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Appendix A contains the details of calculations for particular sets C discussed in Sec-
tion 4.3.4 and Remark 3.1. Appendix B develops a specification test of the null Hy: c € C.
Appendix C contains the asymptotic coverage and efficiency results discussed in Sec-
tion 4. Appendix D discusses extensions allowing for global misspecification. Appendix E
gives a construction of a submodel satisfying Assumption C.1, verifies the conditions
in Appendix C in the misspecified IV model, and collects auxiliary results used in Ap-
pendix C.

APPENDIX A: DETAILS OF CALCULATIONS

This Appendix contains the details of calculations for particular sets C discussed in Sec-
tion 4.3.4 and Remark 3.1.

A.1 Cressie—Read divergences

Consider the problem in equation (15) under constraints of the form {c: c3~lc < M?}.
The Lagrangian for this problem can be written as

2HO+ M (8%/4— (c —T9)S7 (¢ —T) + n(M? - /37\¢)

(we multiply the objective function by 2 so that its optimized value equals «(5)). The
first-order conditions imply that at optimum, ¢ = )\]’Erl 510, and 6 = % (I's-nH-1H.
Plugging these expressions into the constraints yields M? = H(I"S~'T')"'H’/ )\% and
8%/4 = H(F’Eill“)*lH’/)\%. Since H(I'3~'I)~1H' = k’LS’UEkLS,O, solving for A; and A,

and plugging into the expression for 6 yields

o= 22HM (psory

v/ kis,oszS,O
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Thus, 0 (8) =2H60 = (6 +2M), kg (2kLs,0. With this form of , the bound in equation
(18) becomes

(1 -a)(z1—a + M) + ¢ (21-a)

K*(H,F,Z,C): cv (M)

This efficiency equals at least min{«% ,,1 — a}, where kL, = (1 = @)z1_o + ¢ (21-0))/

z1_q/2 denotes the efficiency given in equation (19) when C is a linear subspace. To show
this, observe that cv) (M) <1 for all M > 0. Therefore, the derivative of

(1 —a)(z1—a + M) + ¢(z1-o) — min{1 — a, k%, } cva (M)

with respect to M, given by 1 — « — min{l — «, Ki”a}CV/a(M ), is always nonnegative.
Since the expression in the above display equals (K‘i‘,a — min{xi‘,a, 1 —a})zi_qp >0 at
M =0, it follows that it is always nonnegative. Rearranging it then yields «.(H, T, 3,C) >
min{xL , 1 — a}. Furthermore, it follows from equation (529) below that the efficiency of

*,00
one-sided CIs at ¢ = 0 is given by kO — 1.

A.2 £, bounds

We now consider the form of the optimal sensitivity when the set C = C(M) takes the
form in equation (12), and |-|| corresponds to an £, norm, as discussed in Remark 3.1.
First, we explain the connection with penalized estimation. Since ¢ = Bvy, one can write
the approximately linear model in equation (13) as

Y =-T'60+ By+ 32,

which one can think of as a regression model with correlated errors, design matrix
(—T, B), and coefficient vector (¢',v’). With this interpretation, it is clear that if the
number of regressors dg + d,, is greater than the number of observations dg, the con-
straint on the norm of vy is necessary to make the model informative. Using the observa-
tion from Remark 3.1 that %gm (k) = |B’k|| ,y, it follows that the optimization problem
in equation (10) under C = C(1) is equivalent to

min kK'Xk stH=-kT and [Bk|,<B. (S1)
We now specialize the results to the cases p =2 and p = co. We discuss the case p =1in
a working paper version of this paper (Armstrong and Kolesar (2020)).

A.2.1 p=2 Inthiscase, the Lagrangian form of (§1) becomes

mink'(S+ABB )k s.tH = —k'T,

with the Lagrange multiplier A giving the relative weight on bias. Optimizing this ob-
jective is isomorphic to deriving the minimum variance unbiased estimator of H6 in a
regression model with design matrix —I" and variance 3 + ABB’, so the Gauss—-Markov
theorem implies that the optimal sensitivities are k), = —H (I"W, ")~ 'I"W, where W) =
[3+ ABB'1 L.
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A.2.2 p=oo0 Write the Lagrangian form of (S1) as

min kK'3k/2+ M|B'k|, st.H=—kT. (S2)

It will be convenient to transform the problem so that the ¢; constraint only involves d,
elements of k. Let

_( B -1 _
T= ((B/B)]B/> s T - (BJ_ B) 5 (83)

where B, is an orthonormal matrix that’s orthogonal to B. Then, since 7B = (0, Idy)’,
the above minimization problem is equivalent to the problem

IIlKil’lK/SK/Z—‘r )\Z|K,-| s.t. H = —G'k,

iel

where k = T 'k, S=T3T', G =TT, and I = {dg —d,, ..., dg} indexes the last d,, ele-
ments of «.

To minimize the above display and give the solution path as A varies, we use ar-
guments similar to those in Theorem 2 of Rosset and Zhu (2007). For i € I, write «; =
K4, — K— i, where k4 ; = max{k;, 0} and k_ ; = —min{x;, 0}. We minimize the objective
function in the preceding display over {k ;, k_;, kj: i € I, j ¢ I} subject to the con-
straints x4 ; > 0 and x_ ; > 0. Let u denote a vector of Lagrange multipliers on the re-
striction —H’ = G’«. Then the Lagrangian can be written as

KSK/24 XD (it ko )+ W/ (H + G'k) = Y Ay kg i+ A ik_ ).

iel iel

The first-order conditions are given by

eiSk+eiGu=0, ielC, (S4)

eSk+eGu+A=Ay;, i€l (S5)

—(6;-SK+€;-G/.L)+/\=/\_’,', iel. (S6)

The complementary slackness conditions are given by A, jx, ; =0and A_ ;x_ ; =0 for

i € I, and the feasibility constraintsare Ay ; >0, A_ ; > 0foriel and —H' = G'«.
Let AC ={i:iel, k; =0},andlet A= {i: i ¢ A€} denote the set of active constraints.
Let s denote a vector of length |.4| with elements s; = sign(k;) if i € [ and s; = 0 otherwise.
The slackness and feasibility conditions imply that if for i € I, x; > 0, then Ay ; =
0, and if k; < 0 or A_; = 0. It therefore follows from (S5) and (S6) that 6;-SK + e;.G,u =
—sign(k;)A = —s;A. We can combine this condition with (54) and write

eSk+e,Gu=—siA, icA (S7)

On the other hand, if i € A€, then since A4,; and A_ ; are nonnegative, it follows from
(S5) and (S6) that

|eiSk + ¢iGu| < A=|e[Sk+eGul, ieAS,jeA. (S8)
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Let k4 denote the subset of k corresponding to the active moments, G 4 denote the
corresponding rows of G, and S 4 4 the corresponding submatrix of S. Then we can write
the condition (S7) together with the feasibility constraint G’'« = —H' compactly as

0 G/A B\ _ —H
Ga Saal \ka —sA ]’
Using the block matrix inverse formula, this implies

1= (GUS34GA) " (H = G ash),
kA =—S4Gan— S s
= SAGA(GUS UG (GaSaush — H) = Soh.

Consequently, if we are in a region in where the solution path is differentiable with re-
spect to A, we have

{;‘—AA =S UG A(G S 74G ) G ST s — Sl (S9)
The differentiability of path is violated if either (a) the constraint (S8) is violated for some
i € AC if k(1) keeps moving in the same direction, and we add i to A at a point at which
(S8) holds with equality; or else (b) the sensitivity «;(A) for some i € A reaches zero. In
this case, drop i from \A. In either case, we need to re-calculate the direction (S9) using
the new definition of A.

Based on the arguments above and the fact that «(0) = —S~!G(G'S~1G)"'H’, we
can derive the following algorithm, similar to the LAR-LASSO algorithm, to generate the
path of optimal sensitivities «(A):

1. Initialize A =0, A={1,...,dg}, 0 = (G'ST!G)'H’, k = =S~ !Gp. Let s be a vector
of length d; with elements s; = I{i € I}sign(x;), and calculate initial directions as
upr=—(G'S71G)"1G'S™ s, ky = —S 1 (Gup + 9)

2. While (|A| > max{d; — d,, ds}):
(a) Setstep size to d = min{d, d,}, where
di=min{d > 0: k; +dky ;=0,ie ANL},
dy =min{d > 0: |€}(Sk + Gp) + dej(Ska + Gua)| =A+d,ie A}
Take step of size d: k > k + dkp, p+> pw+dpp, and A > A+ d.

(b) If d = d;, drop argmin(d;) from A, and if d = d;, then add argmin(d;) to A. Let
s be a vector of length d, with elements s; = —1{i € I}sign(e;Sk + ¢;Gu), and
calculate new directions as

— -1 —
pa=—(GuS4GA) " GuSausa
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(ka)a=—S,4(Gapa +54),
(KA)AC =0.

The solution path k(A) is then obtained as k(1) = T'«(A).

Finally, we show that in the limit M — oo, the optimal sensitivity corresponds to a
method of moments estimator based on the most informative set of dy moments, with
the remaining d, — dp moments dropped. The optimal sensitivity as M — oo obtains
by solving (S2) as A — oo. If B corresponds to columns of the identity matrix, then this
is equivalent to minimizing ||k;||; subject to H = —k'T". This can be written as a linear
program minky  + kj_; st —-H' =1"(ky — k_), k4, k_ > 0. The minimization problem
is done on a dy-dimensional hyperplane, and solution must occur at a boundary point
of the feasible set, where only dj variables are nonzero. So the optimal k has dy nonzero
elements.

APPENDIX B: SPECIFICATION TEST

One can test the null hypothesis of correct specification (i.e., the null hypothesis that
¢ = 0) using the J statistic

J= nmein§<0>’$*1§<o> =ng(6)37'8(6),

where § = argmin, 2(0)’3~13(6). Alternatively, letting 3~1/2 denote the symmetric
square root of 3-1 onecan project > Zg(Aé), where 6 is some consistent estimate, onto
the complement of the space spanned by >~ 1/°T',

S = ng(8)2~2RI125(6),

where R = I — 3~120({3-11)~1{"3-1/2 If the model is correctly specified, so that ¢ =
0, S and J are asymptotically equivalent (Newey and McFadden (1994, p. 2231)), and
distributed X{%lgi dy*

Under local misspecification, the J statistic has a noncentral y? distribution, with
noncentrality parameter depending on ¢ (Newey (1985)), and the asymptotic equiva-
lence of J and S still holds. In this section, we use this observation to form a test of the
null hypothesis Hy: ¢ € C. When C takes the form in equation (12) for some norm |||,
inverting these tests gives a lower CI for M. We begin with a lemma deriving the asymp-
totic distribution of § and J under local misspecification.

LEMMA B.1. Suppose that equations (1), (2), and (3) hold, and that 6 and 6 satisfy, for
some K and K{,,, = —('3 D)~ 1" 371,

V(6 — 60) = Kyp/ng(60), and  /n(6— 69) = K'v/ng(6).

Suppose that S and I are consistent estimates of 3 andl, and that 3 and T are full rank.
Then S =J +op(1) and S and J converge in distribution to a noncentral chi-square dis-
tribution with dg — dg degrees of freedom and noncentrality parameter ¢ 3~1/2R3~1/2¢
whereR =1 — 3~12r(3-1n-1rs-1/2,
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PRroOOF. By equations (1), (2), and (3), /ng(0) = (I + TK)3V2(3~12¢ + Z,) + op(1)
where Z, = 3712[/ng(6y) — c] LY N(0,14,), so that

S= (321 2,) SV (52 4 STPTKYYR(SV? 4 VTR S5 Ve  2,)
+op(1)
= (3724 Z)R(E e+ Zy) +op(1) S (372c + Z) R(S™ Ve + 2),
where Z ~ N(0, I4,) and we use the fact that R(I + 3~'/*T'K'3!/2) = R. Similarly,
Vg = (I T30S Y (e + 312Z,) + 0p(1) = SV2R(Z7V2c + Z,)) + 0p(D),

sothatJ = (3~12¢+Z,)R(Z~Y2c+Z,)+op(1) =S+ 0p(1). To prove the second claim,
decompose R = P P}, where P; € R40*(ds=do) corresponds to the eigenvectors associated
with nonzero eigenvalues of R. Then

(372c+ Z) R(37 e+ 2) = (P37 Pc + P Z) (P37 Pc + Py Z).

Since P{Z ~ N(0, 14,4,), it follows that the random variable in the preceding display
has a noncentral y? distribution with d, — dy degrees of freedom and noncentrality pa-
rameter ¢'3~1/2R31/2¢. O

Lemma B.1 can be interpreted in using the limiting experiment described in Sec-
tion 4.1. In particular, the asymptotic distribution of the S and J statistics is given by the
distribution of the statistic Y’3~1/2R3~1/2Y in the limiting experiment.

The quantiles of a noncentral chi-square distribution are increasing in the non-
centrality parameter (Sun, Baricz, and Zhou (2010)). Thus, to test the null hypothesis
Hy: c € C, the appropriate critical value for tests based on the J or S statistic is based on
anoncentral chi-squared distribution, with noncentrality parameter

A=supc’3TV2R312,
ceC

IfC={By: llvl, < M}, then this becomes

A= sup 'B'3V2R37V?Br= sup M2||R2_1/th||§=M2||A||i2,
el <M llell <1 ’

where the second equality uses the fact that R is idempotent, A = R3"Y2B, and
14l 5.4 = max| x| <1 [ Ax|l, is the (p, q) operator norm. For p = 2, the operator norm has

a closed form, which gives A = M maxeig(B'S~'/?R3~1/?B).

