
rLF:’([QZ, 6" 1v). Therefore,
Pr(b" lose|P" = b, v)
. (L"—1)  Pr(L"=L"—1|P"=b,v)Pr(P"=b|v)
~ nF([8), 62]Iv) 2

_p’ D

YConditional on Y"(k; +1)=0¢ [QZ, 6] and IV = v, the number of losers L" is a binomial random vari-
able. The median of the binomial differs from the mean by at most 1. Therefore, Pr(L" > E[L"|Y! (k, + 1) =
0, v] = 11Y{"(ks +1) = 0,v) > 1/2. In turn, this implies that Pr(L" > L" — 1|P" = b, v) > 1/2.
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Pr(P":b';,\v)

and Pr(b), lose|P" = by, v)nF/ (8}, 03]|v) = (L" — 1)——
tuting 0 < liminf £ < limsup £~ < oo if lim /i F7'(6" (v)|v) — F2(9;|v)| < oo and

. Taking limits and substi-

. L"—1 , L"—1
0 < liminf —_— < limsup —_— <1
nF;([6,, 6"(v)]lv) nF;([6,, 8"(v)]lv)
if lim /n|F*(0"(v)|v) — F"( Q2|v)| — oo delivers the lower bounds in items (ii) and (iii).
We now establish the upper bounds in items (ii) and (iii). If lim /nF"( [Q’;, 071v) €
(0, 00), then lim \/n|F* (0" (v)|V =v) — FS”(Q’I’,|V =v)| < oo (because lim Pr(P" = b;|V =
v) > 0) and the upper bound in item (ii) is trivially satisfied. Suppose lim /nF}' ([,

9;]|v) =o00. Pick 8 € (0,1) and let Y" = nF'([6",0"]lv). Then

P> 7P

Pr[b" lose|P" = '), v]
B E[L"X"> (1= 8)Y", P'=b,v]Pr(X" > (1-8)Y"|P"=b",v)
- (1-8Y"
+Pr(X" <Y"(1-8)|P"=b",v).

However, E[L"| X" > (1 —8)Y", P"=b", v]Pr(X" > (1 — §)Y"|P" =b", v) < L". There-
fore,

Pr[bz lose|P" = b7, v] y” 1 Y”

_ < — Pr(X" <Y"(1-8)|P"=b",v).
L" _1_6+Ln r( — ( )| P’v)
Chernoff’s inequality implies that lim Pr(X" < (1 — $Y"v) < exp(—‘szg) and, hence,
n \n n__ hin eXP(—SZ—Yn)
Pr(X"<Y"(1-8)|P"=0),v) < W:b%}m. Therefore,

Pr[bplose|P =bp,v]Y - 1

li =
im 7 =1 %

Substituting for the number of losers L" now delivers the upper bounds in items (i) and
(ii). ) )

We now show that 0 < liminfj—’; < limsup LT < oo if lim /n| F} (6" (v)|v) — F(8,|v)| <
F{(0)|v)| — oo.

Pick any 6" € [¢, 6] and let a(6") := FI'(6"(v)|v) — F(6"|v) = k, — F"(6"|v). Recall
that Pr(L" = i|Y"(k, +1) = 6", v) =bi(i;n — 1 — k,, p*) and E[L"|Y"(k,+ 1) = 0", v] =
np(a(6")(1— k, — %), where
Er(8h10) k. + a(0")

11—k + a(0")

pla(0")) =

Calculating the number of losers, we find

Ir = _<1 — Ky — %) /a np(a)dA(a),
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where a" = a(Q;), a"=a(b), and
A(a) :=Pr(F (Y (ks + D|v) — k, > a|P = b}, v).
Integrating by parts and substituting p(a”) =0, A(a") =0, and

(1-F'(6) 1« +a"
11—k, +a)? (1—k,+a)

p'(a)=

delivers L"/n= (1 — k, — 1)(1 — k, + a") fa&n A@ __ da. Hence,

" (1—ks+a)?

