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DETAILED PROOF OF LEMMA 5

LEMMA 5: Let é =[é,(n),..., é,(n)]. Then, under the assumptions of Theo-
rem 1, there exists an n x m matrix & with independent N© (0, 21S¢(w,)) columns,

independent from F, and such that gi(é—eé)=o0,(n"'7?).
PROOF: First, suppose that Assumption 2(ii) holds and n ~ m = o(T°®).

Define n = ((Ree¢,), (Ime,), ..., (Ree,,)’, Imé,,)’) . First, let us show that
Enn’' =V + R with a block diagonal

V:’]T1m®(ReSn(w0) —ImSn(w0)>

ImSﬁ(wo) RCSZ((U())

and R;; = 8yi/au,1j2O(m/T) + O(T™"), where 8, is the Kronecker delta, and
O(m/T) and O(T~") are uniform in / and j running from 1 to 2nm.
By the definition of the discrete Fourier transform (d.f.t.), we have

1 4 4 L A
Eéjsérl = TE{( E e]-,e_””s’) ( E e,,e_”‘”t)j| .
=1 t=1

Hence, we can write

AU R r ,
Eejse,, = T Z e*lwyucjr(u) Z h(f + u)efl(wﬁrwl)t’
t=1

u=1-T

where h(7) =1for 1 <7 < T and k(1) = 0 otherwise. Denote
T T
Z h(t+ u)e*i(w#wz)f _ Z e~ iostopt
=1 t=1
as U, and denote
e e, (u) — 2m[Sy(w,)];r
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as U,. Then

T
. a 2 .
Eefferl - 7 Ze l(ws+w/)l[SZ(ws)]jr
t=1

~

1 T
—lwsl U U —i(ws+wp)t
e (wUi+ U, ) e .

-T t=1

N -

Il
—_

u

But |U,| < |u| and

> et (u)

lu|=T

<3 Hie, @l

lu|=T

|Us| =

Hence,

27

Eéjey— =) e IS ()]

t=1

T-1

1
=D |u||c,,(u)|+2' e ()

u:lfT lul>T

E e*l(mewl)l

Note that by the definition of w; and w;, w; + w; = 27 (s;+s5;))/ T # 0 for all s
and /. Therefore,

e—i(ws+w1) e—i(wﬁ—w;)T _ 1

1 T
- E e—i(wy+w1)t — — 0
T T e~ ilostop) 1

t=1

for all s and /, and we have |E¢;é,| < = T Zu Lz lullc;(w)| = O(T") uniformly
in s and /, but also in j and r by Assumption 2(ii). Similarly, |E€’ é/,| = O(T™)
uniformly in s, /, j and r.

Consider now Eé;.e,,. Similar to above,

Jsor

T
A A ZWZ s
Eepe;, e s wl)t[SZ(ws)]jr
1=

2 :e—l(wg wl)t

T—
7 Z |u||cj,<u>|+2' ey
u=1-—

|u|>=T
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and if s # [, we have |Eé;€/,| = O(T~") uniformly in s, /, j, and r. However, if
s =1, then w;, — w; =0 and we have

L [
Eejser[ - Zw[sz(ws)]jr = T e_lwsucjr(u)(T - M) - 27T[S2(ws)]jr
u=1-T
1 T-1
=-7 ue "¢ (u) — Z e " (u)
u=1-T lul>T

so that |E¢;e,, — 27[Se ()i < 7 2 lullc;(w)| = O(T™) uniformly in s, 1, j,
and r. To summarize,

(S1)  Eée,=0(T", E&2,=0(T™,

js rl_

(S2)  Eéjé, =82S (w,)]; + O(T ™),

where O(T!) is uniform in s, /, j, and r.

This result is very similar to Theorem 4.3.2 of Brillinger (1981), which is
more general in that it gets estimates for higher order cumulants of d.f.t.’s in
addition to the second-order cumulants, but which is less general in that it only
considers situations when j and r are bounded so that uniformity of O(T')
in j and r is trivial.