APPENDIX C: ASYMPTOTIC COVERAGE AND EFFICIENCY

This Appendix contains the asymptotic coverage and efficiency results discussed in Sec-
tion 4. In particular, we prove Theorem 4.1. In order to allow for stronger statements, we
state upper and lower bounds separately. Theorem 4.1 then follows by combining these
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results. Theorem 4.1 focuses on two-sided Cls in the case where C is centrosymmetric,
in addition to being convex. In this Appendix, we also prove analogous results for one-
sided CIs, and we generalize these results to the case where C is a convex but asymmetric
set. When C is convex but asymmetric, the negative results about the scope for improve-
ment when c is close to zero no longer hold. Therefore, we consider the general problem
of optimizing quantiles of excess length over a set D C C, which may be a strict subset
of C.

The remainder of this Appendix is organized as follows. Appendix C.1 presents nota-
tion and definitions, as well as an overview of the results. Appendix C.2 contains results
on least favorable submodels as well as a two-point testing lemma used in later proofs.
We then use this to obtain efficiency bounds for one-sided Cls in Appendix C.3, and for
two-sided CIs in Appendix C.4. Appendix C.5 shows that our CIs achieve (or, for two-
sided CIs, nearly achieve) these bounds. Appendix C.6 shows how Theorem 4.1 follows
from these results, and also gives a one-sided version of this theorem. Primitive con-
ditions for the misspecified linear IV model, as well as a general construction of a least
favorable submodel satisfying the assumptions used in this section, are given in the sup-
plemental Appendix.

C.1 Setup

While our focus is on parameter spaces that place restrictions on ¢, we will also allow for
local restrictions on 6 in some results. This allows us to bound the scope for “directing
power” at particular values of 6. Formally, for some parameter 6*, we consider the local
parameter space that restricts (/n(6 — 6*)', ¢’)’ to some set F € R%*4z_ The unrestricted
case considered throughout most of the main text corresponds to F = R4 x C (in which
case 0* does not affect the definition of the parameter space). We also allow for addi-
tional restrictions on 6 by placing it in some set @,,. Finally, we use P to denote the set
of distributions P over which we require coverage.

With this notation, the set of values of 6 that are consistent with the model under P
(i.e., the identified set under P) is

O1(P)=0(P; F,0,)={0€0,:/n((0—0%), gp(0)) € F},
and the set of pairs (6, P) over which coverage is required is given by
Sn=1(0,P)€@, xP:0€0;(P)}={(0,P) O, xP:/n((0—0%),gr(8)) e F),

which reduces to the definition in Theorem 4.1 when F = R% x C. The coverage require-
ment for a CI Z, is then given in equation (20) with this definition of S,,. To compare
one-sided ClIs [¢, 00), we will consider the 8 quantile of excess length. Rather than re-
stricting ourselves to the minimax criterion, we consider worst-case excess length over
a potentially smaller parameter space G, which may place additional restrictions on 6
and c. Let

4gn(&;P,G,0,)=sup  sup  qpg(h(6) —¢),
PeP 6€O;(P;G,0,)
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where gp g denotes the 8 quantile under P. We will also consider bounds on gp g(h(6) —
¢) ata single P, which corresponds to the optimistic case of optimizing length at a single
distribution. For two-sided CIs, we will consider expected length.

Our efficiency bounds can be thought of as applying the bounds in Armstrong and
Kolesar (2018) to a local asymptotic setting, which corresponds to the limiting model in
equation (13) with I = 'y« p;, 3= 3¢« p, and H = Hgy«. The between class modulus of
continuity for this model is

w(8; F,G, H,T,3)=supH(s; —s0) st (s),cp) €F,(s),¢;) €G,
[(c1 —co) = T(s1 — s0)] T [(c1 — co) = T(sy — s0)] < 8% (S10)

We use the notation o (8) and w (§; F, G) when the context is clear. In the case where G =
F=R% xCandCis centrosymmetric, the solution satisfies s; = —sy and ¢; = —¢g, which
gives the same optimization problem as in equation (15), with the objective multiplied
by two (this matches the definition of w (-) used to define «, in the main text).

For one-sided CIs, we show that, for any CI satisfying the coverage condition in equa-
tion (20) for a rich enough class P, we will have

where 6g = z;_, + zg, where z; denotes the 7 quantile of the A/(0, 1) distribution. For
bounds on excess length at a single Py with Ep,g(w;, 6*) =0, we obtain this bound with
G={0}:

liminf «/gp,, p(h(6") — &) = w(8g; F, {0}, H, T, 3). (S12)

These results can be thought of as a local asymptotic version of Theorem 3.1 in Arm-
strong and Kolesdr (2018) applied to our setting.

For two-sided Cls, we show that, ifa CI Z, = {fz + x} satisfies the coverage condition
in equation (20) for arich enough class P then, for any Py with Ep g(w;, 6*) = 0, expected
length satisfies

liminflim i£pr0 min{/n2y, T}

T—o0 n—
> (1 - a)E[w(Zl—a - Zv {0}7 ]:7 H7 Fa 2)
+ (21— — Z; F,{0}, H,T, 3) | Z < z1_q], (S13)

where Z ~ N(0, 1). The above bound uses truncated expected length to avoid technical
issues with convergence of moments when achieving the bound (note however that this
bound immediately implies the same bound on excess length without truncation). Our
results constrain the CI to take the form of an interval. We conjecture that the bound
applies to arbitrary confidence sets (with length defined as Lebesgue measure) under
additional regularity conditions.

Here, “rich enough” means that P contains a least favorable submodel. Appendix C.2
begins the derivation of our efficiency results by giving conditions on this submodel. In
Appendix E.1, we construct a submodel satisfying these conditions under mild condi-
tions.
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C.2 Least favorable submodel

Let Py be a distribution with Ep g(w;, 6) = 0 (i.e., the model holds for this data-
generating process with § = #* and ¢ = 0), and consider a parametric submodel P; in-
dexed by ¢ € R% (i.e., the dimension of 7 is the same as the dimension of the values of
g(w;, 0)) with P; equal to Py at t = 0. We assume that {w;}’_, arei.i.d. under P;. Let m (w;)
denote the density of a single observation with respect to its distribution under Py, so
that Ep, f(w;) = Ep, f (w;)m,(w;) for any function f. We expect that the least favorable
submodel for this problem will be the one that makes estimating Epg(W;, 6*) most dif-
ficult. This corresponds to any subfamily with score function g(w;, 6*). We also place
additional conditions on this submodel, given in the following assumption.

AssumpTION C.1. The data are i.i.d. under P, for all t in a neighborhood of zero, and
the density m(w;) for a single observation is quadratic mean differentiable at t = 0 with
score function g(wj, 6*), where Ep,g(w;, 6*) = 0. In addition, the function (t',0) —
E,,g(w;, 0) is continuously differentiable at (0, 6*') with

Ptg(wi’ 0)] = (27 F), (814)

d
——F
I:d(t/, 6/) =0, 0=0*

where 3 and T are full rank.

To understand Assumption C.1, note that Problem 12.17 in Lehmann and Romano
(2005) gives the Jacobian with respect to ¢ as 3 in the case where g(w;, 6*) is bounded,
and the Jacobian with respect to 6 is equal to I" by definition. Assumption C.1 requires
the slightly stronger condition that E,g(w;, 6) is continuously differentiable with re-
spect to (¢, 6') for ¢ close to 0 and 6 close to 6*. This is needed to apply the implicit
function theorem in the derivations that follow. In the supplemental materials, we give
a construction of a quadratic mean differentiable family satisfying this condition, with-
out requiring boundedness of g(w;, 6*) (Lemma E.1 in Appendix E.1).

The bounds in Armstrong and Kolesdr (2018) are obtained by bounding the power of
a two-point test (simple null and simple alternative) where the null and alternative are
given by the points that achieve the modulus. To obtain analogous results in our setting,
we use a bound on the power of a two-point test in a least favorable submodel.

Consider sequences of local parameter values (06,71’ c(’),”)/ and (0/“!, ci’”)’ where, for
some sy, ¢y, 1, and ¢y,
0d,n = 0"+ (54 +0(1))/+/n, can=cq+o(l) de{0,1}. (S15)

/

Consider a sequence of tests of (06,n’ c(’)’n)’ vs (07 .,

ci’ ,)'- Formally, for any (¢', ¢')’, let
Pn (0, c):{PeP:Epg(w,-,O)zc/\/ﬁ} (516)

be the set of probability distributions in P that are consistent with the parameter values
(0, ¢’). We derive a bound on the asymptotic minimax power of a level « test of

HO,n :PG'P,,(GQ’,Z, Co,n) VS Hl,n IPGPn(GLn, C1,n)> (817)
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as well as a bound on the power of a test of Hy ,, at Py. Let ® be the standard normal cdf
and let

B(s0, co, 51, ¢1) = ‘D(\/[q —co—T(s1 —50)] S [e1 — co = T(s1 = 50)] = 21-a)-

Lemma C.1. Consider a sequence of tests ¢, satisfying limsup,, Suppep, (g, ,.co) EPPn < .
Then, provided the class of distributions P contains a family P, that satisfies Assump-
tion C.1, we have

limsup Ep, ¢, < B(s0, ¢0,0,0) and limsup inf Ep¢n < B(so, o, 51, C1)-
n n PEPn(gl,mCl,n)

Lemma C.1 says that the asymptotic minimax power of any test of Hy , vs Hy , is
bounded by B(so, ¢y, 51, ¢1). Furthermore, if we take s; = 0 and ¢; = 0, then this bound is
achieved at Py. Note that, in keeping with the analogy with the linear model in equation
(13), B(so, co, 51, ¢1) is the power of the optimal (Neyman—Pearson) test of the simple null
(s, ¢,) versus the simple alternative (s}, ¢;) in the model in equation (13).

Proor orF LEMMA C.1. The proof involves two steps. First, we use the implicit function
theorem to find sequences ¢ , and ¢ , such that P, , satisfies Hy , and P, , satisfies
H; ,. Next, we apply a standard result on testing in quadratic mean differentiable fam-
ilies to obtain the limiting power of the optimal test of Py, , versus P;, ,, which gives an
upper bound on the limiting minimax power of any test of Hy , versus Hy ,.

Let f(¢, 6, a) = Ep,g(w;, 0) — a so that (¢, ¢’)’ is consistent with P; iff f(z, 0, c//n) =
0. Under Assumption C.1, it follows from the implicit function theorem that there exists
a function r(6, a) such that, for 6 in a neighborhood of 6* and a in a neighborhood of
Zero,

Ep,.08wj, 0) —a=f(r(6,a),0,a)=0.

Thus, letting g, = 7(60,n, c0,n//n) and ty , = (01,4, c1,n//1), Py, satisfies Hy , and Py, ,
satisfies H; ,. Furthermore,

r(0, a)] =3I, -1q,)

d
[W (0',a")=(6*,0)
so that
r(0,a)=3"'a—37'T(0 - 6") +o(| 0 — 6% + llall).
Thus, letting #) o = 3¢y — 3~'T'sp, we have
to.n =100, C0.n/ V1) =37 o /1 — 3T (60 — 0%) + 0(|| 60, — 0% || + llco,nll//7)

=3"co/v/n—37'Tso//n+ 0(1//n) = tg o/ /1 + 0(1//n).
Similarly, #1 , = #1 0o /+/1 + 0(1//n) where t; o = 37 1c; — 371Tsy.

Since the information matrix for this submodel evaluated at t = 0 is 3, it follows from
the arguments in Example 12.3.12 in Lehmann and Romano (2005), extended to the case
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where the null and alternative are both drifting sequences (rather than just the alterna-
tive), that the limit of the power of the Neyman-Pearson test of P, , vs Py, is

(I)(\/[tl,oo — 10,00 31,00 — 10,001 — Z1—a) = B(S0, €0, 51, €1)-

This gives the required bound on minimax power over Hj ,. To obtain the bound on
power at Py, note that, for 6; , = 6" and ¢; , =0, # , = 0, the bound also corresponds to
the power of a test that is optimal for P, , versus Py. O

C.3 One-sided ClIs

We prove the following efficiency bound for one-sided Cls.

THEOREM C.1. Let P be a class of distributions that contains a submodel P; satisfying
Assumption C.1. Let ©,(C) = {0 | |6 — 6*|| < C//n} for some constant C, and let F be
given. Let [¢, 00) be a sequence of Cls such that, for all C, the coverage condition in equa-
tion (20) holds with ©,, = 0,(C). Let G C F be a set such that the limiting modulus o is
well-defined and continuous for all . Then the asymptotic lower bounds (S11) and (S12)
hold.

Prookr. Consider a sequence of simple null and alternative values of 6 and c that satisfy
(S15) for some sy, co, 1, c1, with (\/n(6p,, — 6*), Cé,n)/ € F and (/n(61,, — 6*), Ci,n)/ eg,
for each n. Note that

Jim Vn[h(61,,) — h(60,,) ] = H(s1 — ).

Consider the testing problem Hy ,, : P € Py (60,5, co,n) VS H1 , : P € Pp(61 n, c1,,) defined
in (S16) and (S17). Suppose that

QB,n(& P,G,0,) < h(el,n) —h((’o,n)- (518)

Let ¢, denote the test that rejects when /(6 ,) ¢ [, 00). Since, for any P € P,(01 ,, ¢1,n),
we have gp g(h(01,,) — ¢) < qp,n(C; P, G, @,) by construction, it follows that, for all P €
Pn(el,n: Cl,n);

Epdp=P(h(61,,) — &< h(61,,) — h(60,,)) = P(h(01,,) — ¢ < qp,g(h(61,,) — &) = B,

where the last step follows from properties of quantiles (Lemma 21.1 in van der Vaart
(1998)). The coverage requirement in equation (20) implies that the test ¢, that rejects
when A4(6y ,) ¢ [C, o) has asymptotic level « for H ,. Thus, by Lemma C.1, we must
have B < B(sg, co, 51, ¢1) if (S18) holds infinitely often.

