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Abstract

This note contains additional model derivation and numerical details of the main text Cheng,
Dou, and Liao (2021). Section A derives the Euler equations that serve as the asset pricing
moment conditions in the disaster risk model and the long-run risk model. Section B considers
the long-run risk model and shows that the Gaussian limit is an innocuous assumption. Section
C provides derivations for the time-varying disaster risk model in the empirical application of the
main text and some additional discussions on the literature. Section D contains an additional

robustness check for the simulation results in the main text.
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A Derivations of Asset Pricing Moments in Examples
A.1 Solution of the Disaster Risk Model
The dividend-price ratio is constant in the equilibrium, denoted by C/P. The stock return is
Ri = (Ci+ Py)/Pioy = (C/P +1)Cy/Cy1 = (C/P + 1)e7= ¢, (A1)
Thus, the expected log stock return is
Ei 1 [InRy] =In(C/P+1) —p(v+1/a). (A.2)
The equilibrium dividend-price ratio is characterized by
P/C =iy [0 (C1/Cio1) " (B/Cy + 1)Cy/ Ci]
— (P/C +1)e°E,_4 [(ct/ct,l)lﬂ]

= (P/C + 1)6—(54'%(1—7)20'2 |:1 —p +pe_(1—'\/)voé_0;—i_1:| . (A3)

As a result, the term In(C/P + 1) in (A.1) equals to

a—v+1
~— 1(1 — )20t +p— pe_(l_”’)yL. (A.4)
2 a—v+1
Define the log return as r, = In R;. Equations (A.4) and (A.2) imply the following relation:
Eiq[re] =9 — 1(1 — 2% —p+1/a)+p— pe('y_l)yi. (A.5)
2 - a—v+1
The equilibrium risk-free rate satisfies that
EY -1 5 1.2 2 « -1
Ry =FE; 4 |e” (C’t/C't,l)_ﬂ = ¢072777 [1 —p+ pe™® } . (A.6)
o—7
Define the log risk-free rate as ry = In Ry. Thus, the log risk-free rate satisfies
1 2 2 yv -
rf=0—zy0"—In|l—p+ pet——
2 o —
1
~0— -yt +p— pewi. (A.7)

2 a—



The excess log return, defined as rf =ry — 7y, is

eV e(y—Du

1
Ei—1 [rf] = v0° — 502 —p(v+1/a) + pa

. (A.8)

—v  a—~v+1

The excess log return r{ has the same conditional exposure to the shocks as the log return r; since
the log risk-free rate ry has zero exposure to the shocks. Therefore, the excess log return in the

equilibrium can be represented as follows:

VL ey~

1
r¢ = yo? — 502 —pv+1/a)+ pa + €045 (A.9)

-7y a—vy+1

where €5, = oe; — [24(v+ J;) — p(v + 1/a)] + 0re¢4. The shock of the consumption growth is e,
the jump shock of the consumption growth is —[z:(v + J;) — p(v + 1/a)], and the shock of the
measurement error is £¢;. The measurement error e/ is i.i.d. standard normal and is independent

of other shocks.

A.2 Solution of the Long-Run Risk Model

The stochastic discount factor (SDF) can be expressed as follows:

~o/ .

where R.; is the return on the consumption claim. The log SDF can be written as
0
my = ¥logd — JAct + (¥ — D)ry. (A.11)

The state variable in the simplest long-run risk model is z;. To turn the system into an affine

model, we first exploit the Campbell-Shiller log-linearization approximation:
e = Ko + K12t + Acy — 21, (A.12)

where z;_1 = In(W;_1/C;_1) is the log wealth-consumption ratio and wealth is the “price” of

consumption claims. The log-linearization constants are determined by long-run steady state:

eZ

=In(1+¢7) — K1z d = —
ko=In(l+¢€*) —k1Z and kK e

(A.13)

where Z is the mean of the log price-consumption ratio. Given the log-linearization approximation



(A.12) — (A.13), we can search the equilibrium characterized by
2zt = Ag + Almt, (A.14)

where the constants Ag and A; are to be determined by the equilibrium conditions.

Thus, the log return on consumption claim can be written as
re = ko + k1 (Ao + A1) + Acy — (Ag + A1) . (A.15)
Therefore, the log SDF can be re-written in terms of state variables and exogenous shocks
my = Lo+ 121 — AeOcect — Ap@eg s, (A.16)
where predictive coefficients are
Ip=Ind and T;=—-¢ ! (A.17)

and the market price of risk coefficients are

K19

)\C =7 and )\I = (’}/ — 'l?b_l) m

(A.18)

The coefficients A;’s are determined by the equilibrium condition (i.e., the Euler equation for

the price of consumption claim) as follows:
1=Ei [MiRey) = Epq [e™ 1], (A.19)

where E;_1][-] denote the expectation given the information at time ¢t —1. It leads to the equilibrium

conditions:

1 11—t
Ay = (Ind + Kkp) and A= igb

= A.20
1— kK1 1—kip ( )

The long-run mean Zz is also determined endogenously in the equilibrium. In the long-run
steady state, we have
z = Ap. (A.Ql)

We first derive k1 in equilibrium. After taking log on the both sides of (A.13) and plugging
(A.20) and (A.21) into the equation, we can obtain the following relation:

Inky =Z—In(l+e°) =% — ko + K1Z

= (1 —K1)Z — ko = Inod. (A.22)



Thus, the equilibrium log-linearization coefficient is equal to the representative agent’s time pref-
erence parameter; that is, k1 = ¢, in equilibrium.
From (A.15) and (A.20), it follows that

Ty — IE:t—l [Tt] = Bcacfc,t + /Bwem,ty (A23)

where the betas are
fe=1 and By =riA;. (A.24)

The Euler equation for the log market return, denoted by 7, and the risk free rate, denoted

by rf+—1, can be written in one equation
Ei 1 [e7] =By [€™F71] (A.25)

where r{ =7, —rf;_1 is the excess log return.
The Euler equation (A.25) leads to

1
Ei1 [T‘ﬂ = Acﬂcaz + A — 5 ( 30-3 + ﬁquQ)

_ oo 151 -1 1y K1’
=90t =50+ 5y = v - DT
1, 1 :
=0 = o0+ 52y -y =11 - w‘l)((;j_p)g (4.26)

The excess log return r¢ has the same conditional exposure to the shocks as the log return r;
since the log risk-free rate r¢;_1 has zero conditional exposure to the shocks e.; and £, ;. Therefore,
combining (A.20), (A.24), and (A.26), we can obtain that the excess log return in the equilibrium

can be represented as follows:

¢2
5+ Eas (A.27)

1 1 _ -
rf:703—702+*(27—¢ 1—1)(1_¢ 1)(5—17_/))

2°¢ 2
where 52715 = 0'0507t+(1_w_1)(1_p)_1¢5:c,t+0'r€d,t' The shock of the contemporaneous consumption
growth is €., the shock of the low-frequency component is €, ;, and the shock of the measurement
error is £4¢. The measurement error £4; is i.i.d. standard normal and is independent of other

shocks.