an _ 1— an a"
C”/ A(a)da<L"/n < 7&”/ A(a)daf/ A(a)da,
an 1 — Ky + a an an

n _ (—k)(—ks+a")
where C" = P

Pick any € > 0 and let a” be such that Pr(F' (Y (k,+1)|v) — k, > a"|P" = b’;,, v)=1—€.
The central limit theorem implies that lim /na” € (0, c0). Moreover, lim /n(a" —a") > 0
because Pr(F!(Y!"(k,+ 1)|v) — k, < a"|P" = b;, v) = € for each n. Therefore,

an

/ ) A(a)da 5/ A(a)da < max{—g”,O} +/ A(a)da,

0

an

“ / o
/a (1_€)da§/an A(a)dafmax{—gnao}"‘l)ro(P”—zbyu)’

o an } V2erf(y/na)
(1-e)(a) —a") < /g At@) da=max{=d", 0} + Pr(P" = b)|v)v/mn

1
Pr(P" = b"|v)v2mn’

< max{-a", 0} +

_[2

where erf(x) = % fox e "dt € [0, 1/2] is the error function.

Note that —a" = F'(0"(v)|V =v) — FS”(Q’I’,|V = v). Suppose that —lim./na" < oo.
If —limy/na" = & < oo, then lim/n(al — a") = 8 € (0,00). The fact that L7 e
(x/nC" f;ﬁ,n A(a)da, ﬁf;,n A(a)da) and the bounds for f;ﬂ A(a) da together imply that

C'((1 = eilal ~ ) = 2=

< max{+/na", 0} + !

Pr(P" =b"|v)v2m
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and
0<(1 )Cé <1i 'fl:n<l' S L
<(l—¢€ imin imsu
- NI b n
1
< max{é;, 0} + < 00,

Pr(P" =b"|v)v2m

where C = liminf C".
If —lim \/na" = oo, then L" € (nfC"fn A(a)da nfn A(a)da) and the bounds for

fﬂn A(a) da together imply that

1 _ n__ . n rn

C,,(( e)n(a: g))S L 1 |

—ha —ha Pr(P" =b’;|v)g”\/27m
n En in

lim C"((l — €)<ﬁa: + 1)> < liminf — < limsup - <1,
—na —na —na
0<C( —e¢) <liminf — <limsup <1.
—ha —ha

Q.E.D.

PROOF OF THE CALCULATION FOR THE CASE WHERE limPr(P" > b’; [v) =0 IN
LEMMA B.1: As before, let X” denote the random variable that is equal to the number of
bidders in the interval [0” 7] Redefine L” to denote the random variable that is equal
to the number of losers w1th 51gnals that exceed 0” Note that E[L"|Y"(k + 1) > 0" V=

v]=E[L"|L">1,V =v].Pickaé>0andletd"=(1 — 6)kS—F ;[f(englfjj)'v)
lim £ > 0. We will show o7
IE|: L L
Xl’l

Jn
F(081V =v)(1 - F,(8,IV =v))
nE ([8), 11V =) (k, = Fi(8, |V =)

, and observe that

e[l,d”],V:O]

and
i Pr(lf)nloses|P" =b".V =v) L
IEJ[X" L"e[1,d"], V=O]
Step 1: lim w =1, where a" = SRV Note that

Kks—F§H 0V =0)
dVl
Z ibi(k+i,n; p")

HmE[L"|L" € [1,d"],v] = =, :

dn

Zbi(ks +i,n; p")

i=1
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where p" = F;’(Qﬁlv). Observe that

bi(k + i, n; p")
bi(k + i, n; ky)

n\ ks o\ ks ne1 i
b (2) (1) (£OzmY,
K 1—«k, k(1= p")

bi(k + 1, n; ;)

Therefore
dn
Z ir(n)' bi(k, + i, n; k)
E[L"L" € [1,d"],v] == ,
Zr(n)"bi(ks +i,n; Ky)
i=1
where r(n) = Z:((ll_’;;; < 1.Pick any J < d". For each i < J,