It follows that, if B(sy, co, 51, ¢1) < B, we must have

liminf «/ngg (&P, G, 0n) = H(si — 50)
n—oo

since otherwise, equation (S18) would hold infinitely often. Since the sequences and
limiting (s, ¢;) € F and (s}, c]) € G were arbitrary, the above bound holds for any
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(59, ¢y) € F and (s7, ¢}) € G with B(so, o, $1,¢1) < B — m, where n > 0 is arbitrary. The
maximum of the right-hand side over s, cy, 51, ¢1 in this set is equal to w (6g_,: F, G, H,
I, 3) by definition, so taking n — 0 gives the result. O

C.4 Two-sided CIs

We prove the following efficiency bound for two-sided Cls.

THEOREM C.2. Suppose that, for all C, {h+ 3 satisfies the local coverage condition in
equation (20) with ©, = 0,(C) ={6 | ||6 — 0*|| < C//n}, where P contains a submodel P,
satisfying Assumption C.1. Suppose also that 04, 4, € F and a minimizer (sy, cy)" of (¢ —
I's)'3~1(c —T's) subject to Hs = 9 and (s, ¢') € F exists for all & € R. Then the asymptotic
lower bound (S13) holds.

In the case where F = R% x C, which is the focus of the main text, a sufficient con-
dition for the existence of the minimizer (s}, cy)" is that C is compact, H is not equal to
the zero vector and I is full rank.

PRroOE. Foreach & € R, let 6y, = 6* +s9/v/n, and let ¢y, =1 (h(By.,) ¢ {h £ ¥}) be the
test that rejects when h(éﬁ, ) is not in the CI. When the constant C defining ®,, = 0,(C)
is large enough, the asymptotic coverage condition in equation (20) implies that ¢ , is
an asymptotic level « test for Hy , : P € Pn(é{}7n, ¢y ) defined in (S16) and (S17). Thus, by
Lemma C.1,

lim supEpoqbl«;,n <®(by — z1—g) where 0y = \/(Cﬁ — FSﬁ)/Z_l(Cﬁ —TI'sy). (S19)

n—oo

We apply this bound to a grid of values of ¥. Let £,(m) denote the grid centered at
zero with length 2m and meshwidth 1/m:

En(m) = {j/m:jeZ,|jl <m?}.
Let

En(m) = {Vn[h(By,,) — h(6%)]: 9 € Ex(m)).

Note that 4(8y,,) = h(0*) + (1 + o(1))Hsy//n = h(6*) + (1 + 0(1))¥/+/n. Thus, letting
ai, ..., ay,2 ., denote the ordered elements in &,(m) and a, ..., a,. ., the ordered ele-
ments in &,, we have aj — ajforeach jasn — oo.

Let V' (n, m) be the number of elements ; in 5n such that h(6*) +a;//n= h(éaj,,,) €

{h £ ). Then

2m2+1 y . 2m2+1
EpN(n,m)y= Y EpI(h(Ba;n) €h£8))= > [1—Epydas.nl-

j=1 j=1



Supplementary Material Sensitivity analysis using approximate GMM 13

It follows from (S19) that (assuming the constant C that defines 0, (C) is large enough),

2m2+1 2m24+1
liminf EpN'(n,m) = ) [1=®(8a, —21-0)] = ) P(21-a — 8a))
j=1 j=1

Note that 2} > n=1/2[N'(n, m) —1]- min15j52m2(&j+l —aj)= n~ V2N (n,m)—11-m~ - (1+
&,) Where g, = min1§j§2mz(&j+1 — sz-)/rif1 — 1 is a nonrandom sequence converging to
zero. This, combined with the above display, gives

2m2+1
L fn 12 -1 ey
lbrgngpOmln{Zn X,T}z|:m E D(z1_q — 8q;) —m :|
=1

for any T > 2m. We have

2m?+1 2m*+1
m Y D(zg—8g)=m" Y fl(saj <z1_q— 2)dD(2). (S20)
j=1 j=1

Following the proof of Theorem 3.2 in Armstrong and Kolesar (2018), note that, for 4 > 0,
t >0, we have 6y <t iff 9 < w(#; {0}, F). Indeed, note that w(8y; {0}, F) > Hsyg = ¥ by
feasibility of 0 and sy, cy for this modulus problem. Since the modulus is increasing,
this means that, if 6y < ¢, we must have ¥ < o (¢; {0}, 7). Now suppose ¥ < o (¢; {0}, F).
Then Hs,, 0y, 7) = 9, so, for some A € [0, 1], (s}, c}) = )\(s:u(t;{o}f), C:u(t;{()},]-")) satisfies

Hs) = 9, which means that 83 < /(cx — I'sx)’3~1(cy — I'sy) < ¢ as claimed.
Thus, the part of the expression in (S20) corresponding to terms in the sum with
a; > 0 is given by

2m2+1
m~! Z /I(O <aj < 0(z1_q — z; {0}, F)) d®(2)

j=1
z/ min{w(zi—q — z: {0}, F) — 1/m, m} d®(z).
Z<Z|_q

By the dominated convergence theorem, this converges to |, e w(z1_q — z;{0},
F)dd(z) as m — oo. Similarly, for 9 < 0, r > 0, we have &y < ¢ iff. -3 < w(#; F, {0}),
so that an analogous argument shows that, for arbitrary ¢ > 0, there exists m such that
fzsa_a w(z1—q¢ — z; F,{0}) dP(z) — ¢ is an asymptotic lower bound for the part of the
expression (520) that corresponds to terms in the sum with a; < 0. Thus, for any & > 0,
there exist constants C and T such that, if the coverage condition in equation (20) holds
with 0, = 0,(C),

liminf Ep, min{n'/?2%, T} > / [0(21—a — 2 {0}, F) + @(21-0 — 2 F, {0}) | dP(2) — 2e.
n—oo

Z=Z]—qa

This gives the result. O
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C.5 Achieving the bound

This section gives formal results showing that the CIs proposed in the main text are
asymptotically valid, and that, if the sensitivities are chosen optimally, they achieve the
efficiency bound in Theorem C.1 in the one-sided case, and nearly achieve the bound
in Theorem C.2 in the two-sided case (where “nearly” means up to the sharp efficiency
bound «, in the limiting model, given in equation (18), in the case where C is centrosym-
metric).

We specialize to the case considered in the main text where we require coverage
without local restrictions on 6. In the notation of Appendices C.3 and C.4, this corre-
sponds to F = R% x C for a convex (but possibly asymmetric) set C.

In the main text, we focused on the case where C is centrosymmetric. To allow for
general convex C, we use estimators that are asymptotically affine, rather than linear.
We focus on one-step estimators, which take the form

h = h(Biniga) + k'8 Binigial) + a//n
for some vector k and some scalar . We continue to require the condition

H=—kT, (S21)

where [ is an estimator of I satisfying conditions to be given below.

To deal with asymmetric C, and to state results involving worst-case quantiles of ex-
cess length over different sets, it will be helpful to separately define worst-case upper
and lower bias. For a set C € R%, let

biasc(k, a) =supk'c + a, biasq(k, a) = inf k'c + a.
ceC ceC

A one-sided asymptotic 1 — « Cl is given by [¢, co) where
¢é=h —biase(k, &) //n — Zl—a\/@/\/ﬁ
= h(Oinitial) + k'g(Binicia) + a/~/n — biasc(k, @)/v/n — Zl—a\/E/ﬁ
= h(inigial) + k' g(Binigial) — biasc(k, 0)/v/n — Z1—a\/7$/2/«/ﬁ,

and 2 is an estimate of 3. Thus, the intercept term a does not matter for the one-sided
CI and can be taken to be zero in this case. For two-sided CIs, however, the choice of a
matters, and we assume that a is chosen so that the estimator is centered:

biasc(k, &) =supk'c + a = —(inf K+ &) — _ biasg (£, &). (S22)

ceC ceC

A two-sided asymptotic 1 — « Cl is then given by h + { where

X =cva (ﬁc(lg, a)/ l%’ﬁl%)\/ k'Sk/vn, where cva(t)isthel —a quantile of [N (¢, 1)].
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For both forms of CIs, we first state a result for general k, a,and then specialize to op-
timal weights. For the one-sided case, we consider Cls that optimize worst-case length
over (/n(6 — 6*)’, ¢’)’ in some set G, subject to coverage over F = R% x C. In principle,
this allows for confidence sets that “direct power” not only at particular values of ¢ but
also at particular values of §. However, Lemma E.2 in Appendix E.3.1 shows that the op-
timal weights for this problem are the same as the optimal weights when G is replaced
by R% x D(G), where D(G) = {c: there exists s s.t. (', ¢)’ € G}. Thus, it is without loss of
generality to consider weights that optimize worst-case excess length over ¢ € D subject
to coverage over ¢ € C where D C C is a compact convex set.

The optimal weights take the form k= k(dg, H, f‘, 3) where

k(5. H.T.S) — ((cfs—c5s) —T(s75— SS,&))/Z_l (523)

((cf5—cis) —T(st5—s55) > 'TH' /HH'

and s, 0,5, 1,5, 51,5 Solve the between class modulus problem (S10) with F = R% x C
and G = R% x D. For a two-sided CI of the form given above, the optimal weights take
this form with D = C, § minimizing y, and with a chosen to center the CI so that (522)
holds. We note that, in the case where D = C and C is centrosymmetric, s{ ;5 = s; 5 and
A s=C0.5 and (S10) reduces to two times the optimization problem in equation (15).

The weights k then take the form given in equation (14) in the main text, and, since C is
centrosymmetric, @ = 0, which gives the two-sided CI proposed in the main text.

For our general result showing coverage for possibly suboptimal weights k, a, we
make the following assumptions. In the following, for a set .A,,, random variables 4, ¢ p
and B, ¢.p and a sequence a,, we say A, 9 p = B g.p + op(a,) uniformly over (6, P) in
A, if, for all £ > 0, SUP(g.P)c A, P(a,;1 | A0, — Bn,o,pll > &) = 0. We say A, g.p = By g,p +
Op(ay,) uniformly over (6, P) inaset A, iflimec_, o limsup,,_, ., sup g pyea, P(ay " | An,o.p —
B, 6.pll > C) = 0. In the following, the set S,, defined in Appendix C.1 over which cover-
age is required is defined with 7 =R4¢ x C.

AssumPpTION C.2. The set C is compact or takes the form C x R%: where dg, + dg, = dg
and C is a compact subset ofRdgl . In addition, Oy — 0 = Op(1//1), §(Oinitial) — £(6) =
L, p(Binitial — 0) + 0op(1//n) and h(binitial) — h(0) = Hy(Oinitial — 0) + 0p(1/+/n) uniformly
over (0, P) € S,,.

AssumpTION C.3. g(6)—gp(8) = O(1/+/n) uniformly over (6, P) € S,,. Furthermore, for a
collection of matrices 3, p such that ky , 3¢ pke,p is bounded away from zero and infinity,

nk (7] 0
wp sup (f b.p(8(0) — gp( )) ) d)(t)‘—>0
(€R (6,P)cS, \/m

AssumPTION C.4. k — ko p = op(1) uniformly over (6, P) € S, and similarly for a, I, H
and 3. Furthermore, kg p, ag.p, Fg p, Hy and %y p are bounded umformly over (0, P) €
Sy. In the case where C = C x R%:2, assume that the last dg, elements of k are zero with
probability one for all P € P.
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THEOREM C.3. Suppose that Assumptions C.2, C.3, and C.4 hold and let ¢ be defined
above with k, T, and H satisfying (521). Then

liminf inf P(h(6) €[¢, 00))>1—a,
,P)eS,

n—00 (6

and

lim sup sup sup {\/EQB,P(h'(e) o é)
n—>00 PeP ge@;(P;R% xD,0,)

- [ﬁc(ke,P, 0) — biasp(kg,p, 0) + (21— + ZB),/k/g’pZB,PkO,P]} <0.

PROOF. IfC =C x R%: with C compact, the theorem can equivalently be stated as hold-
ing with k redefined to be the vector in R% that contains the first dg, elements of the
original sensitivity k, and with other objects redefined similarly. Therefore, it suffices to
consider the case where C is compact.