B Gaussian Limit in the Long-Run Risk Model

For the long-run risk model, we show that the Gaussian limit for the moment conditions is an

innocuous assumption even if p, — 1 and ¢, — 0 at any rate, as long as 6, = (1 — p,,)/dy is



bounded from above and below by some finite positive constants, where the subscript n denotes
the sample size n.

We start with the first moment condition. The observed process Ac; satisfies

Aciy1 — pAcy = ¢p (PnTi—1 + €xt) + Oc€cri1 — p (OnTi—1 + Oc€cyt)
= (bn(pn - p)wt—l + ¢n6x,t + Oc€ct+1 — POcEeyt- (Bl)

Multiply the first difference Aciy1 — pAct in (B.1) by Aci—1 = ¢ppxi—2 + 0cect—1. We obtain
My = Aci—1 (Acpy1 — pAcy) = Migy + Mipy + Micy + Mig + i, (B.2)

where

p = E[Aci 1 (Acrs — pAci)] = 63 (pn — p)pnElai_s),
Mgt = én(pn — p)on (275 — E[27_5])
My = dn(pn — p) (Octi—1€ci—1 + Pn®i—2E01-1) ,
Mict = onti—2 (Pnert + OcEetr1 — pOcecyt)

Mld,t = Oc€et—1 (anex,t + Oc€ct+1 — ,OUcﬁc,t) . (BS)

The moment condition satisfies

n
M, =n"1/? Z (Myy — E[My]) = Miq + My + My + Mg, (B.4)
t=1

where My; =n~1/23"7" | My, for j = a,b,c,d.
Below we consider three separate cases: (i) p, is bounded away from 1; (ii) p, converges to 1

Lie., (1 — py)n — oo; (iii) p, converges to 1 at the rate n=! or faster,

at the rate slower than n™
ie, (I —pp)n — c € [0,00). In all three cases, 6, = (1 — p,)/¢n is bounded below from 0 and
above from infinity. Therefore, ¢, always converges to 0 at the same rate at which p,, converges
to 1.

In case (i), we can apply the central limit theorem (CLT) for weakly dependent triangular
arrays and M; has a Gaussian limit.

Now we consider case (ii). We assume the initial condition satisfies E[z3] = o(n'/?) as in GP.
Following Lemma 1 of Giraitis and Phillips (2006) (hereafter GP),

1_,2)1/2 ™"
% Z Ti—1€xt —d N(Oa 1) (B5)

t=1



using Var(ey ;) = 1. We assume the initial condition satisfies E[z3] = o(n'/?) as in GP. Following

the proof for Lemma 1 of GP we also have

(1= )2

n

12 Ti_1€zp14+1 —a N(0,1),

t=1
(1=} ¢

7 D i t€crrj —a N(0,07), (B.6)
t=1

for any j following the independence of €, and €.y for any t # t'. Following equation (20) in the

proof of Lemma 2 of GP,

n
_ —3/2 —1
n V25 (@i —Elal)) = (1-02) P 2puzi+ (1 - p2) 7 2o + 2, (B.7)
t=1
where
1 2\1/2 ™
Z1 = (nlp/nZ) Z%ﬁ—l%,t —d N(O, 1),

t=1
Zy=n2Y (&, —1) =4 N(0,V,2),
t=1

g, = B—Elg) ok ~Ef])
PTlRI-gE) (- pf)

(B.8)

where the convergence for Z; holds by (B.5), the convergence for Zs follows from the CLT with

V2 being the variance of €2 ;. Then, we have M1, = 0,(1) because

62 (1= p2) 20,21 = 0,(1),
62 (1 p2) " Za = 0,(1),
62 Z3 = 0,(1), (B.9)

which in turn holds because 6, = (1 — p,)/by, is bounded, 23 = 0,(n'/?) by the initial condition,
and ¢2 (1 — p?L)_1 n~1/222 = 0,(1) by Lemma 3 of GP and the Markov inequality.
The other terms satisfy

My = 6,0,((1 = p7)"'/?) = 0y(1),
Mie = 6,0,((1 = p7)7'/?) = 0y(1), (B.10)

by ¢n = O((1 — pp)), (B.5) and (B.6). Then we can apply the CLT for triangular array of i.i.d.

random variables to M, and the Gaussian limit holds for Mj.



Finally, we consider the case (iii), where n(1—p,) — ¢ for ¢ € [0,00). Following Phillips (1987),

n n
n2Y af = 0,(1), nNY witeas = Op(1). (B.11)
t=1 t=1
We also have . "
n~! Z Ti_1€zt41 = Op(1) and n~t th,lec,tﬂ' = 0,(1) (B.12)
t=1 t=1

for any j, because €, is i.i.d. with mean zero and it is independent of €., ;, following results for

a vector process, see Park and Phillips (1988). Therefore,

My, = ¢2

n

Op(n*?) = O(n'2)(1 = )~ | = 0p(1),

My, = ¢,0,(n*?) = 0,(1) and M. = ¢,0,(n*?) = 0,(1), (B.13)

because ¢, = O(n~1). As in case (ii), we can apply the CLT to M4 to obtain the Gaussian limit
for M.
Next, we consider multiplying the first difference Ac;41—pAc; in (B.1) by Ac; = ¢dnxi—1+0c€cy.
We obtain
My = Acy (Aciy1 — pAcy) = Magy + Moyt + Mocy + Mag s + p2, (B.14)

where

p2 = E[Aci (Acpr1 — pAce)] = 65 (pn — p)Elai_] — po?,
Maar = @7 (pn — p)(x7-y — E[z7_4)),
MQb,t = ¢n(ﬂn - P)Ucl‘t—1€c7t7
Moct = Gpxi—1 (Pn€ayt + OcEeir1 — POcect)