Note that

Eéje,=E(Ree;+ilmej)(Ree, +ilme,)
=E(Ree¢;Reé, —Ime; Ime,))

+iE(Reé; Ime,, +Ime;Ree,)

and
Ee;e,,=E(Ree; +ilme;)(Ree, —ilme,)
=E(Ree¢;Ree,; +ImejIme,)
+iE(—Reé; Ime, +ImejRee,).
Therefore,

1
A n A~ S A~ JUN
E(ReejRee,) = Z(Eejse,, + Eejserl +Ee;e, + Eejse,l),
E(mé. Ims _1EA Y L ES 5 Ee b, ES &
(Imey; mer/)—z( ejie, + Ee,e, — Eeye, — Eee,),

1
N N A A a A A A a A
E(ReejIme,;) = E(Eejserl — Eejser, —Eeje,; + Eejse,,),
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1
A A N I A n n A
E(ImejRee,;) = Z(Eejse,, Eel e, +Eee, —Eejxe,l).

Using formulas (S1) and (S2), we finally get

E(Re e]s* Re erl) - l ([Sfl(ws)]/) + [SZ(w&')]rj) +0(T_1),
Xl

E(Im éjs Im é\rl) = sl [Se(ws)]jr + [SZ(ws)]r]) + 0(T71)9

E(Re é\‘js Im érl) = bl ( [SZ(ws)]]r + [SZ(&),)],]) + O(T_1)7
(

E(Imé; Reé,) =8 f 1S ()]s — [S4(w))1,) + O(T ).

Since S¢(w,) is a Hermitian matrix, we have
EReé;Reé,) =8 mRe[S (w)];, + O(T™),
E(Imé;Imé,) = dymRe[Si(w,)];, + O(T™),
EReé; Imé,) = —8,ym Im[SS(w))];, + O(T ™),
E(Imé;Reé,) = 8ymIm[SS(w,)];, + O(T™).

Further, by the definition of the spectrum and by Assumption 2(ii),
[S¢(w,)]jr — [S(wp)];, = O(m/T) uniformly in j,r, and s. Hence, the above
covariance formulas for the real and imaginary parts of é;; and e, imply that
the i, jth entries of R equal 8[,/2nJ U/MO(m/ T)+ O(T'), where O(m/T) and
O(T~') are uniform in i and j running from 1 to 2nm.

Construct 17 = V'2(V + R)""?n and define an n x m matrix ¢ with the sth
columns é, so that ((Ree,)’, (Ime,),...,(Ree,), (Ime,)) = 7n. Note that e
has independent N (0, 275%(w,)) columns by construction.

Using inequalities |BAll, < | B|l| All. and [|AB|l> < || A|.l|BIl (see, for ex-
ample, Horn and Johnson (1985, Problem 20, p. 313)), we obtain E||n — 7> =
|(V + R)Y> = V1213 < [VV4* (I + V2RV -Y%)Y2 — [|2. Denote the ith
largest eigenvalue of V-'2RV 12 as u; and note that |u;| < 1 for large
enough 7. Since |(1 + w)"?* — 1| < |w;| for any |w;| < 1, the ith eigen-
value of (I + V~12RV-Y2)12 — [ is no larger by absolute value than the
ith eigenvalue of V~2RV =12 for large enough T. Therefore, E|n — 7|*> <
IVVAIRIV2RY 215 < (VVAIHIV 2RI But VY4 = (why,)'* and
V12| = (wl,,)~"* by construction, and

2nm

IRIZ =" (Bu2m02000m/ T) + O(T ™))

ij=1

=mQ2n)’0(m*/T?) + (2mn)’O(T~?) = o(n™'?)
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because n ~ m = o(T*?). Hence,
Eln —7l* < (wly)(7l) o(n'7) = o(n™'7?),

where the last equality holds because /;, and /! remain bounded as n, m — oo
by Assumption 3. Finally, Lemma 2 and Markov’s inequality imply that o(é —
&) =o0,(n"'7?).

Now, suppose that Assumption 2(ii)(a) holds and m = o(T"*""/? log™" T)%/3.
In this case, ¢, = Z;ZIA,-]-L?”, where i, is the d.f.t. of u;, at frequency w;.
For fixed j and w, = 0, Phillips (2007) showed that there exist independent
and identically distributed (i.i.d.) complex normal variables &;,, s =1,...,m,
such that &, — &, = 0,(m/T"*/?) uniformly over s < m. Lemmas S1, S2,
and S3 below extend Phillips’ proof to the case w, # 0 and show that there
exist Gaussian processes u}‘.f with the same autocovariance structure as u;, and
independent over j € N such that the differences between the d.f.t.’s it;, — ﬂ]‘z =
rjs satisty sup,_o E(max,-,, [rj;|)* < Km*T*»~! log’ T for large enough T, where
K > 0 depends only on p, u,,sup,., (3,2 klci|)?, and sup,_, |C;(e~*0)|.