Note that

Vn(h = h(9))
= Ho/n(Oinitial — 0) + k/ng(0) + k/n(8(Binitial) — £(0)) +a + op(1)
= Ho/n(Oinitial — 0) + k/n(8(8) — gp(0)) + k'c + k/nTg,p(Binitial — 0) + @+ op(1)
= (Ho + kjy pLo,p)/n(Binitial — ) + kiy pc + ag,p + kiy pv/n((6) — gp(6)) +op(1),

where ¢ = /ngp(6) and the op(1) terms are uniform over (6, P) € S, (the last equality
uses the fact that C is compact). By Assumption C.4 and (S21), Hg + k} 1’9 p = 0 so this
implies

Vn(h—h(8)) =k, pc+ag.p + Ky p/n((0) — gp(6)) + op(1) (S24)
uniformly over (6, P) € S,,. By compactness of C and Assumption C.4, we also have
biasc (k, @) = biasc(kg,p, ag.p) +op(1), k' 3k = ky p26.pko.p+op(1)

uniformly over (6, P) € S,. Thus,

Jn(é = h(8)) = /n(h — h(6)) —biasc(k, a) — z1_o\ k' Sk
= ki pc+ag,p + ky pv/n(2(0) — gp(6)) — biasc(kg,p, ag.p)

— Zi—ay/ Ky p2o,Pko,p + 0p(1) (S25)

uniformly over (6, P) € S,. Since k), oc + ag p — biasc(kg,p, ag,p) < 0 by definition, the
first part of the theorem (coverage) now follows from Assumption C.3. For the last part
of the theorem, note that, using the above display and the fact that k ,c + ag,p >
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biasp (kg p, ag,p) for any (6, P) with ¢ = \/nEpg(w;, ) € D, it follows that \/n(h(6) —¢) is
less than or equal to

biasc (kg p, ag p) —biasp (ke p, ag.p) +21-a\/ Ky pZo.pke p+Kkj p/n(8(0) — gp(0)) +o0p(1)

uniformly over (6, P) with \/nEpg(w;, 6) € D. This, along with Assumption C.3, gives the
last part of the theorem. O

TueoREM C.4. Suppose that Assumptions C.2, C.3, and C.4 hold and let h and 3 be de-
fined above with k, a, I', and H satisfying (S21) and (S22). Then
liminf inf  P(h(6) € th+3)=1-a

n—o00 (9,P)e

In addition, we have
biasc (k
Jﬁ)?—cva( iasc( 0,P>aG,P)> /k/g,pze,Pko,P—%O
VKo p2e.pkop

uniformly over (0, P) € S,.

Proor. As with Theorem C.3, it suffices to consider the case where C is compact.
Let (6,, P,) be a sequence in S, and let ¢, = /ngp,(0,). Let b, = k/en p,Cn + 40,,P,>

sd, = \/kign’PHZ()n,pnkgmpn and b, = biasc(kg, p,, ag,.p,)- Note that, by (S22), biasc (kg, p,,

ag,,p,) = —biasc(ky,.p,, ag,p,) when Assumption C.4 holds. It therefore follows that
—bp < bp < bp.

Let Z, = \/ﬁk/gm P, (8(6,) — gp,(6,))/sd,. Note that Z, converges in distribution (un-
der P,) to a A/(0, 1) random variable by Assumption C.3. By (524),

V(b = h(8,)) = by + s, Zy + 0p, (1).

Using the fact that sd,, is bounded away from zero and k'3k /sd,, converges in proba-
bility to one under P, it also follows that

(= h(0,)) )\ k' Sk = by/sdy, + Zy + 0p, (1).
Also, by Assumption C.4, we have, for a large enough constant K,

‘ (biasc(lé, a)> ( b )
Vol ———— ) — V| —
~ sd,

k'Sk

< K{[biasc(k, @) — by] + [V &'k — sd,]} 5 0.

This, along with the fact that k'Sk /sd,, converges in probability to one under P,, gives
the second part of the theorem. Furthermore, it follows from the above display that

Jn(h = h(6,))

A A

Pu(h(6,) > h+ %) = P,,(
k'Sk

< —CVQ(%C(;&a &)/ 12/5:];)>
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= Py (bn/sdn + Zy < — cVa(by/sdn) + 0p, (1))
= ®(—bp/sdn — cVa(bn/sdy)) + o(1).

Similarly,

n(h —h(6,))

Pn(h(en) < il _/\A’) :Pn<[
DY

= Pu(bn/sdn + Zy > ca(bn/sdn) + op, (1))
=1—®(=by/sdy + cva(bp/sdn)) + o(1).

> cvg (biase (k, @)/ /2/212))

Thus, the probability of the CI not covering is given, up to o(1), by
1 — ®(—by/sdy + cVa(bn/sdp)) + P(—bn/sdn — cva(bp/sdn)).

This _is the probability that the absolute value of a N (b,/sd,, 1) variable is greater than
cvq(by /sdy), which is less than 1 — « since |b,| < b,,. O

We now specialize to the case where the optimal weights are used. We make a uni-
form consistency assumption on f, #, and 3, as well as assumptions on the rank of H,
I', and 3. The latter are standard regularity conditions for the correctly specified (C = {0})
case.

AssuMPTION C.5. The estimators I, H, and_ S are full rank with probability one and
satzsfyF Tg.p=o0p(1), H—Hy=o0p(1) and 3 — 3g,p =op(1) uniformly over (6, P) € S.

AssuMPTION C.6. There exists a compact set B that contains the set {(Hg, g p, 39 p): 6 €
O, P € P} for all n, such that (i) in the case where C is compact, H # 0 and I" and 3 are
full rank for any (H, T, 3) € B or (ii) in the case where C = C x R%: with C~compact, the
same holds for the submatrices corresponding to the first dg, moments.

Using these assumptions, we can verify that Assumption C.4 holds with weights
kg p that achieve the efficiency bound in Theorem C.1 and nearly achieve the efficiency
bound in Theorem C.2. This gives the following results.

THEOREM C.5. Suppose thatAssumptlons C.2,C.3,C.5, and C.6 hold and let ¢ be defined
above with k = k(8g, H,T, E) Then

liminf inf P(h(6) €[é, 00)>1—a

n—>00 (6,P)eS,
and

lim sup sup sup [vngp,p(h(6) —¢) —a)(SB;]Rd" x C,R% xD,Hg,Tgp,39p)]
n—=00 PeP gec@;(P;R¥ xD,0,)

<0.
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Proor. In the case where C is compact, it follows from Lemma E.6 in Appendix E.3.2,
k(8,H,T, ) is continuous on {8} x B. Since B is compact, this means that k(8, H, T, 3)
is uniformly continuous. Thus, Assumption C.5 implies that k satisfies Assumption C.4
with kg p = k(8,Hy, g p, 39 p). Furthermore, k satisfies (S21) by assumption. By prop-
erties of the modulus (equation (24) in Armstrong and Koleséar (2018)),

biasc (kg p, 0) — biasp(kg.p,0) + (21— + 28)\/ K}y pZo.Pke.p

= a)(SB; RdH X C,Rd9 X 'D,Hg, F97P,29’p)

for this kg p. Applying Theorem C.3 gives the result.

In the case where C = C x R%: with C compact, the last dg, elements of k are equal
to zero as required by Assumption C.4, and the first d,, elements are the same as the
weights computed from the modulus problem with the last d,, components thrown
away and H, I' and 3 redefined to be the submatrices corresponding to the first dg,
elements of the moments. Thus, the same arguments apply in this case. O

For two-sided Cls, we consider weights k= k(5*(H, f, ZA), H, A, A) given by (523)
with G = F = R% x C, where §* may depend on the data through ﬁ, f, and S If 6* is
chosen to optimize CI length, it will be given by & X(I:I , f, S) where

. w(6) 6
8,(H,T,X) :arg;nlncva(m - E)w/(b‘), (526)
where o (8) = 0 (8; R% x C,R% x C, H,T, 3) is the single class modulus (see Section 3.4
in Armstrong and Kolesar (2018)).

We make a continuity assumption on 6*.

AssumpTION C.7. 8* is a continuous function of its arguments on the set B given in As-
sumption C.6.

THEOREM C.6. Suppose that Assumptions C.2,C.3, C.5, C.6, and C.7 hold and let h be de-
fined above with k= k(S*(I:I, f‘, ﬁ), I:I, f, ﬁ). Then the conclusion of Theorem C.4 holds.
If, in addition, 6* = 6X(FI, I, S) for &y the CI length optimizing choice of 6 given in (S26),
then the half-length x satisfies \/nx = x(0, P) + op(1) uniformly over (0, P) € S,;, where

w(0) o
20'(8) 2

x(6,P) =m8incva( >w/(8), ®(8) = w(8;RY x C,R% x C, Hy, T p, Zo.p).

Prook. The result follows from using the same arguments as in the proof of Theo-
rem C.5, along with continuity of 6*, to verify Assumption C.4. The form of the limiting
half-length for the optimal weights follows from properties of the modulus (see Sec-
tion 3.4 in Armstrong and Kolesar (2018)). O
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C.6 Centrosymmelric case

Theorem 4.1 in Section 4 gives a bound for two-sided CIs in the case where C is cen-
trosymmetric. This follows from applying Theorems C.6 and C.2 in the centrosymmetric
case. In particular, comparing the asymptotic length in Theorem C.6 to the bound in
Theorem C.2 and using the fact that w(§; R% x C, {0}, Hy, Lo.p,29.p) = w(8;{0}, R% x
C,Hp,Top,Zop) = 30(28;R% x C,R% x C, Hy,T'g,p, 39,p) when C is centrosymmetric
gives the bound «.(Hy, g, p,, 29 p,,C) from the statement of Theorem 4.1. This corre-
sponds to the bound in Corollary 3.3 of Armstrong and Kolesar (2018). The universal
lower bound for «, follows from the following result.

TueoreMm C.7. Forany H, T, 3, and C, the efficiency «, given in equation (18) is lower
bounded by

(Zl—a(l —a) = Za®P(Za) + P (21-a) — (b(za))/zl—a/Za

where zy = zi_q — z1—ay2 and ® and ¢ denote the standard normal cdf, and pdf re-
spectively. The lower bound is sharp in the sense that it holds with equality if w(8) =
Komin{8, 2z1_4/2}, for some constant K.

PROOEF. Since cvy(b) < b + z1_q/2, the denominator in equation (18) is upper bounded
by

. w(@® 8\ ,
mganva<m — E)w (8)

<evg (L) N 2z a) < @(221n) (S27)
~ T\ 20 2z1—ap2) o/ — = e/

On the other hand, the numerator in equation (18) can be decomposed as
(1 - a)E[w(Z(Zl—a - Z)) | Z < Zl—a]
=E[0(2(z1—a — 2)){Z < z1_q — Z1—a2}]
+ E[w(2(21,a - Z)) H{Zlfa — Z1—a/2 <Zc< Zlfa}]-
Since the modulus w (8) is nondecreasing, the first summand is lower bounded by
EloQz1—ap){Z < 21_4 — Zi_ap2}] = 0 221-a/2)P(Z1-a — Zi—a/2)

Since the modulus w (8) is concave, ® (2(z1—q — Z)) = (z1—a — Z)/Z1—qa/2 - ®(221—a/2), SO
that the second summand is lower bounded by

®(2z1_q/2)

E[(Zl—a -Z) Mz — Z1—a)2 = Z< Zl—a}]
Z1—a/2

_ w(2217a/2)(

Zl—a(l —a—®(z14 — Zl—a/Z)) + (;b(zl—a) - (;b(zl—a - Zl—a/Z))a
Z1—a/2
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where the equality follows by the formula for the expectation of a truncated normal ran-
dom variable. Combining the two preceding displays then yields

(1 - )E[02(z1—a — 2)) | Z < 21_4]

Zi—o(1 =) = 2o P (Za) + ¢ (21-a) — ¢ (Za)
Z]—a/2 ’

(528)

> 0 (2z1-4/2)

where Z, = z1_4 — z1—o/2. Combining this with the bound in (S27) then yields the re-
sult. The sharpness of the bound for the case w(8) = Komin{$, 2z1_,/2} follows from by
noting that in this case, both (527) and (S28) hold as equalities. O

For the one-sided case, we obtain the following bound.

TueoreM C.8. Consider the setting of Theorem C.5, with C centrosymmetric. Then the
weights k = k(6g, H,1', X) with D = C are identical to the weights k(ég, H,T,3) com-
puted with D = {0}, but with B = ®((zg — z1—4)/2). Furthermore, letting Cminimax denote
the lower endpoint of the CI computed with these weights (12(83, H,T,3) withD =), we
have

) . 1
hmsup sup sup {\/ﬁq,B,P(h(a) - Cminimax) - E[wO,P(aﬁ) + 83‘1)/9,])(8[3)]} <0,
n—=00 PeP gec@;(P;R% x{0},0,)

where wg p(8) = w(8; RY x C,R% x C, Hy, Ty p, 3¢.p). For ¢ computed instead with D =
{0}, we obtain

1
lim sup sup sup {ﬁqg,p(h(e) —¢) - —wg,p(283)} <0.
n—=00 PeP ge@;(P;R% x{0},0,) 2

Prook. The first statement follows from Corollary 3.2 in Armstrong and Kolesar (2018).
The second statement follows from applying Theorem C.3 as in the proof of The-
orem C.5, noting that biasy, (kg,p,0) = 0, and using arguments from the proof of
Corollary 3.2 in Armstrong and Kolesér (2018). The last statement follows from Theo-
rem C.5 and the fact that  (8; R% x C,R% x {0}, Hy,Tg p, Tg.p) = S0 (28; R% x C, R% x
C,Hg,T'gp,20p). O

Thus, directing power toward the correctly specified case yields the same one-sided
CI once one changes the quantile over which one optimizes excess length. If one does
attempt to direct power, the scope for doing so is bounded by a factor of

wg,p(268)
wg,p(6p) + 5/360/9,1:(53)'

k2P (Hy, To,py, Sg,p)> C) = (S29)
This gives a bound for the one-sided case analogous to the bound k. in equation (18) for
two-sided Cls.

A consistent estimate of these bounds can be obtained by plugging in w(; R4 x
C,R% x C,H,T,3) for wg p(8) = w(8;R% x C,R% x C, Hy,Ty.p, 39 p). Table 2 reports
estimates of this bound under different forms of misspecification in the empirical appli-
cation in Section 6.
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APPENDIX D: GLOBAL MISSPECIFICATION

We now describe two approaches to the construction of CIs that are robust to global mis-
specification. The first approach is generally applicable, and, for a one-sides Cls, yields
CIs that are asymptotically equivalent under local misspecification to the CIs proposed
in the main text. The second approach also exhibits this equivalence property for two-
sided ClIs, but the regularity conditions it imposes may not be satisfied in all applica-
tions.