M2d,t = Oc€cpt (¢n€x7t + Oc€ct+1 — pUCEC,t) . (B15)

As above, we consider three cases. In case (i) where p is bounded away from 1, we can apply the
CLT directly. In case (ii),

Mg =n""/? Z Msaz = ¢3(pn — p)n /2 Z (27_1 — E[z74]) = 0p(1) (B.16)
t=1 t=1

following the same arguments for My,. Similarly, we can show that Mo, and My, defined similarly
to My, and M. respectively, are both 0,(1) following the arguments for M;;, and Mj.. Finally, the

CLT always applies to Mag, the counterpart of My4. In case (iii), same arguments for My, give

Maq = 62 [0,(n?) = O ?)(1 = p2)71] = 0,(1). (B.17)



Arguments for My, My, and My, can be used to show the same results hold for their counterparts
Moy, Ms. and Moy, respectively.
Finally, the asset pricing moment condition always has a Gaussian limit because it is a location

model with an i.i.d. error.

C Additional Materials for the Empirical Application

First, we start with a discussion on the importance of studying the robust evaluation of time-
varying disaster risk models. After that, we verify the baseline moment conditions since they do
not depend on the model solution. Then, we solve the model and derive the equilibrium relations.

Lastly, we verify the asset pricing moment conditions.

Motivation. The time-varying disaster risk model has been one of the most influential frame-
works in the literature. For instance, the time-varying disaster risk mechanism has been used
to explain important empirical patterns in macroeconomic quantities (e.g., Gourio, 2012, 2013),
exchange rates and international capital flows (e.g., Gourio, Siemer, and Verdelhan, 2013; Martin,
2013; Farhi and Gabaix, 2015; Dou and Verdelhan, 2017; Lewis and Liu, 2017), global imbalances
(e.g., Gourinchas, Rey, and Govillot, 2017), volatile unemployment flows (e.g., Kilic and Wachter,
2018; Petrosky-Nadeau, Zhang, and Kuehn, 2018), prices of derivatives (e.g., Gabaix, 2012; Farhi
and Gabaix, 2015; Seo and Wachter, 2018, 2019), credit spreads (e.g., Gourio, 2013), and term
structure of return volatility and risk premia (e.g., Hasler and Marfe, 2016). Tsai and Wachter
(2015) and Welch (2016) provide lucid summaries of (time-varying) disaster risk mechanisms.
The feature of information imbalance is ubiquitous in macro asset pricing structural models,
especially in time-varying rare-disaster risk models (e.g., Chen, Dou, and Kogan, 2021). However,
the literature lacks a robust and efficient way to statistically evaluate these influential models or
reliably quantify model uncertainty embedded in these potentially fragile structural models. Using
this full-fledged example of the time-varying disaster risk mechanism, we show how to use the real
data, the structural asset pricing model, and our robust specification test procedure to construct
joint uncertainty sets of average return and volatility for the optimal robust portfolio problem.
Besides robust portfolio problems, data-driven model uncertainty sets are crucial for robustness
analysis of structural economic models in other dimensions (e.g., Hansen and Sargent, 2001, 2008,
2020; Cagetti, Hansen, Sargent, and Williams, 2002; Hansen, 2014; Bidder and Dew-Becker, 2016).
In particular, model uncertainty is intrinsic to climate change and thus is an essential element in
climate economics (e.g., Brock and Hansen, 2019; Barnett, Brock, and Hansen, 2020; Diebold and
Rudebusch, 2021). In practice, constructing statistically valid uncertainty sets of structural models
is also useful for formal econometric analysis accounting for model misspecifications (e.g., Andrews,
Gentzkow, and Shapiro, 2017; Cheng, Liao, and Shi, 2019; Bonhomme and Weidner, 2020; Arm-



strong and Kolesar, 2021). Robust inference methods with various identification problems recently
also are considered by Chen, Christensen, and Tamer (2018), Chen and Santos (2018), Andrews
and Guggenberger (2019), Andrews, Marmer, and Yu (2019), Han and McCloskey (2019), Mor-
eira and Moreira (2019), Cox (2020), Evdokimov and Zeleneev (2020), Kaji (2021), Montiel Olea
(2020), among others. Hansen, Lunde, and Nason (2011) provide a model confidence set for the
selection of forecasting models.

Although we focus on a real-data application on structural asset pricing models in the paper,
we emphasize that the proposed conditional specification test can also be applied to the setting
of linear asset pricing models studied by Kan and Zhang (1999), Kleibergen (2009), Beaulieu,
Dufour, and Khalaf (2013), Beaulieu, Dufour, and Khalaf (2020), Gospodinov, Kan, and Robotti
(2014), Burnside (2015); Kleibergen and Zhan (2015), Kleibergen and Zhan (2020), Anatolyev and
Mikusheva (2020), Antoine, Proulx, and Renault (2020), Laurinaityte, Meinerding, Schlag, and
Thimme (2020), and Manresa, Penaranda, and Sentana (2020).! Recently, as a complementary
contribution, a growing body of literature has started to apply machine learning techniques to
evaluate linear asset pricing models (e.g., Kelly, Pruitt, and Su, 2019; Feng, Giglio, and Xiu, 2020;
Giglio and Xiu, 2020).

Verifying the Baseline Moment Conditions. We now verify the baseline moment conditions.

The first moment condition is:

E[(Ac; — gc) + ppi ()] = Efoceci+1 — Ga1] + ppa ()
= —E [z441(v + Jip1)] + pur (@)
= —E[pe] pu (@) + ppr(a) = 0. (C.1)

The second moment condition can be derived similarly. The third moment condition can also be

easily verified as follows:

E [(Act —gc)? —o; — pﬂQ(a)] =E [(UcEc,t-i-l — Gp1)t — 02— p,ug(a)]
=E [Uggg,tﬂ + 21 (v + Jt+1)2] — az — pua(a)

= E [p] p2(a) — ppa(a) = 0. (C.2)

nstead of focusing on the test statistic itself, Lewellen, Nagel, and Shanken (2010), Daniel and Titman (2012),
Ahn, Conrad, and Dittmar (2009), and Nagel and Singleton (2011) emphasize and propose new methods for con-
structing informative test assets to increase the power of testing linear factor models.
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The fourth moment condition can be verified in the same way. The fifth moment condition is

verified below.