Note that the process e = >~ Au satisfies Assumption 2(ii). Indeed,
let ¢f (u) = Eef,_ e Then, since u{, are independent over j € N and have the
same autocovariance structure as u;, we have cl.jG. (u) =Y A A Ety gyl
Therefore,

D A+ uDlef ] <> 1A Apl > (A + [uD|Ettyity].
u r=1 u

On the other hand,

Cric—lul |

S A+ uDIEty il <Y (A [uh)leu

u  k=|u|

oo

30> A lub)lexd

k=0 w:lu|<k

crk7|u\

oo

< (1+k)|crk||crk—|u\|
k=0 w:|u|<k

A

0 2
< <Z(1+k>|c,k|) :

k=0
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Hence,

o0 o0 2
supZ(l + |u|)|cl§.}(u)| < supZA,%up(Z(l + k)lcrkl> < 00
ij - k=0

u r>0

by Assumption 2(ii)(a).
Thus, the problem reduces to the Gaussian case analyzed above if we show
that o7 (é — é%) = 0,(n"'/%). But we have

Y Y El@—eé%)l

i=1 s=1

i=1 s=1 j=1 i=1 j=1

<mn (sup Z Ai) Km*T"'1og’ T = o(n"'7)

i>0 j=1

if n~m=o(T">"7log™' T)%/" as has been assumed. Therefore, Lemma 2
and Markov’s inequality imply that o?(é — %) = 0,(n"'?). Q.E.D.

LEMMA S1—Zaitsev (2006): Suppose that x1, ..., Xt are independent zero-
mean random vectors in RY such that L, = ZtT:lEHx[H” < oo with p>?2
and there exists a sequence 0 = my < m; < --- < m, = T such that for D, =
Var[x,, 1+ +xu), k=1,...,7,wehave I, <y D, < C -1, with C > 1
and v = ZeL;,/ P, Then there exists a probability space that supports both a se-
quence distributionally equivalent to xi, ..., xr and a sequence of independent
N(0, Var(x,)) vectors y,, t =1, ..., T, such that

t

Z(xs - ys)

s=1

_ a z
5z)<2L,z7* -
> z)_ pZ +exp< yd9/210g*d)

for any z > ay(d®log" d)ylog" , where ay, a, > 0 depend only on C and where
log" a = max(1, loga).

Pr| max
1<t<T

This lemma is a slightly weakened version of Corollary 3 in Zaitsev (2006).

LEMMA S2: Under Assumption 2(ii)(a), there exists a probability space that
supports a process distributionally equivalent to &; and a process €5 ~ i.i.d.
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N(0, 1) such that E(max,,-r(|R;,|/vT))* < bT*?~'log’ T for large enough T,
where Rj;=Y",_ e (g; — £5) and b > 0 depends only on p and .

PROOF: In Lemma S1, take x, = v,g;, where v, = (cos wyf, —sin wgt)’,
and assume that wy # Omod(w). Then, for any /, the two singular val-
ues of Var(xy_; + xy) are o1, =1 &£ |cos wy|. Therefore, for k =1, ..., 7,
(02(Di))/y* = 0o/ Y [(my — my_1) /2] and (o1(Dy))/y* < o1/ y*[(my — my_y +
1)/2] for any positive y and, hence, for y = 2eL}/? with L, = Tu,. In particu-
lar, if we choose m;, = k([2y?*/0,] + 1) for k < 7 — 1 with 7 = [T/m,], we have
miny . [(my — my_1)/2] = [my/2] > y*/o, and max,_.[(m, — my_; +1)/2] <
my < 3y*/a,, where the latter inequality holds because p>/” = (Ele;|?)”? >
Ea?t = 1; thus, y*/0, > 1. Summarizing the above inequalities, we get I, <
v 2D; < 3(1 + |coswy|)/(1 — | cos wy|)], for k =1, ..., 7. Hence, for each j,
Zaitsev’s inequality for the tail probability of max;.,r || Zizl{vssjs — Y5t s
satisfied for independent N (0, v,v)) vectors y;, s =1, ..., T. By expanding the
probability space, we can choose y;,’s independent across different j’s and em-
bed the finite sequences y;, s =1, ..., T, into the infinite ones y;,, s € Z.