Before describing the procedures in Appendices D.1 and D.2 below, let us briefly de-
scribe the setup. Under global misspecification, the true parameter 6y satisfies

gr(60) = Epg(w;, g) =¢, ¢eC, (S30)

where C is fixed with the sample size n. To accommodate both local and global misspec-
ification with the same notation, we consider a sequence C = C, of sets. Under global
misspecification 5,, is fixed with n, whereas, under local misspecification, C~n =C//n=
{c/+/n: c € C} where C is fixed with n. The rest of the setup is the same as the formal setup
in Section 4.2 and Appendix C: we are interested in a CI for /(6) that satisfies the cover-
age condition in equation (20), where S, = {(6, P) € O, x P : gp(0) € CN} denotes the set
of pairs (6, P) such that 6 is in the identified set under P.

For concreteness, we focus on GMM estimators. We treat the weighting matrix W as
given, and construct CIs that are asymptotically equivalent to the CIs given in Section 2.1
with sensitivity k¥’ = —H (I"WT')~'I"W. To make these CIs optimal under local misspec-
ification, we need to choose the weighting matrix W so that this sensitivity is optimal
under local misspecification. This can be done by computing the optimal sensitivity k
under local misspecification using first stage estimates, following our implementation in
equation (20), and then computing an equivalent GMM weighting matrix as described
in Remark 3.2.

D.1 CIs based on recentering the moments

Let Z; be a family of CIs, indexed by ¢ e C, such that, for each ¢, Z; is asymptotically
valid for the GMM model defined by the moment function 6 — g(w;, ) — ¢. We con-
sider the CI 7 = | ;.5 Z¢. Since this CI contains a CI based on the moment conditions
0 — g(6)— ¢y, where ¢y = Epg(wj, 0y) is the true value of ¢, it will have correct asymptotic
coverage under standard conditions. (While we omit a formal statement, we note that
this follows by showing that Z,, has correct coverage under a drifting sequence of mo-
ment functions g, (w;, 0) = g(w;, ) — ¢, for sequences ¢, € C. This follows from the usual
arguments for asymptotic coverage of GMM estimators under correct specification.) As
we discuss in Appendix D.1.1 below, this CI can be computed using constrained opti-
mization, where the objective function will typically be smooth so long as 6 — g(w;, 0)
is smooth. However, since the problem involves minimization of a GMM objective func-
tion, it will typically not be convex.

We now show that this approach can be used to construct a one-sided CI that is
asymptotically equivalent under local misspecification to the CI proposed in the main
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text. We consider CIs based on the GMM estimator §W’5 = argming[g(0) — cI'W[g(6) —¢]
based on the moment function g(w;, 8) — ¢. Let fg denote an estimate of the Jaco-
bian matrix I'g p = %E pg(w;, t)|:=¢. Under local misspecification, the identified set for
0 shrinks toward a point, so that the same estimate 3 is consistent for 3 p uniformly
over the identified set. This is no longer the case under global misspecification, and
we instead need to use a class of estimates 29 for 3y p indexed by 6. In the i.i.d. case,
we can take S@ =1 Zf’ 1g(w,-, 0)g(w;, 6)’, in which case the estimate of S in equa-
tion (20) corresponds to 3= E e We allow for the possibility that W is data depen-
dent, in which case we will assume that it converges to some Wp, which may depend
on the underlying distribution P. Let k= —Hg(I‘/OWFg) 1l“/eW denote an estimate of
the sensitivity ko p= H@(F/e’ PWpI‘g,p)”F/G, pW. This gives the standard error 5€5,, .

where seg = ,/k’(,Egkg/n. The nominal 1 — « one-sided CI based on the given ¢ is then

[h(éW,g) — Z1_a S€w.¢, 00). The lower endpoint of a one-sided CI that is asymptotically
valid for the set C is then given by [¢gjop, 00) Where

Calob = égg[h(ew,e) — Z1-asey,, |
The CI proposed in the main text takes the form [¢y., 00) where
Gloc = h(Binitial) + K& (Binitial) — SUICJ K'c/n—zi_o\ kZk/J/n.
ce

We assume that the sensitivity k corresponds to the same GMM weighting matrix, so
that Assumptions C.2, C.3, and C.4 hold with k4 p, 'y p, Hy and 3y p given above. In
addition, we use some further regularity conditions for the estimator éW,g.

AssumpTION D.1. The estimator éW,g satisfies
sup|A(Byy ¢/ ) — h(8) = ki p[8(6) — ¢/v/n]| = 0p(1//n)
ceC

and

sup|lky 3.k, — k) 3o pkop|=op(1
ceC| bw.ei O Owerm PO o.p| =0r(1)

uniformly over (0, P) € S,, where C=Cp= C/A/n.

Assumption D.1 imposes an influence function representation for the GMM esti-
mator 9W,C, and a uniform consistency condition for the asymptotic variance estima-
tor. We verify this assumption under primitive conditions in the linear IV setting in Ap-
pendix E.2.3. Note that, while the CI is robust to global misspecification, Assumption D.1
imposes conditions that are required only under local misspecification.

TueoreMm D.1. Let ¢joc and Cqiop be given above with C =C//n, whereC is a compact set.
Suppose that Assumptions C.2, C.3, and C.4 hold for ¢\, and Assumption D.1 holds for
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6g10b, with the same kg p and 3y p, and assume that, for each P € P, there exists 0 € 0,
such that (6, P) € S, (i.e., the identified set for 6 under each P € P is nonempty). Then
V/1(Cloc — Cglon) converges in probability to zero uniformly over P € P.

Proor. Under these assumptions,

Clob = inf h(6) + ky p&(0) — kiy pc/N/n—z1_a\/ Ky p26,pko.p/~/n+op(1/v/n)
= h(6) + kiy p&(60) —biasc(kg,p,0)/v/n = 21_a\/Ky p2o.pko,p//n+ 0p(1//n)

uniformly over (6, P) € S,,. The result follows by noting that this matches the asymptotic
expression for ¢y, given in equation (S25) in the proof of Theorem C.3. O

The CI [Cgiop, 00) is valid under global misspecification under standard conditions,
and Theorem D.1 shows that this Cl is asymptotically equivalent to the CI [¢}o¢, 00) under
local misspecification.

D.1.1 Computation The problem of computing this CI can be written as a nested op-
timization problem, in which one minimizes the GMM objective function for a given ¢,
and then minimizes the lower endpoint of the CI over ¢. Alternatively, in the spirit of
recent papers on MPEC (e.g., Dubé, Fox, and Su (2012)), one can write this as an opti-
mization problem over 6, ¢ subject to the constraint that § minimizes the GMM objective
under ¢:
n01ip h(0) — z1_4s€p S.t.O= argmtin[g(t) —éwaw —é],éeC.
,C

In the case where g(6) is smooth, one may also relax the constraint that 6 minimizes the
GMM objective by instead imposing only the first-order conditions:

min/(0) — z1_qse9  s.t. T, W[g(6) —¢]=0,¢eC.
6,
Since a constraint is relaxed, this can only make the resulting CI more conservative.

D.2 CiIs based on misspecification-robust standard errors

In some cases, it may be possible to construct estimates B of the worst-case asymptotic
bias of the estimator / that are asymptotically normal. In such cases, one can construct
CIs that are valid under global misspecification by using misspecification-robust stan-
dard errors.

Let 6% = argming(gp(60) — ¢)’'W(gp(6) — ¢), so that under the model (S30), the true
parameter is given by 6y = 6%, and the pseudo-true parameter, the estimand of the GMM
estimator 6 with weighting matrix W, is given by 6;- Note that 67 depends on P, but we
leave this dependence implicit for clarity of notation. Hall and Inoue (2003) showed that
under regularity conditions, if C is fixed with n,

a(h = h(62)) % N0, ),
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where, unlike in the correctly specified case, the asymptotic variance (2, generally de-
pends on the weighting matrix . Hall and Inoue (2003) also showed how to construct
consistent estimates of (2. Let By = max;_s|h(6;) — h(0%)| denote the worst-case bias.
Suppose that we have available an estimator B of Bg, such that (h, B) are jointly asymp-
totically normal. Then, by the delta method, for some asymptotic variances {2, and {2_,
it holds that

Vn(h = B — (h(65) — Bg))

d
o (831)
Vn(h+B- Ehz(ﬂo) +5¢) 4 N(0,1).
oy

Note that Bg, 2, and {2_ may depend on P, although we leave this implicit in the no-
tation.
If one has available estimators {2, and (2_ that satisfy

a0 %1, 0_0_2%1, (S32)

one can construct one-sided CIs as [fz - B - zl_aﬁl,/z/\/ﬁ,oo), and (—oo,fz + B+
zl,afl}r/z /+/n]. Two-sided CIs can be constructed as

CI = [ — cva(VnB/QY?) - 02 )/, b+ eva (VB Q) - Q1 1 /m].
The next result shows that these Cls are valid under global misspecification.

THEOREM D.2. Suppose that the convergence in (S31) and (S32) holds uniformly over
(6,P) €S, =1{(0,P) 0@, xP:gp(6) €C}, with C is fixed. Then

liminf( ir}f P(h(6) € [h—B—z1_,0Y%/n, ) =1-o.
€On

n—-oo (§,P)eS

Suppose, in addition, that E/Bg 2 1and 12, — Q_|//nBz — 0 uniformly over (0, P) €
S,. Then

liminf inf P(h(6) € Cl)>1—a.

n—00 (0,P)eS,

The proof of this theorem is deferred to Appendix D.2.1. Under global misspecifica-
tion, when /nBz — oo, the condition |2, — Q_|//nBz — 0 holds if 2, and (2_ are of
the same order, which is typically the case. In this case, CI is asymptotically equivalent
to the CL [/ — B — z1_o0_/\/n, h + B + z1_o0.//n]. Since in large samples, the uncer-
tainty about the endpoints of the identified set [4(6;) — Bg, h(6;) + Bzl dominates by
the uncertainty about the location of the endpoints, it suffices to use a one-sided critical
value z;_, (see Imbens and Manski (2004), for a discussion).

Under local misspecification, if the estimator 6 is asymptotically linear with sensitiv-
ity k, /nBg = bias ﬁg(k) is bounded, so that the condition 2, — 2_|/\/nBz — 0 holds
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if O, — Q_ — 0. This is indeed the case if ﬁé = ﬁﬁg(k) + 0,(1), since then 2, and
0_ both equal k'3k. In this case, CI is asymptotically equivalent to the CI in equation
(7). The CI thus automatically adapts to the misspecification magnitude.

ExampLE D.1 (Linear IV model). To give an example of a setting in which the con-
dition (S31) holds, consider the linear instrumental variables (IV) model from Sec-
tion 5.1. In particular, suppose 1 = H 6, and suppose that g(0) = E[z;(y; — x;0)] € C, with
C={V/nBy: |yl <M,}, B = E[z;z},], and for concreteness, suppose ||-|| corresponds to
an ¢, norm. If M, = M is fixed, this reduces to the local misspecification setup in the
main text, but if M,, = ./nM, the misspecification is global. Consider the 2SLS estimator
h=I' Y ziyi, withk = —H@WD)'TW, T= —n ' Y0 zixjand W1 = Y1, 2:2); let
I'=—E[zix}], W=E[ziz]]"},and k = —HT'WD)~T'W.

Then h(6;) = HO + k'E[ziz};]y//n, and By = | k'E[z;z},1||M,/+/n. Consider the esti-
mator B = ||I€’% P z;z};|My/+/n of the worst-case bias, which is the same as the esti-
mator bias ﬁg(lz) /+/n under local misspecification used in the main text. Since B and h
depend on the data only through the sample means S, = n_l(zi ZiZ}, ) i XiZjy )i XiVi),
equation (S31) holds by the delta method, and consistent estimates O, and Q_ of 0,
and (2_ can be constructed using a consistent estimator of the asymptotic variance of
Sn, which yields the CI

CI = [ — cva(bias (k) /0Y%) - 0 1/n, b+ eva(bias k) Q%) - Q%) /n).

Thus, relative to the CI described in the main text, CI differs only in that it uses vari-
ance estimates Q+ and ()_ that are valid under global misspecification. If M,, = M, so
that misspecification is local, f)+ =k'3k + o0p(1) and _(A2+ =k'3k 4+ 0,(1), and the Cl is
asymptotically equivalent to the CI described in the main text.