E [Aci—1 [Aci1 — pAc + (1 — p)(ppi(a) — go)]]
=E[Aci—1[(0ceciy1 — CGig1) — p(Ocget — G) + (1 — p)pui(a)]] . (C.3)

The law of iterated expectation further leads to

E [ACt_l [(chc,t—l-l - Ct+1) (chct Ct) ( )pﬂl( )H
= —E[Aci1Ee—1 [G1 — p& — (1 — p)ppa(a)]]
= —E[Ac1 B [z (v + Je1) — pre(v + J) — (1= p)ppa(a)]] .- (C4)

Applying again the law of iterated expectation leads to

E[Aci-1 i1 [we41 (v + Jig1) — pre(v + i) — (1 = p)ppa(a)]]

=E[Aci1Ee1 [Bt (21401 (v + Ji1)] — ppe—1pn (@) — (1 = p)ppa(a)]]
=E[Aci1Ee1 [pe — ppe—1 — (1 = p)p]] (@)

=E[Aci1Ei1 [oppep ] p1(a) = 0. (C.5)

The sixth moment condition can be verified in the same way.

Model Solution. We next derive the equilibrium of the model. Because the EIS coefficient is
one, the first-order condition of optimal consumption leads to C; = (1 — §)W;. Because of the

homotheticity of the preference, it is natural to conjecture that

where Z(p;) is a deterministic function of p;, capturing the marginal value of net worth. The
specification of the dynamics is consistent with the exponential-affine models, and thus, we further

conjecture that
I(ps) = elothre, (C.7)

with constants Iy and I; to be determined by the equilibrium conditions.
The constants Iy and I; can be solved by plugging (C.6) and (C.7) into the recursive value
function relation. Specifically, it holds that

Io+Ipi+InCy=(1—8)InC; + (1 — ) ' InE, [e<1ﬂ><fo+hpt+l>ct1+—f : (C.8)

11



The relation above can be rewritten as
1
Io+ Iips =6 [Io + Ii(1 — p)p + Lipps + gc] + 55(1 — ) (Ifo2p* + o?)
+ (1 - 7)715 [1{pt20}pt€(a77 - 1) - 1{pt<0}pt£(a7 1- 7)] ) (Cg)

with E(Oé, Jf) = exym 1.

Because 1y, <0ypt = 0 under the relevant calibrations, we can rewrite (C.9) as

1
Io+Iipy ~ 6 [Io+ I (1 — p)p + Lipp + ge) + 7001 =) (IFolp* +07)

+ (1= 7)1 >0 pel(c, y — 1). (C.10)
By matching the constant term and p; term, we obtain that

L~ 6Lip+ (1 —7)"t6l(a,y—1) (C.11)

1
%6I0+6I1(1—p)p+5gc+§5(1—7) (1120]2,1)2—%0 ) (C.12)

Equation (C.11) has one root, which is the solution for I in equilibrium:

Z(O&, Y- 1)
L = . C.13
TG (€1

Thus, after plugging (C.13) into (C.12), we can obtain the solution for Ij in equilibrium:
0 1 2 2 2

I() 1_5 Il(l— )p—i—gc—|—§( )(I p +O’ ) . (014)

The equilibrium stochastic discount factor (SDF) is
My =90 < é“) 8 (C.15)

2w

Thus, by combining (C.6), (C.7), (C.13), and (C.14), the SDF expression in (C.15) can be rewritten

as follows:

Ct+1 - 6(1_7)(10+11pt+1)
Mt+1 =9 C 1—vy)({o+1 —
t E; [ (I—y) o+ 1pt+1)(Ct+1/Ct)1 'y:|
5 Cii1 e(1=7)lo+11 (1—p)p+1I1ppt+110ppep,t41]
- ( Cy > E, [e( —7)(10+11pt+1)(C’t_i_l/c't)l—y] :

(C.16)

12



Here, the expected value function with power 1 — v can be computed as follows:

E, [e(l—v)(lo+11pt+1)(Ct+1/ct)1—v

— Et |:€(177)(10+11(17p)p+llppt+11(7pp€pyt+1+gc+o'cgcyt+l7<'t+1)i|
— (I=NUo+L(=p)p+lippetge)+5 (1=7)* (Fopp*+o2) [6_(1_7)Ct+1:|

= e(NUoth(A=p)p+Lippitge)+5 (1= (Fopp™+02) 1 4 p,p(a, v — 1)]. (C.17)

After plugging in the equilibrium value function and rearranging the terms, we get the log SDF,

denoted by myy1 = In Myy1 as follows:

M1 =16 — y(ge + ettt — Gr1) + (1 =) [1oppep i1

(=g — 5 (1 =202 + 02) ~ pit(a,y — 1) (C.18)
Re-arranging terms leads to
mit1 = Do+ T1ps — AeOceeit1 — ApOpDep,i+1 + AcCit, (C.19)
where the predictive coefficients are

1
Lo =10 —ge — - (1=)* (lfopp” + 07)

I =—l(a,vy—1), (C.20)
and the loading coeflicients are
Ae=7, Np=(y—1I;, and A\; =1. (C.21)
The log risk-free rate, denoted by rf; = —InE; [M;11], is

rre = —InE; [ ]
1
= =T = 5 (N0 + Ajopp?) — [T1 + £(a, A)]

=~ 6+ go— 5(2y — Do? ~ [a7) ~ oy~ V] (C22)

Using the Campbell-Shiller decomposition and log-linearization approximation, we can repre-

sent the log return in terms of log price-dividend ratio and log dividend growth:

T+l = Km0 + Km,12m,i+1 + Adiy1 — Zm ¢, (C.23)

13



where

Km0 = In(1 + €*™) — K 1Zm (C.24)
and _
S C.25)
Km,1 = 1+ om (C.

and Z,, is long-run mean of market log price-dividend ratio.