(1 — En)(b<\/%) <+ I’l(l — Ks)Ksbi(k + i, n; Ks) < (1 + En)¢(0)
n(l — K;)Kg

by the local limit theorem (Proposition A.1). Hence,
I\ " an
s . i . b k—|— .’ S K, . i
¢<ﬁ>;tr(n) ;lrﬁ i(k + i, n; k) (0) ;lr(ﬂ)
(1-) s <
ar - gn - J J 4
¢ r(m' Y rnbitk +i,n; k) ¢(ﬁ) > o
i=1 i=1

i=1

(14 €").

Evaluating the geometric series we find

J n
(b(ﬁ) =) (1 =’ _ Jr(n)’)
()1 —r(m®)\ 1—r(n)

J— dn
$(0)(1+€") <11 _rﬁzz) — d”r(n)d”),
SEATREEY

] n
‘b(ﬁ)(l —<) (1 —r(n)’
$(0)(1—r(m™)\ 1= r(n)

<0<

$(0)(1+€")

J
1 _ J
¢<«/ﬁ>( )
where Q =E[L"|L" € [1,d"], v].

Case 1: F(0 |v) < k. In this case, limr(n) = r < 1. Picking J = n'/* < d" and taking the

limit as n — oo, we find imE[L"[L" € [1,d"], v;] = 1= = %

b

—Jr(n)’) <Q<

=lima".
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Case 2: Fs(Qplv,-) = k. In this case, r(n) < 1 for all n sufficiently large, but limr(n) = 1.
Note that lim % = 1. For any constant m, ma" < d" for sufficiently large n because
d"/a" — oo. Substituting 1/a" for 1 — r(n) and setting J = ma" for any arbitrary m, we
find

¢(ma"//n)a"(1—(1— 1/a")man) —ma"(1- 1/a”)man 1-¢€"
$(0) 1—(1-1/a")" a'
¢ (0) LA+€
SX§¢(ma”/ﬁ)a P
b(ma" /) (1= (1=1/a")"") = m(1 = 1/a")""
¢ (0) 1-(1-1/a")"
¢ (0) ;
<X< W(l +€ )a

n n n . . . . .
where X = BLAULTELATLv] Taking the limit as n — oo, and noting that a” — oo, a"//n —
a

0, and d"/a" — oo, we obtain (1 — 1/a")"" — exp(—m), ¢(ma"//n) — ¢(0), and (1 —
1/a")*" — 0. Therefore,

(1-¢)

1 —exp(—m) —exp(—m)m < lim]E[L”lL” € [1, d”], v,—]/a” <1

As m is arbitrary, taking the limit as m — oo, we find E[L"|L" € [1, d"], vi]/a" — 1.
Step 2. We show Pr(L” > d"|L" > 1,v) < Aexp(—d"/a") — 0 and Pr[Y"(k + 1) >
0;|Y”(k +1)] > Q;, v < Aexp(—d"/a") — 0, where A is an arbitrary positive constant.
Following the procedure from the previous step, we find

n—k
> btk +i,n; k)

Pr(L" > d"|L" > 1,v) = ==

> btk +i,n; k)
i=1

(1 =€) (“" P 1/a")")
N (1—1/a")"

(1- eg)<a” + (- 1/a")”)

< Aexp(—d"/a"),

where last inequality is a consequence of the fact that (1 — 1/a")* is of the order of
exp(—d”/a"). Also, we have

Pr[Y"(k+1)> 69|Y"(k+1) > 6, v]
=Pr(L"€[1,d"]IL" > 1,v) Pr(X" <L"|L" € [1,d"],L" > 1,v)
+Pr(L">d"|L" > 1,v) Pr(X" < L"|L" > d",L" > 1,v).
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Consequently,