D.2.1 Proofof Theorem D.2

PROOE. Let Z_ = /n(h — B — (h(6%) — Bz))/0QY?, and let Z; = /n(h + B — (h(6}) +
Bz))/0Y?. Then

P(h(0) > h— B— z1_o0"*/n)
= P(Z_ < /n(Bg— (h(6]) — h(0))) /2" + z,_,0"*10"?)
> P(Z- <21 o010 > 1 - at0(1),

where the equality follows by definition of Z_, the first inequality follows since Bz >

h(65) — h(0) by definition of B, and the second inequality follows since (21_/ 2 /.Ql_/ 2B 1,

Z_ 4 N (0, 1), and since convergence in distribution to a continuous distribution im-
plies uniform convergence of the cdfs (van der Vaart (1998, Lemma 2.11)). To show the
result for the two-sided CI, let b = 1(6*) — h(0) denote the asymptotic bias. Then

P(h(6) € CI) = P(cva(v/nB/OY?) - Q12 /0 > b — 1(0) = — cva(VB/ Q%) - 02 /)

=P(Z_+vnb/0* < A )+ P(-Z; —Jnb/0Y? < 4,) -1,
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where A_ = /n(Bg — B)/0Y* + cvo (ynB/ Q) - (}1/2/91/2 and A, = cva(VnB/QY?) -
1/2/!21/2—}— Vn(Bg — B)/_Ql/2 Now, since _/0_ 21, applying first equation (S34) and
next equation (S35) in Lemma D.1 below yields

= Vn(Bz — B)/ 0 + v (VnB/0?) + 0,(1) = vo (ViBE/ Q%) + 0, (1),

where the 0,(1) term is asymptotically negligible uniformly over S,. By similar argu-

ment, A, = cv(y/nBg /_(21/ 2) + 0p(1). By equation (S31), it therefore follows that, up to
a term that is asymptotically negligible uniformly over S, P(h(0) € CI) equals

P(Z + b/ QY? < cva(VBz/0Y?)) + P(Z — b/ QY? < cva(VnBz/0Y?)) =1, (S33)

where Z denotes as standard normal random variable. Fix € > 0. To conclude the proof,
we will show that for »n large enough, this expression is bounded below by 1 — o — €.

Since equation (S33) is symmetric in (24 and (2_, suppose without loss of generality
that 2 > Q_. By the assumption of the theorem, for n large enough and n > 0 specified
below, |21/%/0Y* — 1] < ny/nBz/0..

We'll consider two cases, \/ﬁBg/_Qi/z > z]_e, and \/ﬁBg/_Qi/z < z1_.. Suppose first
VnBg /!) + > zi_e. Then, if b < 0, equation (S33) is bounded below by ®(cv,(y/nBgz/

1/2)) +l—a—-1> @(cva(ch/Ql/z)) —a > 1— e — a, where the last inequality follows

since cv,(t) > t. If b is positive, it is bounded below by 1 — a + ¢(cva(ﬁBg/Q¥2)) -1>
l—a—ce.

Next, suppose, \/ﬁBg/_Qi/z < zi_e. Then |.Ql_/ 2 /er/z — 1] € nz1_,, so that by equation
(835),

| Ve (vABE/QY?) = VnBg/ QM — evo (VBz/QY?) + VB /02| < v,

where v = nz1_¢(z1—q/2 — Z1-a)- Therefore,
P(Z + /nb/ 0 < cva(VnBz/0Y?))

> P(Z «/_b 91/2 ~ 01/2 91/2 91/2

> ( ++/nb/Q SCVa(«/ﬁBc/ \/_Bc/ +«/_Bc/ )

= P(Z + Vnb/Q? < ovo (VnBz/ Q) + n(Bz — b)(QZ'? — 0717 —v)

> P(Z + b/ QY? < cvo (VB /0QY) —v)

> P(Z + v/nb/0QY* < cvo (VB / Q) +1 = 20(v/2),

) -
)

where the last equality follows since inf, {®(x — v) — ®(x)} =1 — 2d(v/2). It therefore
follows that the coverage probability in equation (S33) is bounded below by

P(Z + b/ QY? < evo(VnBg/ Q) + P(Z = /nb/ QY < evo (VnBg/0Y))
14+ (1-20@w/2)) > 1—a+(1-20(/2)),

where the inequality follows by definition of cv,. Setting n = 2z121.¢/2/(21-e(21-a/2 —
z1_4)) then implies that the right-hand side evaluates to 1 — @ — €. Thus, equation (S33)
is bounded below by 1 — a — €, concluding the proof. O
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Lemma D.1. The critical value cv,(t) satisfies, for any a > 0,

1—al
[e3 - [e3 p— — TR 4
ilglcv (ab)/a — o (b)| < z1_ap2 maxia. 1] (S34)
and
1—
supleve(ab) — ab — vy (b) + b| < (z21-g2 — zl_a)ﬁ. (S35)
b>0 max{a, 1}

Proor. Since the function cv, is increasing and convex, with slope bounded by 1, for
b1,b2=0

Vo (b1 +b2) < b1+ cva(br), (S36)

and fora>1and b >0,
Vo (ba)/a + cva (0)(1 — 1/a) > cva(b). (S37)
Suppose a > 1. Then by equation (S36)
cva(ab)/a — cva(b) < (eva(b) — b)(1/a—1) <0,

since cv,(b) — b is bounded below by z;_,. On the other hand, by equation (S37), the
left-hand side is greater than —cv,(0)(1 — 1/a). If a < 1, the same argument with ab and
b reversed then yields equation (S34).

To show equation (S35), suppose first that a > 1. By equation (S36), cv,(ab) — ab —
cvq(b) + b < 0. On the other hand, by equation (S37),

cVa(ab) —ab — cv(b) + b > (cvo(ab) — ab — cva(0))(1 —1/a) = (1 = 1/a) (21— — Z1—a/2),

where the second inequality follows since cv,(ab) — ab > z1_, and cvo(0) = z1_q)2. If
a < 1, the same argument with ab and b reversed then yields equation (S35). O

APPENDIX E: ADDITIONAL ASYMPTOTIC RESULTS
E.1 Construction of a submodel satisfying Assumption C.1

We give here a construction of a submodel satisfying Assumption C.1 under mild con-
ditions on the class P. The construction follows Example 25.16 (p. 364) of van der Vaart
(1998).

LEmMA E.1. Suppose that g(w;, 0) is continuously differentiable almost surely in a neigh-
borhood of 0* where Ep g(w;, 6*) =0, and that, for some & > 0,

Ep

0 < OQ.

d
ﬁg(wia 0)

sup |g(wi, 0)g(ws, 0)'| <00 and Ep, sup
16—6*l<e 6—6%ll<e

Let
m(wi) = C(Yh(f'g(wi, 0F))  where h(x) =2[1 + exp(—2x)] "
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with C(t)™1 = Ep,h(t'g(w;, 6%)). This submodel satisfies Assumption C.1, and the bounds
on the moments in the above display hold with Py replaced by P;.

Proor. Quadratic mean differentiability follows from Problem 12.6 in Lehmann and
Romano (2005), so we just need to show that equation (S14) holds, and that the deriva-
tive is continuous in a neighborhood of (¢, 6')’ = (0/, 6*')'. For this, it suffices to show
that each partial derivative exists and is continuous as a function of (¢, §")" in a neigh-
borhood of (0/, 6*')’, and that the Jacobian matrix of partial derivatives takes the form in
equation (S14) at (¢, §')' = (0/, 6*’)’ (see Theorem 4.5.3 in Shurman (2016)).

To this end, we first show that C(¢) is continuously differentiable, and derive its
derivative at 0. It can be checked that /(x) is continuously differentiable, with /(0) =
h'(0) =1, and that 4(x) and 4'(x) are bounded. We have, for some constant K,

d / £ / / % * *
d—tjh(fg(wi»e )| = |1 ('8 (wi, 6))gj(wi, 6)| < K|gj(wi, 6¥)|

S0, since Ep)|g;j(w;, 6%)| < oo, we have, by a corollary of the dominated convergence the-
orem (Corollary 5.9 in Bartle (1966)),

d d
EEpoh(t’g(wi, %)) :Epoﬂh(t’g(wi, 0*)) = Ep,h' (¢ g(wi, 6%))gj(wi, 6%).
j j

By boundedness of /' and the dominated convergence theorem, this is continuous in ¢.
Thus, C(¢) is continuously differentiable in each argument, with

d _
= ~[Enh(¢ g, )] Enh (1wi, 0%)8; (i, 0)
J

which gives [ditjC(t)],=0 =Ep,gj(w;, %) =0.
Now consider the derivative of

Ep,g(w;, 0) = Ep,g(w;, 0)m(w;) = C(t)Ep,g(wj, O)h(t' g(wi, 6%))
with respect to elements of 6 and ¢. We have, for each j, &,
d / ES {4 ES k
S8k (Wi, Oh (' g(wi, 07)) = gr(wi, O (1'g(wi, 07))g; (wi 67).
J
This is bounded by a constant times |gx (w;, 6)g;(w;, 6*)| by boundedness of 4. Also,

d
d—ajgkm,-, 0)h(7'g(w;, 6%))

is bounded by a constant times die,- gr(wj, 6) by boundedness of 4. By the conditions of

the lemma, the quantities in the above two displays are bounded uniformly over (', 6')’
in a neighborhood of (6*',0’) by a function with finite expectation under P,. It fol-
lows that we can again apply Corollary 5.9 in Bartle (1966) to obtain the derivative of
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Ep,g(w;, 0)h(t'g(w;, 6*)) with respect to each element of 6 and ¢ by differentiating un-
der the expectation. Furthermore, the bounds above and continuous differentiability of
g(wj, 0) along with the dominated convergence theorem imply that the derivatives are
continuous in (¢, 0')’.

Thus, Ep,g(w;, 6) is differentiable with respect to each argument of ¢ and 6, with
the partial derivatives continuous with respect to (¢,¢). It follows that (¢, 6")
Ep,g(w;, 0) is differentiable at =0, § = 6*. To calculate the Jacobian, note that

d Iy
S Erg(wi, 0) = C(OEp g(wi, 0)g(wi, 07) ' (¢ g(wi, 6))

d
+ Epyg(wj, 0)h(r g(wi, 0*))WC(t).

Evaluating this at t =0, 8 = 6*, the second term is equal to zero by calculations above,
and the first term is given by Ep g(w;, 6%)g(w;, 6*). For the derivative with respect to 6 at
6 = 6%, t =0, this is equal to I'g: p, by definition. Thus, Assumption C.1 holds. Further-
more, the bounds on the moments of g(w;, #) hold with P; replacing Py by boundedness
of (w;). O

E.2 Example: Misspecified linear IV

We verify our conditions in the misspecified linear IV model, defined by the equation
gr(0) =Ep(yi—x/0)zi=c/v/n, ceC,

where C is a compact convex set, y; is a scalar valued random variable, x; is a R% valued
random variable and z; is a R% valued random variable, with dg > dy. The derivative
matrix and variance matrix are

d /

Fop= WgP(G) =—Epz;x], Sg.p =varp((yi — x;0)z).

Let ® c R% be a compact set and let 4 : @ — R be continuously differentiable with

nonzero derivative at all 8 € . Let ¢ be given and let P be a set of probability distri-
/ /

butions P for (x}, z;, y;)’. We make the following assumptions on P.

AssumpTiON E.1. Forall P € P, the following conditions hold:
1. Forallj, Ep|x;j|**® < 1/e, Eplz; j|*t® < 1/e and Ep|y;|**® < 1/e.

2. The matrix Epz;x} is full rank and |Epz;x;ull/|lul > 1/¢ for all u e R%\{0} (i.e., the
singular values of Epz;x; are bounded away from zero).

3. The matrix 3¢ p = varp((y; — x;0)z;) satisfies M/Eg,pu/”qu > & for all u € R%\{0}
and all 6 such that there exists ¢ € C and n > 1 such that Ep(y; — x;0)z; = c//n.

Note that, applying Cauchy-Schwarz, the first condition implies Ep|vivov3v4] I+e/4 o
1/ for any vy, vy, v3, v4 where each vy is an element of x;, z; or y;. In particular, z;(y; — x0)
has a bounded 2 + £/2 moment uniformly over 6 € ® and P € P.
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E.2.1 Conditions for Theorems C.5 and C.6 We first verify the conditions of Ap-
pendix C.5. To verify the conditions of Theorems C.5 and C.6 (which show that the
plug-in optimal weights k= k(8, H, f, 3) lead to CIs that achieve or nearly achieve the
efficiency bounds in Theorem C.1 and Theorem C.2), we must verify Assumptions C.2,
C.3,C.5, and C.6.

Let

n n -1 n n
) ’ / /
Binitial = (Z zixX;Wn inzi) > zxiWa Y ziyi,
i=1 i=1 i=1 i=1

where W,, = Wp + op(1) uniformly over P € P and Wp is a positive definite matrix with
u'Wpu/|u||> bounded away from zero uniformly over P € P. Let H = H  Where Hy is the
derivative of /4 at 6. Let

. e v 1K, s A 2
F=—; Zzixi, 2=;Zzi2i(yi—xi01nitial) .
=1 i=1

First, let us verify Assumption C.3. Indeed, it follows from a CLT for triangular arrays
(Lemma E.7 with v; = u; [z;(y; — x;0) — Ez;(y; — x;0)] with u,, an arbitrary sequence with
llunll =1 all n) that

sup sup  sup sup
ucRig teR (¢',c")e®@xC PePy(6,c)

P(ﬁu/(gw) —8r(9) _

W g pu

(note that u can be taken to satisfy ||u|| = 1 without loss of generality, since the formula
inside the probability statement is invariant to scaling). Note that this, along with com-
pactness of C, also implies that ﬁ Y zi(yi — x;0) = V/ng(0) = Op(1) uniformly over 6
and P with P € P(0, c) for some c.