Using the log-linearization approximation, we search the equilibrium characterized by
Zm,t = Am,O + Am,lpt7 (026)

where the constants A,, o and A,,1 can be computed recursively as follows.
Define the period-t price of the dividend strip paid at the period ¢ + n as H(Dy,pi,n) =
E; [M 440Dt yrn) where My 41y = e2i=1™t+i The price function H(Dy, pi,n) satisfies the following

recursive relations:

H(Dy,py,n) = Ey [ H(Dyy1,pev1,n — 1)] (C.27)
H(Dtvptvo) = Dta (028)

for arbitrary ¢ and n > 1.
We conjecture that H(Dy,pi,n) = DyeAntBnpt - Then, the recursive relations in (C.27) and

(C.28) can be rewritten as follows:
eAn+Bnpt =T, |:6Adt+1+mt+1+An—1+Bn—1pt+1:|
=F, |:e(gd+¢0'656,t+1_¢Ct+1)+(F0+F1pt_>\cac5c,t+l_Apappsp,t+1+)\Cgt+1)"F(Anfl"!‘anlthrl)]
_ eAn+BnptEt {e(¢—/\c)0c€c,t+1+(3n—1—Ap)appfp,t+1+()\g—¢)Ct+1}
_ eAn+Bnpt+§(¢—»y)2ag+§[anl—(v—l)h]%;p?Et [6(7—¢)<t+1} 7 (C.29)

where A, = gq+ Lo + Apn_1 + B,—1(1 — p)p, and B, =T4 + By_1p.

The moment generating function of (441 gives

InE, {6(77@@“] ~ pl(a,y — o). (C.30)
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Thus, A, has the following recursive relation:

~ 1 1
An = Ao+ 5(0— V)20l + 5 [Ba-1— (7= 1) 0)? o2p®
1 1
=ga+To+ Ana+ Bua(l=plp+ (6= 7)°07 + 5 [Bar = (v = 1)L]? o2p?
1 1
=106+ (92 — 9¢) — 5 (1 =7)* (IHopp® +07) + (6 — 1)t
1
+An-1+ Buoa(l=p)p+ 5 [Br1 = (v = DL opp?, (C.31)
and B, has the following recursive relation:
By, = Bn + L4,y = @)
= pBn_1 +(a,y — @) — L(a,y — 1), (C.32)
with initial values Ay = By = 0.
Therefore, it holds that
1—-p"
B, = 1_ P [5(0&,’)/ - qb) - ﬁ(a’y - 1)] : (033)

Because orgp ~ 0, equation (C.35) can be rewritten as

1
Ap = Any R I8+ (g0 = ge) + 5 (6 = D)(¢ + 1= 29)a?

+ (1= p") [l(a,y — ¢) — £(a,y — 1)] p. (C.34)

Thus, it holds that

7

An:nlng—l_p
1—p

[(a,y — @) — L,y — 1)] p, (C.35)

where 0 is referred to as the effective time preference coefficient (Barro, 2009), and the log of the

effective time preference coefficient is equal to
= 1
d =0+ (g0 = ge) + 5(¢ = (@ + 1= 27)o¢ + [l v = ¢) = £,y = D] p. (C.36)

Therefore, the log price-dividend ratio is

+oo
Zmt = In [Z eA”+B”pt] . (C.37)

n=1
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According to Taylor expansion in terms of p; around p, it follows that

ZJ’_OO B e n+Bnp

Apap and Ay, g = (C.38)

+o0
Am 0= ln E €A7L+B7Lp
n=1

And thus, it holds that

1 Z+oo n(lnd+np) 1
Am1 = 1-p [(a,y — ¢) — L(a,y —1)] — = oms 1= [0(a,y — &) — £(er,y — 1)]
|4 p 16 o -
B {1—,0 1_[)1—[)5] (e, y — @) — £(a,y — 1)]

_1-pd—p(1-9)

[E(OQ’Y - ¢) - E(OQ’Y - 1)]

(1= p)(1 =)

Y e — b — bt —

T e e )

:1_1 = [0,y = ¢) = la,y = 1)]. (C.39)
P

In principle, the persistence parameter p can be infinitely close to 1, and thus, we require the
effective time preference coefficient to be less than one (i.e., § < 1).
According to (C.33) and (C.35), it follows that

Apo=In [Z " — Apip
n=1
)
=In T 5|~ Apap, (C.40)
and the long-run average log price-dividend ratio is
)
Zm = Amo+ Apip =1In [1 5] . (C.41)
Plugging back into (C.25), we obtain that
F 1 = 0 = Sel9a—90)+5 (=1 (o+1-27)a2 +[l(ayy—¢) —L(ay—1)]p_ (C.42)

Because 02 ~ 0 and p ~ 0, the following approximation works well for relevant parameter regions:

Fom,1 = 0 ~ del9a=9¢), (C.43)
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According to (C.23) and (C.26), the log market return can be rewritten as

Tmt+1 = Bt [Pmtr1] = Beoctett1 + Bpoppep i1 — B¢ [Cev1 — peia ()], (C.44)
where 3. = ¢, B, = km,14m,1, and B¢ = ¢. The Euler equation for the log market return is
1=F, [er7n,t+1+mt+1] , (045)

which leads to
Et [eth] — Et [67‘m,t+1_7"f,t+mt+l} . (0.46)

It further leads to

oEt [mig1]+3 12024220 2p?] —’thm(Oé)Et |:€'7§t+1i|

= (Belmen+Eelrm 1] =rp ot 3 [(0-7)202+(8p=29) 05p% |- (7= @)pem () g, [e(w—¢)<t+1} _ (C.47)
Finally, rearranging terms leads to

1
E: [Tm,t+1] —Tft= ¢’703 + BpkpaﬁpQ + (e, y) = (o, y — @) — i ()] pr — B (¢203 + ;%Uin) .

Now, we derive the yield of the defaultable government bond, denoted by ¥, and we express

the log government bond return as follows:

That+1 = Yot — Toa+1(U + Jit1)- (C.48)

A default on the government bond occurs with probability ¢ conditional on the occurrence of a
disaster. Thus, by definition, it holds that