Now, define independent N (0, 1) variables sg = )1,js COS WS — V> js SIN @S,
where y, j; and y; j, are the two components of vector y;; = (y1js, 2,j5)'- Note
that

(S3)  Re(e &%) =y j,c08” oS — s, j; COS WS SN @S,
(S4) Im(e™0° &) = —y1 s 8in w05 COS WS + Y2, SIn” Wps.
Further, note that

(S5) Y1js SIN(@0S8) + ¥a js COS(wps) =0

because  E((sin(wps), cos(wps))y;s)* = (sin(wps), cos(ws))v,v.(sin(wys),
cos(wps)) = 0. Multiplying the left hand side of (S5) by sin(wys) and by
cos(wys), and adding the results to the right hand sides of (S3) and (S4), re-
spectively, we find that the components of y;; equal the real and the imaginary
parts of e*"“’ossﬁ. Therefore, we have

B a z
Pr(lmftz;); IR;:| > 52) <2L,z7"+ exp( y2972 10g2>

for any z > a,(2%1og2)ylog" v, where R;, =Y, e~"'(&; — £5) and ay, a, >
0 depend only on w; # 0mod(7). For wy = 0mod(w), defining x, = e~"“v'¢;,
and repeating a simplified scalar version of the above argument, we obtain the
same tail probability estimate (with different a, and a,, and 7 = [T/m,] with
m; =[y*]+1).
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Now, we have

E |R/t|
I<t<Tf
s IR,/
_2/0 xPr(llllq%f x)dx

5 * xNT\7* a,xvT
=X +2/}_{ x(ZLp<T> +exp< 5727 log2 dx

for x > 5T"%a,(2%1og2)ylog" . Recall that 7 = [T/m,] = [T/([2y*/ 021 + 1)],
y = 2eL}/? with L, = Tp,, and o, =1 — [coswy| (or, alternatively, 7 =
[T/m] =[T/([y*] + 1)] for wy = 0mod(m)). As T — oo, y~ T"? and 7 ~
T'=%? so that there exists a constant b, > 0 such that x > b,T"/?~12log T im-
plies that X > 5T 2a,(2%1og2)ylog" 7 for large enough T. Furthermore, since
the inequality x > b,T"/P~'/?log T implies that xT'/?7!/? — oo as T — oo and
since 2L ,(x~/T/5)"7 ~ (xT'>"/7)~7 and a,x/T/(5y2°*log2) ~ xT"*-V/»,
we have 2L ,(x~/T/5)77 > exp(—a,x~/T /(5y2°*10g2)) for large enough T. To
summarize, for large enough T and for X > b,T"/7~1/*log T with some positive
constant b,,

R\’ VT
E(maxM) 5)’62+2/ 4xL (x ) dx
1<t<T JT P 5

=X+ b, T PPxP,

where b, > 0 depends only on u, and p. Setting X = b,T"/7~"?1log T, we get
E(maxlS,ST(|Rj,|/«/7))2 < bT¥»'10g” T for large enough T, where b > 0 de-
pends only on u, and p. Q.E.D.

LEMMA S3: Let Assumption 2(ii)(a) hold and let & i jeN,t € Z, be the
i.i.d. N(0, 1) variables described in Lemma S2. Define u]t =(; (L)s and con-

sider the differences rj; = il;; — uj_T between the d .ft.’s of uj, and uj at frequen-
cies ws with s =1,...,m. Then sup,_, E(max,-,, ris))? < Km?T¥?~'1og* T for
large enough T, where K > 0 depends only on p, w,, supjzl(Zf:0 klcik)?, and
sup;. |Ci(e™"®0)].