For Assumption C.2, we have

t) —@(t)‘ —0

R 1 n 1 n -1 1 n 1 n
V1 Oinitial — 0) = (; Z Zix;'Wn; in2§> 7 Z Zix;'Wnﬁ Z zi(yi — x;9).
i=1 i=1 i=1 i=1

Since % Y i1 zix; converges in probability to —I'g p uniformly over P by Lemma E.8 and
ﬁ Yo zilyi — x;0) = Op(1) uniformly over P by the verification of Assumption C.3
above, it follows that this display is Op(1) uniformly over P and 6, as required. For the
second part of the assumption, we have

8(Oinitial) — 8(0) = —— > zix}(Biniial — 0) = o, p(Binial — 0) + (' = To,p) (Binitia1 — 0)-
i=1

The last term is uniformly op(1/4/n) as required since (éinmal —0) = Op(1/4/n) as shown
above and I' — I'p, p converges in probability to zero uniformly by an LLN for triangular
arrays (Lemma E.8). For the last part of the assumption, we have, by the mean value
theorem,

h(Binitial) — h(8) = H@*((;imﬂal)(éinitial — 0) = Ho(Binitial — 0) + Hgep .y~ H) (Binitial — 0),

initial)
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where ‘9*(‘§initial) — 6 converges uniformly in probability to zero. Since 6 — Hy is uni-
formly continuous on 6 (since it is continuous by assumption and 0 is compact), it fol-
lows that H 6 (Bunsiial) Hy converges uniformly in probability to zero, which, along with
the verification of the first part of the assumption above, gives the required result.

For Assumption C.5, the first two parts of the assumption (concerning uniform con-
sistency of I and H) follow from arguments above. For the last part (uniform consistency
of EA), note that

S / 'h 2
S=-0 %z (¥i = *;6initial)

n
2 1 A 2 2
p Z,‘Z?(y,' - x;~0) + 7 Zzizg[(yi - xi'einitial) - (Yi - x;~0) ]
i=1 i=1
The first term converges uniformly in probability to 3y p by an LLN for triangular arrays
(Lemma E.8). The last term is equal to

e ,, ,» .
. > 2z} (x;Oinitiar + X;60 — 29i) X (Binigial — 0)-
i=1
This converges in probability to zero by an LLN for triangular arrays (Lemma E.8) and
the moment bound in Assumption E.1(1)
Finally, Assumption C.6 follows by Assumption E.1(2), and the condition that the
derivative is nonzero for all 6.

E.2.2 Conditions for Theorems C.1 and C.2 We now verify the conditions of the lower
bounds, Theorems C.1 and C.2. Given P, € P with Ep g(w;, 6*) =0, we need to show that
a submodel P; satisfying Assumption C.1 exists with P; € P for ||| small enough. To ver-
ify this condition, we take P to be the set of all distributions satisfying Assumption E.1,
and we assume that 6* is in the interior of 6.

Let P; be the subfamily given in Lemma E.1. This satisfies Assumption C.1 by
Lemma E.1 (the moment conditions needed for this lemma hold by Assumption E.1(1)),
so we just need to check that P, € P for ¢ small enough. For this, it suffices to show that
Ept|xl',j|4+€, Ept|Zi,j|4+€, Ept|yi|4+8, Eptzix;., and varp, (z;(y; — x;-())) are continuous in ¢ at
t = 0, which holds by the dominated convergence theorem since the likelihood ratio
7¢(w;) for this family is bounded and continuous with respect to .

E.2.3 Conditions for Appendix D In Appendix D, we proposed a CI that is asymptoti-
cally valid under global misspecification and asymptotically equivalent to the Cls con-
sidered in the rest of the paper under local misspecification. Specializing to the present
setting with misspecified IV, the CI is the union over ¢ of ClIs that use the GMM estima-
tor éW’g based on the moment function 6 — z;(y; — x;0) — ¢. This estimator is given
by Oy = —(f"Wf)_lf"W(% S ziyi — &) where T' = — 15 zix, as defined above.

We estimate kj , = —Hg(F’(,,PWng,p)_lf‘;,’PWp using k), = —Ho(I"WI)~I"Wp. We es-

timate 3y p = varp(z;(y; — x6)) using 3y = %Z?:l Ziz)(yi — x;§W75)2 = %Z?:l ziZ[yi —
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EWHTTWA YL, ziy; — ©17. In addition to Assumption E.1, we assume that
the weighting matrix is given by a (possibly data dependent) sequence W, such that
W, — Wp = op(1) uniformly over (6, P) € S,, where Wp is some family of limiting
weighting matrices with u/Wpu/| u||*> bounded away from zero and infinity uniformly
over P € P. The populatlon influence function weights are then given by ke p=
HO(Fg’pWG,PFO,P)

To verify the asymptotic equivalence result (Assumption D.1), we need to verify
Theorem D.1. To this end, first note that I' — 'y p = op(1) uniformly over (0, P) € S,
by a law of large numbers (Lemma E.8). Thus, by the bounds on Epz;x in Assump-
tion E.1, sup.cc 10y ./ yn — Ow,o0l = supece (WD) ™I"We//n| = Op(1//n) uniformly
over (0, P) € S,,. Note that éW,O = Binitial Where Oipigia is defined in Appendix E.2.1 above,
so it follows from arguments in that section that éW,O — 0 = Op(1/4/n) uniformly over
(0, P) € S;. Thus, sup,c |0W e/ yn— 0= Op(1/4/n) uniformly over (6, P) € S,,. Similarly,

we have sup .. IEgW e 29W C/fl =op(1)and ng , corresponds to the estimate used in

Appendix E.2.1 above, so that sup,.. |29W W — 39,.p| = op(1) uniformly over (6, P) € S,
by arguments in Appendix E.2.1.

The last part of Assumption D.1 will now follow if we can show that sup_... k; beyn

kg pl = op(1). Since we have already shown uniform consistency of [, this will follow so

long as sup,... |H9W " — Hy| = op(1) uniformly over (6, P) € S,,. This follows by the fact

that sup,.. |0W, e/yn— 0l=o0p(1) uniformly over (6, P) € S, along with uniform continu-
ity of 6 > Hg on O (since O is compact, continuity implies uniform continuity).

Finally, for the first display of Assumption D.1, note that, for some 6*(c¢) on the line
segment between 6 and éw,c,

By ) i) — h(O) — ki) p[2(0) — ¢/ /]
= Hyec)(Ow,0— 0) — kpy p&(0) + Hox(c) (f’Wf)’lf’Wc/ﬁ+ Ky pe//n

= Ho(Bw.o— 0) — ky p&(8) + Ho(C'WD) ' T'We/yn + Ky pe//n+ Ry g.p(c)
=[—H9(f/Wf)_1f/W—k/ |: Zzz z_xe _C/\/—:|+Rn9P(C)a

where sup,.c +/7|Rn,0,p(c)| = op(1) uniformly over (6, P) € S,. The first display of As-
sumption D.1 now follows from the fact that % Y1 zi(yi — x10) — ¢//n=Op(1/y/n) (by
Lemma E.7) and —Ho(I'WI)~'I"W — ki, , = 0p(1) uniformly over (6, P) € S,..

E.3 Auxiliary results

This section contains auxiliary results used in Appendix C. Appendix E.3.1 shows that
optimizing length over a set of the form G = R%? x D is without loss of generality, as
claimed in Appendix C.5. Appendix E.3.2 contains a result on the continuity of the opti-
mal weights with respect to §, T', 3, and H. Appendix E.3.3 states a law of large numbers
and central limit theorem for triangular arrays.
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It will be convenient to state some of these results in the general setup of Donoho
(1994), Low (1995), and Armstrong and Kolesdr (2018). Using the notation in Armstrong
and Kolesdr (2018), the between class modulus problem is given by

() =w(d;F,G,L,K)
=supL(g—f); st|K(g—/f)| =<8 feF,geg, (S38)

where F and G are convex sets with G € F, L is a linear functional and K is a linear
operator from F to a Hilbert space with norm | - ||. In our case, this is given by equation
(S10) in the main text, which fits into this setting with (¢’, ¢’)’ playing the role of f, R4 x C
playing the role of 7, K given by the transformation (¢', ¢’y = —I'6 + ¢, and with the
norm defined using the inner product (x, y) = x'3~!y. The linear functional L is given
by (¢', ') — H6.

E.3.1 Replacing R% x D with a general set G In Appendix C.5, we mentioned that di-
recting power at sets that do not restrict 6 is without loss of generality when we require
coverage over a set that does not make local restrictions on 6. This holds by the following
lemma (applied with 2/ = R% x {0}%).

Lemma E.2. Let U be a set with 0 € U such that F = F — U (i.e., F is invariant to adding
elements inU). Then, for any solution f*, g* to the modulus problem

supL(g—f) s.t|K(g—/f)|=<8 feF,geG+U,

where K is a linear operator, there is a solution f*, g* to the modulus problem (S38) for
F and G with g* — f* = g* — f*. Furthermore, any solution to the modulus problem (S38)
for F and G is also a solution to the modulus problem for F and G + U.

PrOOE. Let f, g + i be a solution to the modulus problem for F and G + U with g € G
and it €. Then f = f — i1, and g = § is feasible for F and G and achieves the same value
of the objective function. Since it achieves the maximum for the objective function over
the larger set 7 x (G + i) and is in F x G, it must maximize the objective function over
F x G. Thus, f, g achieves the modulus for 7 and G and also for F and G + U/. Since
the modulus for F and G is the same as the modulus over F and the larger set G + U/, it
also follows that any solution to the former modulus problem is a solution to the latter
modulus problem. O

E.3.2 Continuity of optimal weights We first give some lemmas under the general
setup (S38).

LemwMmA E.3. For each 8, let (f§, g5) be a solution to the modulus problem (S38), and let
h5 = g5 — f5. Let 8¢, 81 be given, and suppose that o is strictly increasing on an open in-
terval containing 8, and 81, and that a solution to the modulus problem exists for 6y and
81. Then K h3, and K hy, are defined uniquely (i.e., they do not depend on the particular
solution (f3, g5)) and

[ &5, — K, |* <2[57 - &3],
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PRrROOEF. Let fy = fg‘o, fi= fgl and similarly for gg, g1, hg, and A;. Let h= (hy + hy)/2.
Note that 7 = § — f where g = (g0 +g1)/2 € G and f = (fy + f1)/2 € F by convexity. Thus,
w(|Kh|) > Lh = [0(8)) + @(81)]/2 > min{w(8)), »(81)}. From this and the fact that o
is strictly increasing on an open interval containing &) and &1, it follows that |K h| >
min{ég, 81}.

Note that Ay = h + (hy — ho)/2 and (Kh, K(hy — ho)/2) = |Khi|?/4 — |Khol?/4 =
(6% - 68) /4 (the last equality uses the fact that the constraint on || K(f — g)|| binds at any
& at which the modulus is strictly increasing). Thus,

8% = |Khy|? = | K| + |K (hy — o) /2| + (83 — 63) /2
> min{83, 87} + | K (h1 — ho) /2| + (83 — 83) /2.

Thus, K (hy — ho)|I?/4 < 82 —min{83, 87} — (8% — 83)/2 = |87 — 83| /2 as claimed. The fact
that K h;o is defined uniquely follows from applying the result with §; and &, both given
by &p. O

LeEmMA E.4. For each 8, let (f5, g5) be a solution to the modulus problem (S38), and let
hy = g5 — f5. Let 8y and & > 0 be given, and suppose that w is strictly increasing in a
neighborhood of 8y, and that the modulus is achieved at 6. Let g € G and f € F satisfy
L(g—f)>w(8) —ewith |K(g— )| <bg,andleth=g— f. Then

[&(h = 13,)|” <485 — 0™ (w(80) — &)°].

ProoF. Let h* = hy , g* = g5 and f* = f3,- Using the fact that (K(h + h*)/2, K(h —
h*)/2) = IKh|*/4 — | Kh*||?/4, we have

KR = | K (h+ 1) 2| + |K (k= 1) /2] + 1K RI2/2 = | KR* /2.
Rearranging this gives
| (= %) 2])* = (UK + [ K#* 7] /2 = K (h+ 1) 2] (839)

Let 8’ = o 1 (w(8y) —&).Since Lh > w(8') and Lh* = w(8y), it follows that L(h+h*)/2 >
[w(8') + @ (8)]/2 > w(§).Since (h+ h*)/2=(g+g*)/2 — (f + f*)/2 with (g +g*)/2€ G
and (f + f*)/2 € F, this means that |[K(h + h*)/2| > &. Using this and the fact that
[IK RI? + K h*)21/2 < 82, it follows that [|K (h — h*)/2|% < &3 — 8" as claimed. O

LEmMA E.5. Let h;;,]—',g,L,K = g;,]—',g,L,K — fg,}',g,L,K where gg’f’g’L,K, fﬁ*,]-',g,L,K is a so-
lution to the modulus problem (S38). Let &y, Lo, Ko, Fo, Go, and {6,, L, Kn, Fu, Gnlnoy be
given.

LetH(8, K, F,G)={g—f:feF,geq,|K(g—[)| <8} denote the feasible set of val-
ues of g — f for the modulus problem for 6, K, F, G. Suppose that, for any ¢ > 0, we have,
for large enough n, H(&y — &, Ko, Fo, Go) S H(6n, Kn, Fn, Gn) S H(Sy + &, Ko, Fo, Go)-
Suppose also that L,h — Loh — 0 and ||(K,, — Ky)h| — 0 uniformly over h in H(5y +
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&, Ko, Fo, Go) for e small enough. Suppose also that o (8; Fy, Go, Lo, Ko) is strictly increas-
ing]:or dina neighboriiood of &g. Then ||K"h§n,fn,gn,Ln,Kn — Kohgo,fo,QO,Lo,Ko | — 0 and
thﬁn,]:n,gnaLn:Kn o LOhSo,fo,go,Lo,Ko — 0.