E, [Tb,t+1] = Yb,t — PtqH1 (04)- (0-49)

According to the Euler equation of the defaultable government bond and the risk-free bond, it
holds that
E, [emt“”bvt“_”f’t] = [E; [e"™*]. (C.50)
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Some calculations show that the following relation approximately holds:

I E, [+ =rs]
1 1

=To+Tpr+ Y — s+ 57700 + SA0pp7 + InEy [¢10rvr et ]

_ _ Loo 1igoo _ _

= Lo+ Tupe+ype =10+ 57700 + 540507 +[(L = a)l(@, ) +glla,y = Dlpe. (C.51)
Combining (C.22), (C.50), and (C.51), it follows that

Yor — e = q[f(a,y) = o,y = 1)] pr. (C.52)

Further, putting (C.49) and (C.52) together, we obtain the following relation:

B [rpe41] — e = q[€(o,y) — (e, vy — 1) — pa ()] ps. (C.53)

Therefore, the conditional mean of excess log returns of the market portfolio relative to the de-

faultable government bill is

Et [Fmir1 — This1] = 0707 + Bprpoap® + (Lo, y) — £,y — ¢) — ppa ()] pe (C.54)

— 5 (G0 + Bo?) — altle,n) — oy = 1) — (@)l

and the conditional variance of excess returns of the market portfolio relative to the defaultable

government bill is

Vary [rmt+1 — Tb,t+1] = Varg [pocec i1 + Bpoppeptr1 — (dTi1 — !L“b,t+1)(y + Jir1)]

= ¢%02 + B2o2p? + (8* — 26q + q) prpa(a) — (¢ — @)*piun (@) (C.55)

Verifying the Asset Pricing Moment Conditions. Lastly, we verify the asset pricing mo-
ment conditions. The first moment condition is the expected log return of defaultable government
bills:

Efrye] —wi(9) = (E[rpe] —rpe—1) + 7501 — wi(9). (C.56)
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Plugging (C.22) and (C.53) into the equation above, it follows that

E[rps] —wi1(¥) = q[l(a,y) — lla,y = 1) — pr ()] E [pg—1]

— b+ ge — 5(27 = 102 = [ y) = ey = D] Efpet] - w1 (9)

=~ 6+ ge— 52y~ Do? — (1= a)pltla,) — oy — 1] = appr () — w1 (9)
=~ I+ g~ 5(27 = Do — apa(@) = (1 = D (0) L — e (9)

—0, (C.57)

where h; (9) = a [em _ ey(*r—l)ao‘_;vll _

The second asset pricing moment condition is the unconditional variance of the log government

bill return:
Erps —wi (79)]2 — w2 (V) = Var [Ei1(rp4)] + E [Vari—1(rp,)] — w2(9) (C.58)

Plugging in the equilibrium expressions for Var [E;_1(ry+)] and E [Var;_1(rp;)], the equation above

can further lead to

E[ry; — wi(9)])* — wa(®)

2 oop’
=[(1 =), 7) = la,y = 1)) + qui(e)] 1i7p2
0.2
+ appa() = ¢°p*pa(o)? (1 + 1_pp2> — ws(0). (C.59)

According to the definition of the function wq () and the equation above, it follows that
E [ — w1 (9] — ws(d) = 0. (C.60)

The third asset pricing moment condition is the unconditional mean of the excess log market

return relative to the defaultable government bills. The excess log market return is

rfn,t =Ei [rimt] + ¢ocect + Bpop/Peppt (C.61)
= ¢[we(v+ Ji) — pr—1pa ()] + [wp (v + i) — qpe—1p1 ()]
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with the conditional expected excess log market return to be

Ei1 [rfi] = 0707 + Bpdpoap® + [, ) — Lo,y — ¢) — dpa(a)] -

1
=5 (@02 + Bopp?) — alt(eny) — Ly y = 1) — ()] pea (C.62)
Therefore, the unconditional mean of excess log market returns is

E [r6,.] = ho(9) + ha(9)——, (C.63)

1
where ho(9) = ¢y07 + BpApoap® — 3 (0?02 + Byogp®)

_ PR eI 1| C ) N S A viy-1)_ YT |, _
h3(¥) = o | (1 — q)e® —e i P (a=7)(¢ — Qui(a).

The fourth asset pricing moment condition is the unconditional variance of the excess log
market return relative to the defaultable government bills. The unconditional variance has the

following decomposition:
Var [Tmel] =E [Vart(rfn’tﬂ)] + Var []Et (rf,%tJrl)] . (C.64)

The unconditional mean of the conditional variance is

E [Vary (rf,141)] = E[¢°07 + Booop” + pilq — 20q + ¢ )pz(a) — pi(q — ¢)*pa(e)?] (C.65)
2,2
= 602 + B2 + (4 — 260+ P)a()p — (a — 6)*m(a)? (f_pp +p2> .

The unconditional variance of the conditional mean is

Var (Bt (rp, 141)] = Var [(1 = @)l(a, ) = L,y = ¢) + ql(e,y = 1) = (¢ — @)pa(@)) pi]

0.2 2
= [(1 = g)(a,v) = o,y = §) + e,y = 1) = (¢ — @) (@) 1 ﬁppz
, 1 o
= h3(V) @RI 2 (C.66)

The sixth asset pricing moment condition can be derived as follows, and the fifth asset pricing

moment can be derived similarly. The excess log market return in period ¢ + 1 is
p
Tmir1 = ho(0) + hg(ﬁ)ﬁ + €41, (C.67)

where €41 is a random variable such that E; [e;+1] = 0. Thus, the excess log market return in
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period t + 1 can further expressed in terms of p;_1:

Trt+1 = ho(9) + ha(9)(a — V) = p)p + ppr—1 + oppep] + €111
= ho(?) + h3(19)% +h3(9)(a =) p(pr-1 — p) + &, (C.68)

where E;_1 [é;] = 0 with & = h3(0)(a — ¥)oppeps + €141-
The log price-dividend ratio is

1
Zmit — Zm = —ho () (pr — p). (C.69)
1—po
Plugging (C.69) into (C.68), it follows that
1—pd .
i = 05(9) + P 0) g (9) (o — Z) 20 (©.70)