Pr[Y"(k+1)> 0|Y"(k+1) > 6%, v] < Pr(L" > d"|L" > 1, v)
+Pr(X" <L"L"€[1,d"],L" > 1,v)
n—k
> “bitk +i,n: k)
= +exp(—5d"/2)
Zbi(k +i,n; k)

i=1

IA

< Aexp(—d"/a") + exp(—8d"/2)
< Aexp(—d"/a"),

where in the last inequality we use the fact that A exp(—d"/a") > exp(—6*d"/2) and re-
define the constant 4 without changing the order of the term.
Step 3. We now show

F(8%v) E[L"|IL" € [1,d"], v]
(1 +oF (8, 0;]v) k,
<Pr(b” loses|L" > 1, v)
3 F (0" v) E[L"|L" € [1,d"], v]
~ A=oF([g;, 6;]1v) ks

+ Aexp(—d"/a").

We first give a lower bound for the probability of losing:

Pr(b” loses|L" > 1, v)
. L"

> E[mln[—n, 1}
X

Note that Pr(L" € [1,d"]|L" > 1, v) — 1. Thus,

Lre[l,d], v] Pr(L" e [1,d"|IL" = 1,v).

L"e[1,a"], v](l —51),

Ll’l
Pr(b” loses|L" > 1,v) > E[min[ﬁ, 1}

where 6, is an arbitrarily small constant. The fact that min[L"/ X", 1] is a concave function
of X" and Jensen’s inequality together imply that

Lre[l,d), v].

E[min[L"/ X", 1]|L" € [1, d"], v] ZE[mm[E[X,,'L,,’U],l]
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By definition E[X"|L", v;] > d". Therefore,

i ey | i
E|min| ———,1
E[X"|L", v;]

L e|l,d" =E| ———
=L ]’v] [E[X"|L",v,-]
_ E () [ L
(g 0]iv) LL" +

Lre[Ld). v}

Lre[L,d), v].

Noticing that Lﬁ: - is a concave function of L and applying Jensen’s inequality implies that
B E[L"|L" € [1,d"], v]
F, (0"
Elminl L7/ X7 L7 e [t o] 2 ) ke
(18}, 03]1v) E[L"IL" € [1, d"], v]
+1
ki
_ E[L"|L" € [1,d"], ]
_ kK (6)1v) k.
“E(eelw) 1e

where 6, :=E[L"|L" € [1, d"], v]/ k is an arbitrary positive constant. Note that E[L"|L" €
[1,d"], v]/ k — 0. Therefore, we can choose 8, arbitrarily small for large n. Therefore,

F(07v)

E ([0, 03] w)k,s

=p’ 7P

Pr(b” loses|L" > 1,v) > (1 — §) E[L"|L" € [1,d"],v],

where 1 — 8 =min{l1/(1+6,),1 — §}.
We now provide an upper bound for the probability of losing:

Pr(b” loses|L" > 1, v)
<E[min[L"/ X", 1]|IL" € [1,d"], v] + Pr(L" > d"|L" > 1, v)
__ Fg) E[ L
T (1-8F([8,,0,]lv) LL"+k,
+Pr(L" > d"|L" > 1,v) + exp(—8°d"/3)

L"e [1, d"], vi|

F@yl)  E[LriLre[1.d].0] :
A _An n _ n
5(1—3)F;([Q;,e;]|v) k, + Aexp(—d"/a") + exp(—58°d"/3)
F.(0"v) E[L"IL" € [1,d"], ] o
T T (70 [ R PR A

F{(10},05]1v)

The first inequality follows because E[X"|L" =i € [1,d"], v] = (ks + i) is less

n 7 gn 1|y F?(Q;‘"v)
than (1 — 6)(k, + i)% with probability exp(—6%d"/3) by Chernoff’s inequality;
the second follows because we showed that Pr(L" > d"|L" > 1,v) < Aexp(—d"/a") in

Step 2. To obtain the last inequality, we use the fact 4 exp(—d"/a") > exp(—8°d"/3) and
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redefine the constant 4 without changing the order of the term. The lemma now follows,
as Z—Z exp(—d"/a") — 0 because d"/a" — oo and because the constants 6 are arbitrary.
Q.E.D.