Prook. Foranye > 0, ggo—s,]:o,go,Lo,Ko’ fgo—s,fo,go,Lo,Ko is feasible for the modulus prob-
lem under 8, 7, Gn, L, K, for large enough n. Thus, for large enough n,

— * *
6()(60 -5 ]:07 gO, LO’ KO) - Lh50_57f0,g0,L0,K0 S thsn,]‘—n;gn,Ln,Kn'

Taking limits and using the fact that (L, — L)hgm FoGo LKy 0, it follows that
w (80 — & Fo,Go, Lo, Ko) —e <Lhy, x ¢ 1. «,

for large enough n. By continuity of the modulus in §, for any n > 0 the left-hand side is
strictly greater than w (8¢ + &; Fy, Go, Lo, Ko) —n for £ small enough. Since ggn’ ForGonLon Ky?
fgn For G L K is feasible for 8y + &, Fy, Go, Lo, Ko for n large enough, it follows from
Lemma E.4 that

||K0 (hgnyf—‘nygnaLnsKn - hzo—&-s,]‘—o,gg,Lo,Ko) ||
< 4[(80+ £)> — 0 (w (80 + & Fo, Go» Lo, Ko) — m: Fo, Go» Lo, Ko)]-

By continuity of the modulus and inverse modulus, the right-hand side can be made
arbitrarily close to zero by taking ¢ and n small. Thus,

llil’ol lim SupHKU(hzn,]-‘,,,gn,Ln,K,, - hg()—i-a,}—o,go,Lo,KQ) “ =0.

& n

It then follows from Lemma E.3 that limn_>?o ”KO(h;n,J-'n,gn,Ln,Kn — hgo,Fo,gq,Lo,Ko)” =0.
The result then follows from the assumption that ||(Ky — K,)A| — 0 uniformly over

H (6o + &, Ko, Fo, Go)- d

We now specialize to our setting. Let f ,, . ¢ = (sy'scy’) and g% rs= (s7', ¢
denote solutions to the modulus problem in equation (S10) with F = R% x C and
G=R% x D. Let w(5;H,T,3) = w(8;R% x C,R% x D, H,T,3) denote the modulus.
Let ity 1y =f3 yrs — 8. yr.s andlet Ky = 3712(=T, Ig,xq4,). Note that 1§ ;o o =
(s*', c*')Y where (s*', ¢*’)’ solves

supHs s.t.(c—Ts)3 N(c—Ts)<8,ceD—-C,scRb, (540)

Furthermore, a solution does indeed exist so long as C and D are compact and I" and ¥
are full rank, since this implies that the constraint set is compact.

Let &y, Hy, Iy, and 3 be such that §; > 0, Hy # 0, and such that I'y and 3 are full
rank. We wish to show that K- Eh’g, HIs 18 continuous as a function of §, H, T, and ¥ at
(89, Ho, T'9, 29). To this end, let 6, H,, ', and 3, be arbitrary sequences converging to
80, Ho, Iy, and 3 (with 3, symmetric and positive semidefinite for each n). We will apply

Lemma E.5. To verify the conditions of this lemma, first note that the modulus is strictly
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increasing by translation invariance (see Section C.2 in Armstrong and Kolesar (2018)).
The conditions on uniform convergence of (L, — L)k and (K,, — K)h follow since the
constraint set for 4 = g — f is compact. The condition on #(8, K, F, G) follows because
(c —I's)’>7!(c — T's) is continuous in 3~! and I" uniformly over ¢ and s in any compact
set, and there exists a compact set that contains the constraint set for all » large enough.
We record these results and some of their implications in a lemma.

LEmMA E.6. Let C and D be compact and let c denote a solution to

S.H.LY S8.H.I,S
equation (S40). Let A denote the set of (8, H,T,3) such that 6 > 0, H € R%\{0}, T is
a full rank dg x dg matrix and 3 is a (strictly) positive definite dg x d, matrix. Then
2_1/2(S;,H,1",2 - FCZ,H,T,E) is defined uniquely for any (6, H,T', 3) € A. Furthermore, the

mappings (8, H,T', 3) > 3~1/2(s r

* _ *
s.ury V¢ prs)

—1
(55.5rs =T prs)>
—1
(S5.rs =T yrs)> TH/H'H

k(5,H,T,3) = and (8 H,T,3)=Hs; ;s

are continuous functions on A.

E.3.3 CLT and LLN for triangular arrays To verify the conditions of Appendix C.5, a
CLT and LLN for triangular arrays (applied to the triangular arrays that arise from arbi-
trary sequences P, € P) are useful. We state them here for convenience.

LEMMA E.7. Let & > 0 be given. Let {v;}]_, be an i.i.d. sequence of scalar valued random
variables and let P be a set of probability distributions with Ep'l)i2+8 <l/e 1/e < Epvf
and Epv; =0 forall P € P. Then

sup sup — 0.

PeP teR

P(i > vi/y/varp(vi) < r) —d(1)
ﬁ i=1

Proor. The result is immediate from Lemma 11.4.1 in Lehmann and Romano (2005)
applied to arbitrary sequences P € P and the fact that convergence to a continuous cdf
is always uniform over the point at which the cdf is evaluated (Lemma 2.11 in van der
Vaart (1998)). O

LemmA E.8. Let & > 0 be given. Let {v;}]_, be an i.i.d. sequence of scalar valued random
variables and let P be a set of probability distributions with Ep|v;|'™¢ <1/ forall P € P.
Then % Y vi— Epv; = op(1) uniformly over P € P.

Proor. The stronger result supp.p Ep|L 30 v; — Epy;|!+minte:2} - 0 follows from The-

orem 3 in von Bahr and Esseen (1965). O

REFERENCES

Armstrong, T. B. and M. Kolesdr (2018), “Optimal inference in a class of regression mod-
els.” Econometrica, 86 (2), 655-683. [8, 9, 13, 19, 20, 21, 34, 37]


http://www.e-publications.org/srv/qe/linkserver/setprefs?rfe_id=urn:sici%2F1759-7323%282021%2912%3A1%2B%3C1%3ASTSAUA%3E2.0.CO%3B2-8
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:1/ArKo18optimal&rfe_id=urn:sici%2F1759-7323%282021%2912%3A1%2B%3C1%3ASTSAUA%3E2.0.CO%3B2-8
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:1/ArKo18optimal&rfe_id=urn:sici%2F1759-7323%282021%2912%3A1%2B%3C1%3ASTSAUA%3E2.0.CO%3B2-8

38 Armstrong and Kolesér Supplementary Material

Armstrong, T. B. and M. Kolesar (2020), “Sensitivity analysis using approximate moment
condition models.” arXiv:1808.07387v4. [2]

Bartle, R. G. (1966), Elements of Integration, first edition. John Wiley & Sons Inc, New
York, NY. [29]

Donoho, D. L. (1994), “Statistical estimation and optimal recovery.” The Annals of Statis-
tics, 22 (1), 238-270. [34]

Dubé, J.-P, J. T. Fox, and C.-L. Su (2012), “Improving the numerical performance of
static and dynamic aggregate discrete choice random coefficients demand estimation.”
Econometrica, 80 (5), 2231-2267. [24]

Hall, A. R. and A. Inoue (2003), “The large sample behaviour of the generalized method of
moments estimator in misspecified models.” Journal of Econometrics, 114 (2), 361-394.
[24, 25]

Imbens, G. W. and C. E Manski (2004), “Confidence intervals for partially identified pa-
rameters.” Econometrica, 72 (6), 1845-1857. [25]

Lehmann, E. L. and J. P Romano (2005), Testing Statistical Hypotheses, third edition.
Springer, New York, NY. [9, 10, 29, 37]

Low, M. G. (1995), “Bias-variance tradeoffs in functional estimation problems.” The An-
nals of Statistics, 23 (3), 824-835. [34]

Newey, W. K. (1985), “Generalized method of moments specification testing.” Journal of
Econometrics, 29 (3), 229-256. [5]

Newey, W. K. and D. L. McFadden (1994), “Large sample estimation and hypothesis test-
ing.” In Handbook of Econometrics, Vol. 4 (D. L. McFadden and R. E Engle, eds.), Chap-
ter 36, 2111-2245, Elsevier. [5]

Rosset, S. and J. Zhu (2007), “Piecewise linear regularized solution paths.” The Annals of
Statistics, 35 (3), 1012-1030. [3]

Shurman, J. (2016), Calculus and Analysis in Euclidean Space, first edition. Springer, New
York, NY. [29]

Sun, Y., A. Baricz, and S. Zhou (2010), “On the monotonicity, log-concavity, and tight
bounds of the generalized Marcum and Nuttall Q-functions.” IEEE Transactions on In-
formation Theory, 56 (3), 1166-1186. [6]

van der Vaart, A. W. (1998), Asymptotic Statistics. Cambridge University Press, New York,
NY. [11, 26, 28, 37]

von Bahr, B. and C.-G. Esseen (1965), “Inequalities for the rth absolute moment of a sum
of random variables, 1 < r < 2.” The Annals of Mathematical Statistics, 36 (1), 299-303.
(37]

Co-editor Andres Santos handled this manuscript.


http://arxiv.org/abs/arXiv:1808.07387v4
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:4/donoho94&rfe_id=urn:sici%2F1759-7323%282021%2912%3A1%2B%3C1%3ASTSAUA%3E2.0.CO%3B2-8
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:5/dubeimproving2012&rfe_id=urn:sici%2F1759-7323%282021%2912%3A1%2B%3C1%3ASTSAUA%3E2.0.CO%3B2-8
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:6/HaIn03&rfe_id=urn:sici%2F1759-7323%282021%2912%3A1%2B%3C1%3ASTSAUA%3E2.0.CO%3B2-8
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:7/im04&rfe_id=urn:sici%2F1759-7323%282021%2912%3A1%2B%3C1%3ASTSAUA%3E2.0.CO%3B2-8
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:9/low95&rfe_id=urn:sici%2F1759-7323%282021%2912%3A1%2B%3C1%3ASTSAUA%3E2.0.CO%3B2-8
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:10/neweygeneralized1985&rfe_id=urn:sici%2F1759-7323%282021%2912%3A1%2B%3C1%3ASTSAUA%3E2.0.CO%3B2-8
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:12/rossetpiecewise2007&rfe_id=urn:sici%2F1759-7323%282021%2912%3A1%2B%3C1%3ASTSAUA%3E2.0.CO%3B2-8
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:14/sunmonotonicity2010&rfe_id=urn:sici%2F1759-7323%282021%2912%3A1%2B%3C1%3ASTSAUA%3E2.0.CO%3B2-8
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:16/vonbahrinequalities1965&rfe_id=urn:sici%2F1759-7323%282021%2912%3A1%2B%3C1%3ASTSAUA%3E2.0.CO%3B2-8
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:4/donoho94&rfe_id=urn:sici%2F1759-7323%282021%2912%3A1%2B%3C1%3ASTSAUA%3E2.0.CO%3B2-8
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:5/dubeimproving2012&rfe_id=urn:sici%2F1759-7323%282021%2912%3A1%2B%3C1%3ASTSAUA%3E2.0.CO%3B2-8
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:5/dubeimproving2012&rfe_id=urn:sici%2F1759-7323%282021%2912%3A1%2B%3C1%3ASTSAUA%3E2.0.CO%3B2-8
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:6/HaIn03&rfe_id=urn:sici%2F1759-7323%282021%2912%3A1%2B%3C1%3ASTSAUA%3E2.0.CO%3B2-8
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:7/im04&rfe_id=urn:sici%2F1759-7323%282021%2912%3A1%2B%3C1%3ASTSAUA%3E2.0.CO%3B2-8
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:9/low95&rfe_id=urn:sici%2F1759-7323%282021%2912%3A1%2B%3C1%3ASTSAUA%3E2.0.CO%3B2-8
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:10/neweygeneralized1985&rfe_id=urn:sici%2F1759-7323%282021%2912%3A1%2B%3C1%3ASTSAUA%3E2.0.CO%3B2-8
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:12/rossetpiecewise2007&rfe_id=urn:sici%2F1759-7323%282021%2912%3A1%2B%3C1%3ASTSAUA%3E2.0.CO%3B2-8
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:14/sunmonotonicity2010&rfe_id=urn:sici%2F1759-7323%282021%2912%3A1%2B%3C1%3ASTSAUA%3E2.0.CO%3B2-8
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:14/sunmonotonicity2010&rfe_id=urn:sici%2F1759-7323%282021%2912%3A1%2B%3C1%3ASTSAUA%3E2.0.CO%3B2-8
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:16/vonbahrinequalities1965&rfe_id=urn:sici%2F1759-7323%282021%2912%3A1%2B%3C1%3ASTSAUA%3E2.0.CO%3B2-8

Supplementary Material Sensitivity analysis using approximate GMM 39

Manuscript received 21 April, 2020; final version accepted 1 September, 2020; available online 16
September, 2020.



	Appendix A: Details of calculations
	Cressie-Read divergences
	lp bounds
	p=2
	p=inﬁnity


	Appendix B: Speciﬁcation test
	Appendix C: Asymptotic coverage and efﬁciency
	Setup
	Least favorable submodel
	One-sided CIs
	Two-sided CIs
	Achieving the bound
	Centrosymmetric case

	Appendix D: Global misspeciﬁcation
	CIs based on recentering the moments
	Computation

	CIs based on misspeciﬁcation-robust standard errors
	Proof of Theorem D.2


	Appendix E: Additional asymptotic results
	Construction of a submodel satisfying Assumption C.1
	Example: Misspeciﬁed linear IV
	Conditions for Theorems C.5 and C.6
	Conditions for Theorems C.1 and C.2
	Conditions for Appendix D

	Auxiliary results
	Replacing Rd times D with a general set G
	Continuity of optimal weights
	CLT and LLN for triangular arrays


	References