Therefore, according to the definition of wg(1}) and the equation above, the asset pricing moment

condition follows,

Ei_q [rfn,t-i-l — wg(ﬁ)(zm,t_l — fm) — W3(19)] =0. (071)

D Robustness Check for the Simulation Result

In Figure 1 of the main text, for each model, the true value of # and its parameter space are
both calibrated based on the asset pricing moment condition, which links the equity premium to
the structural parameter 6. Specifically, the true value of 8 is calibrated to match an annual equity
premium of 6% and the bounds of the parameter spaces are calibrated to match 3% and 9%. Here
we report a figure similar to Figure 1 of the main text, but the parameter spaces for both models
are calibrate to match equity premium between 2% and 10%, as robustness checks. Compared to
Figure 1 of the main text, this additional figure demonstrates similar patterns. For each test, the
level of the local power does slightly vary with the parameter space because the baseline moments

are nearly flat.
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Figure 1: Parameter space calibrated with equity premium between 2% and 10%
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Note: Panels A and B plot the rejection probabilities of three different specification tests for the disaster risk model and
the long-run risk model, respectively, based on the simulated data. In both panels, the solid curve represents the rejection
probability of the conditional specification test; the dashed curve represents the rejection probability of the J test; the dotted
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all three specification tests.

ANDREWS, D. W. K., V. MARMER, AND Z. YU (2019): “On Optimal Inference In The Linear Iv Model,”
Quantitative Economics, 10(2), 457-485.

ANDREWS, I., M. GENTZKOW, AND J. M. SHAPIRO (2017): “Measuring the Sensitivity of Parameter
Estimates to Estimation Moments*,” The Quarterly Journal of Economics, 132(4), 1553-1592.

ANTOINE, B.; K. PrOULX, AND E. RENAULT (2020): “Pseudo-True SDFs in Conditional Asset Pricing
Models,” Journal of Financial Econometrics, 18(4), 656-714.

ARMSTRONG, T. B., AND M. KOLESAR (2021): “Sensitivity Analysis Using Approximate Moment Condi-
tion Models,” Quantitative Economics, 12(1), 77-108.

BARNETT, M., W. BROCK, AND L. P. HANSEN (2020): “Pricing Uncertainty Induced by Climate Change,”
The Review of Financial Studies, 33(3), 1024-1066.

BARRO, R. J. (2009): “Rare Disasters, Asset Prices, and Welfare Costs,” American Economic Review,
99(1), 243-64.

BeAULIEU, M.-C.; J.-M. DUFOUR, AND L. KHALAF (2013): “Identification-Robust Estimation and Testing
of the Zero-Beta CAPM,” The Review of Economic Studies, 80(3), 892-924.

(2020): “Arbitrage Pricing, Weak Beta, Strong Beta: Identification-Robust and Simultaneous

Inference,” Working papers.

BIDDER, R., AND I. DEw-BECKER (2016): “Long-Run Risk Is the Worst-Case Scenario,” American Eco-
nomic Review, 106(9), 2494-2527.

BONHOMME, S., AND M. WEIDNER (2020): “Minimizing Sensitivity to Model Misspecification,” Working
papers.

BrOCK, W. A., AND L. P. HANSEN (2019): “Wrestling with Uncertainty in Climate Economic Models,”
Working paper, University of Chicago.

BURNSIDE, C. (2015): “Identification and Inference in Linear Stochastic Discount Factor Models with
Excess Returns,” Journal of Financial Econometrics, 14(2), 295-330.

CAGETTI, M., L. P. HANSEN, T. SARGENT, AND N. WILLIAMS (2002): “Robustness and Pricing with

22



Uncertain Growth,” The Review of Financial Studies, 15(2), 363—404.

CHEN, H., W. W. Dou, AND L. KoGaAN (2021): “Measuring the 'Dark Matter’ in Asset Pricing Models,”
Journal of Finance, Forthcoming.

CHEN, X., T. M. CHRISTENSEN, AND E. TAMER (2018): “Monte Carlo Confidence Sets for Identified
Sets,” Econometrica, 86(6), 1965-2018.

CHEN, X., AND A. SANTOS (2018): “Overidentification in Regular Models,” Fconometrica, 86(5), 1771
1817.

CHENG, X., W. W. Dou, AND Z. L1ao (2021): “Macro-Finance Decoupling: Robust Evaluations of Macro
Asset Pricing Models,” working paper, UCLA and University of Pennsylvania.

CHENG, X., Z. L1ao, AND R. SHI (2019): “On uniform asymptotic risk of averaging GMM estimators,”
Quantitative Economics, 10(3), 931-979.

Cox, G. (2020): “Weak Identification with Bounds in a Class of Minimum Distance Models,” Working
papers.

DANIEL, K., AND S. TITMAN (2012): “Testing Factor-Model Explanations of Market Anomalies,” Critical
Finance Review, 1(1), 103-139.

DieBoLD, F. X., AND G. D. RUDEBUSCH (2021): “Probability Assessments of an Ice-free Arctic: Com-
paring Statistical and Climate Model Projections,” Journal of Econometrics, Forthcoming.

Dou, W., AND A. VERDELHAN (2017): “The Volatility of International Capital Flows and Foreign Assets,”
Unpublished working paper, MIT.

EvpokiMov, K. S.; AND A. ZELENEEV (2020): “Issues of Nonstandard Inference in Measurement Error
Models,” Working paper.

FArHI, E., AND X. GABAIX (2015): ¢ Rare Disasters and Exchange Rates,” The Quarterly Journal of
Economics, 131(1), 1-52.

FENG, G., S. GIGLIO, AND D. X1U (2020): “Taming the Factor Zoo: A Test of New Factors,” The Journal
of Finance, 75(3), 1327-1370.

GABAIX, X. (2012): “Variable Rare Disasters: An Exactly Solved Framework for Ten Puzzles in Macro-
Finance,” Quarterly Journal of Economics, 127(2), 645-700.

GigLIo, S., AND D. XI1u (2020): “Asset Pricing with Omitted Factors,” Journal of Polical Economy,
Forthcoming.