LEMMA B.2: Fix a sequence of bidding equilibria H and suppose thatlim Jn|Fr (07 (1)]
V =v) — F/(0!(0)|V = v)| — oo. If there is pooling by pivotal types, then limPr(P" <
b’;lV =1)=1and limPr(P" < b”f|V =0)=0.

PROOF: Pooling by pivotal types implies that lim Pr(P" = b7 |V =v) > 0 for v=10, 1.
Suppose lim Pr(P" < b;|V =0) > 0. Then lim /n(F"(6,(0)|0) — FS”(Q;|O)) € (—00, 00).
Moreover, lim Pr(P" = b’;|V =1) > 0and lim /n|F*(6"(H|V =1) = F"(6"(0) [V =1)| >
oo together imply lim /n(F"(6,(1)|1) — F" (Q'I',|1)) = oo. Along any sequence where the
limit in the equation below exists, Lemma A.2 implies that there is a constant C such that

. Pr(b"lose|P" =07,V =0) 1 C
lim < —Ilim =0,
Pr(b"lose|P"=b),V =1) " m  /n(F!(0:(1)1) — F(8,]1))

showing that pooling is not possible. Therefore, if there is pooling by pivotal types, then
limPr(P" < b’;|V =0)=0.
Suppose limPr(P* < 57|V =1) < 1. Then

lim /i(F7(0711) — F2(62(1)]1)) € (=00, 00).

Moreover, lim Pr(P" = b"|V = 0) > 0 and lim /n|F(6!(1)|V = 1) — F1(82(0)[V = 1)| >
oo together imply lim ﬁ(F;‘(HZM)) —I7(67(0)]0)) = oo. Using Lemma A.2, we obtain

Pr(b" win|P" = b", V' =1)

lim -
Pr(b" win|P" = b,V =0)

1
Fn V7 n —
- clim 2208, 6]10) Vv =0,
Fi([8;, 0,]11) (F7(6,10) — F}(65(0)[0))

again showing that pooling is not possible. Therefore, if there is pooling by pivotal types,
then limPr(P" <D |V =1)=1. O.E.D.

B.2. Proof of Step 2 of Proposition A.1

Pick 0 € [1/3,2/3] and 6" € [2/3, 1], and let 0= (¢, 0”). Suppose that 6 € [0, 8") U
(2/3, 6"] select market s and all others select market r. The expected payoff of a type
0 € £(1) that submits a bid equal to b =1 in market s or in market r is given by
up(sI€)) = Gy(1/311) + f&;(l — b7(6))dG,(611) and us(rlE(1)) = G(01H(1 —¢) +

(1 — b(0))dG,(|1), where G,,(8]v) = Pr(Y" '(k,) < 6]V = )2 The expected

0

21f no types 6 € £(1) U £(1/2) bid in market s, then E[V'|Y"~!(k,) = 6] is not well defined. In this case,
any bid b > 0 is optimal for 6 € £(1/2) (and similarly in market r). Although this situation never occurs in
equilibrium, for completeness we assume that E[V|Y"~!(k,,) = 6] = 1/2 in this case.
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payoff of type 1/3 (hence, the payoff for any 6 € £(1/2)) that submits a bid equal to
b =b"(1/3) in market s and the expected payoff of type 6" that submits a bid equal
to b = b"(0') in market r are given by uz(s|E(1/2)) = G4(1/3]1)/2 and uz(r|E(1/2)) =
G,(011)(1 —¢)/2 — G,(6'|0)c/2. Notice that Pr(Y"'(k,) < 0|V =1) and Pr(Y" ' (k,) <
6|V = 0) are binomial distributions with parameters F,([6, 2/3111) + Fs([2/3, 0"111) and
F([6,2/3]|0). Therefore, the functions E[V'|Y""'(k,,) = 0], G,,(6|v), and dG,,(0|v) are
continuous in 6" and ¢".
Let0=(0,0")e[1/3,2/3] x [2/3, 1] and define