GIrAITIS, L., AND P. C. B. PHILLIPS (2006): “Uniform Limit Theory for Stationary Autoregression,”
Journal of Time Series Analysis, 27(1), 51-60.

GospobpINOV, N., R. KaN, aND C. ROBOTTI (2014): “Misspecification-Robust Inference in Linear Asset-
Pricing Models with Irrelevant Risk Factors,” The Review of Financial Studies, 27(7), 2139-2170.

GouRrINCHAS, P.-O., H. REY, AND N. GOVILLOT (2017): “Exorbitant Privilege and Exorbitant Duty,”
Working paper, University of California at Berkeley and London Business School.

GouRrlo, F. (2012): “Disaster Risk and Business Cycles,” American Economic Review, 102(6), 2734-66.

GouRrlo, F. (2013): “Credit Risk and Disaster Risk,” American Economic Journal: Macroeconomics, 5(3),
1-34.

Gourlo, F., M. SIEMER, AND A. VERDELHAN (2013): “International Risk Cycles,” Journal of Interna-
tional Economics, 89(2), 471 — 484.

HAN, S., AND A. McCLOSKEY (2019): “Estimation and Inference with a (Nearly) Singular Jacobian,”

23



Quantitative Economics, 10(3), 1019-1068.

HANSEN, L. P. (2014): “Nobel Lecture: Uncertainty Outside and Inside Economic Models,” Journal of
Political Economy, 122(5), 945-987.

HANSEN, L. P., AND T. J. SARGENT (2001): “Robust Control and Model Uncertainty,” American Eco-
nomic Review, 91(2), 60-66.

(2008): Robustness. Princeton University Press, first edition edn.

(2020): “Macroeconomic Uncertainty Prices when Beliefs Are Tenuous,” Journal of Econometrics.

HANSEN, P. R., A. LUNDE, AND J. M. NASON (2011): “The Model Confidence Set,” Econometrica, 79(2),
453-497.

HASLER, M., AND R. MARFE (2016): “Disaster Recovery and the Term Structure of Dividend Strips,”
Journal of Financial Economics, 122(1), 116 — 134.

Kaur, T. (2021): “Theory of Weak Identification in Semiparametric Models,” Econometrica, Forthcoming.

KAN, R., AND C. ZHANG (1999): “Two-Pass Tests of Asset Pricing Models with Useless Factors,” The
Journal of Finance, 54(1), 203-235.

KELLY, B. T., S. PRUITT, AND Y. SU (2019): “Characteristics Are Covariances: A Unified Model of Risk
and Return,” Journal of Financial Economics, 134(3), 501 — 524.

Kiuic, M., aND J. A. WACHTER (2018): “Risk, Unemployment, and the Stock Market: A Rare-Event-
Based Explanation of Labor Market Volatility,” The Review of Financial Studies, 31(12), 4762-4814.
KLEIBERGEN, F. (2009): “Tests Of Risk Premia In Linear Factor Models,” Journal of Econometrics, 149(2),

149 - 173.

KLEIBERGEN, F., AND Z. ZHAN (2015): “Unexplained Factors and Their Effects on Second Pass R-
squared’s,” Journal of Econometrics, 189(1), 101 — 116.

KLEIBERGEN, F., AND Z. ZHAN (2020): “Robust Inference for Consumption-Based Asset Pricing,” Journal
of Finance, 75(1), 507-550.

LAURINAITYTE, N., C. MEINERDING, C. SCHLAG, AND J. THIMME (2020): “GMM Weighting Matrices in
Cross-Sectional Asset Pricing Tests,” Working papers, Goethe University Frankfurt and Leibniz Institute
for Financial Research SAFE.

LEWELLEN, J., S. NAGEL, AND J. SHANKEN (2010): “A Skeptical Appraisal of Asset Pricing Tests,”
Journal of Financial Economics, 96(2), 175 — 194.

Lewis, K. K., aAnD E. X. Liu (2017): “Disaster Risk and Asset Returns: an International Perspective,”
Journal of International Economics, 108, S42 — S58.

MANRESA, E., F. PENARANDA, AND E. SENTANA (2020): “Empirical Evaluation of Overspecified Asset
Pricing Models,” Working papers, CEMFL.

MARTIN, I. (2013): “The Lucas Orchard,” Econometrica, 81(1), 55-111.

MonNTIEL OLEA, J. L. (2020): “Admissible, Similar Tests: A Characterization,” Econometric Theory,
36(2), 347-366.

MOREIRA, H., AND M. J. MOREIRA (2019): “Optimal Two-Sided Tests for Instrumental Variables Regres-
sion with Heteroskedastic and Autocorrelated Errors,” Journal of Econometrics, 213(2), 398 — 433.

NAGEL, S., AND K. J. SINGLETON (2011): “Estimation and Evaluation of Conditional Asset Pricing
Models,” The Journal of Finance, 66(3), 873-909.

PARK, J. Y., AND P. C. B. PHILLIPS (1988): “Statistical Inference in Regressions with Integrated Pro-

24



cesses: Part 1,” Econometric Theory, 4(3), 468-497.

PETROSKY-NADEAU, N., L. ZHANG, AND L.-A. KUEHN (2018): “Endogenous Disasters,” American Eco-
nomic Review, 108(8), 2212-45.

PHILLIPS, P. C. B. (1987): “Towards a Unified Asymptotic Theory for Autoregression,” Biometrika, 74(3),
535-547.

SEO, S. B., AND J. A. WACHTER (2018): “Do Rare Events Explain CDX Tranche Spreads?,” The Journal
of Finance, 73(5), 2343-2383.

(2019): “Option Prices in a Model with Stochastic Disaster Risk,” Management Science, 65(8),
3449-3469.

Tsal, J., AND J. A. WACHTER (2015): “Disaster Risk and Its Implications for Asset Pricing,” Annual
Review of Financial Economics, 7(1), 219-252.

WELCH, I. (2016): “The (time-varying) Importance Of Disaster Risk,” Financial Analyst Journal, 72(5),
14-30.

25



	Derivations of Asset Pricing Moments in Examples
	Solution of the Disaster Risk Model
	Solution of the Long-Run Risk Model

	Gaussian Limit in the Long-Run Risk Model
	Additional Materials for the Empirical Application 
	Robustness Check for the Simulation Result 