1 2
[g, 5} if ug(sIE(1/2)) = u(r1€(1/2)),
(0= % if 1z (sIE(1/2)) > uz(rlE(1/2)),
1
3 if us(s1€(1/2)) < uy(rI€(1/2))

and
2
3 1:| if u(;(r|5(1)) = u‘;(r|5(1)),

1 if uz(sIE1)) > ug(rl€(D)),
2/3 if u(;(s|€(1)) < u,;(rlé'(l)).

I,(0) =

The correspondence I' =T'; x I'; is upper hemicontinuous, convex valued, and compact
valued, and, therefore, has a fixed point (6, 6,), and this fixed point is an equilibrium.
The fixed point is an equilibrium because the correspondence I' is defined so that all types
0 € £(1/2) choose the market that gives them the highest payoff and if 6, € (1/3,2/3),
then type 6, as well as all types 6 € £(1/2) are indifferent between the two markets.
The situation is similar for types 8 € £(1) and all 8 € £(0) choose market s by construc-
tion. Moreover, conditional on these choices, the bidding function E[V|Y""!(k,,) = 0] is
a bidding equilibrium in market 7, and this bidding function delivers the payoffs used to
construct the correspondence I'. Q.E.D.

B.3. An Equilibrium With Pooling by Pivotal Types

Pooling by pivotal types is not possible in the illustrative example shown in the paper.
Below we construct an equilibrium where there is pooling by pivotal types by altering the
signal structure in the illustrative example as

3(1 - gl_—ﬂ-)(l — V)  forfe&0):=10,1/3),
a
Fo) = 3<gV (- V)gl_—”) for 6 € £(1/2) :=[1/3,2/3],
a
31—g)V for 0 £(1) := (2/3, 11,

where 7 < ¢ < 1/2 and g € [0, 1]. Types 6 € £(1/2) are pessimistic, that is, their belief is
7 < 1/2 as opposed to 1/2 as in the illustrative example. The belief of types in £(0) and
E(1) is equal to 0 and 1, respectively, as in the original illustrative example.
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EXAMPLE B.1: Suppose that k, < g and «, > 1 — g. There exists an € > 0 such that, for
all sufficiently large n, there is an equilibrium where all types 6 € £(1) select market » and
all types 6 € £(1/2) bid b, = ¢ + € in market s. In this equilibrium, the price in markets s
and r is equal to b, and c, respectively, with probability converging to 1.

We now formally construct the equilibrium described above. Types 6 € £(1/2) never
opt for market r because ¢ > 7 and all types 6 € £(0) submit a bid equal to 0 in market s
in any equilibrium. Pick € < (1 —2¢)/2. If all types 0 € £(1/2) submit a pooling bid equal
to b, in market s, then their limit payoff at pooling is given by

Pr(VV =116)(1 — b,) limPr(b, win|l =1) — Pr(VV =0]0)b, lim Pr(b, win|}' =1)
=mky(l—2c—2€)/g>0

because the probability of winning conditional on P = b, converges to k,/g and
ksm/g(1 — ), in states 1 and 0, respectively. Alternatively, if this type instead submits
a bid greater than the pooling bid, then the type’s limit payoffis (1 —b,)7 — (1 — m)b, =
7 — b, < 0because she wins with probability converging to 1. Therefore, at the limit, each
0 € £(1/2) strictly prefers the pooling bid to any higher bid. Also, each 6 € £(1/2) strictly
prefers the pooling bid to any lower bid because k; < g < g(1— )7 implies that the prob-
ability of winning with a lower bid converges to 0. The fact that each 6 € £(1/2) strictly
prefers the pooling bid to any other bid at the limit implies that these types also prefer the
pooling bid for sufficiently large n. Also, types 6 € £(1) opt for market r because b, > c.
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