A

PROOF: Consider the representation for rj, = i1, — ¢

s’

(S6) ﬁrjs — efi(mﬁmu)TfejT _ Zﬁjte*i(wxfmo)t(efi(a)sfmo) _ 1)7
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where R = Z;:l el (y i1 uﬁ). Using a modified Beveridge—Nelson decom-
position, C;(L) = C;(e™™0)+C;(L)(L—e~"*0),where C;(L) = Y -, ¢;x L* with
Citk = Yo €706 e we get e (uy — uﬁ) = Cj(e~'*0)e 0l (gj — sﬁ) +
(8j11 — Z;flf]) — (&j — éﬁ) with &; = e~ 0"V C;(L)e; and ?;ﬁ = e twol+D)
C'j(L)ajG,. Therefore,

(87)  Ri=Cile™™)Ry+ (310 — &) — (3 — &),

where R;, =Y, eV (g; — &). Substituting (S7) in (S6) and using the fact
that [e~"(“s=0) — 1] < 210D we obtain

(S8) 1215%),(" 7] <2m(m+1)

y [R;:| |8 15
) iog +2m + 2 max
X (|C,(€ )| 111;%); T 205,22; JT 205;5T JT)

By Lemma S2, E(maxlgsr(le,‘|/\/T))2 < bT¥»~'1og* T for some b > 0, which
depends only on p and u, for large enough 7. Furthermore,

|5‘jt| - |;;j[|p p 1-p2p 1%, [P /8P
Pr(g%ﬁ>a <Pr( ) s > 8" ) <2T""PE|E"/6".

t=0

But by Minkowski’s inequality,
o0 P o0
> sk ) < <Z|Ejk|(E|s,,k|f’)1/">
k=0 k=0

00 P
< (ka) -

k=0

P

(S9)  E|z;l" = E(

Hence,

00 p
EA ) . (
Pr(max >8) <2T"P2 > klcil | /8
0<t<T ﬁ Py
and, therefore,
~ 2 00 =
E(max|8"|) :2/ xPr(maX@>x)dx
0=t<T JT 0 0=t<T ﬁ

e} 0 P
S TZ/Pfl +4/ xl*pTlfp/Z (Z k|cjk|) Mp dx

1/p—-1/2
T1/p-1/ k=0

< aTz/P_l
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for some a > 0 which depends only on p, u,, and sup_, (3 ;7 klcjx|)”. Us-
ing a similar argument, we can show that E (maxoStST(IE‘jG,I JNT))? < cTYr!
for some ¢ > 0 which depends only on p and supjzl(2f20k|cjk|)P. Using
the above estimates for the second moments together with (S9), we get
sup;., E(max, <<y, |7j|)* < Km*T*/7~! log” T for large enough T and for K > 0
which depends only on p, u,, sup/Azl(Zi":O klcjk)?, and sup;. |C;(e~"0)].
Q.E.D.

A DETAIL OF THE PROOF OF THEOREM 1

In the proof of Theorem 1, we mention that we can establish the fact that
Cmon — Cmn = O(1/n) by finding bounds on function f(c) = [(2%)*dH,(A) in

terms of function f(c) = [(:2-)*dH,()). Here we derive such bounds and

use them to prove that ¢, , — ¢,,., = O(1/n).

Since (5 fic 2 is an increasing function of A for Ac < 1, inequalities /;;, <

lin <1, for n — k < i <1 imply that

llnC
1 - llnc

(89  fle)— E( ) < — K fo) < feo)

n
f9r c €0, l]‘,}). By definition, ¢,,, and ¢, , are the sqlutions to equations
fle) = ’;’:}f and f(c) = 7, respectively. Furthermore, f(c) and f(c) are in-
creasing functions of ¢ on ¢ € [0, I;}) and on ¢ € [0, [;}), respectively. Hence,
inequalities (S9) would imply ¢,,,, — ¢, = O(1/n) if we show that for any

n>N,
2
f Cm,n+M _E( lln(cm,n +M/I’l) Zm_k
n n\1-1,(cn,+M/n) n

and

f(cm,n_M>§m_k’
n

n

where N > 0 and M > 0 are constants yet to be chosen.

Since f(cp,u) =2, we have f(cp,+ )22 £ X ming_, <y f'(c) for any
n > Ny(M), where Ni(M) is so large that (¢, + %)}, <1 and ¢, — 2 >0
for any n > N;(M). That such an N;(M) exists follows from the assump-
tion that limsup/y,c,, < 1 and from inequality liminfc,,, > 0. The latter
inequality holds because 2 = [(ACun/(1 — ACun))*dH,(A) < (LinCn/ (1 —
linCm.n))? so that liminfc,,, > liminf(\/?)/(l — limsup/y,cp,) /limsuply,,
where liminf(,/Z) > 0 by assumption that 2 remains in a compact subset of
(0, 00), and limsup/y,,¢,,,» < 1 and limsup/,, < oo by Assumption 3.
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Further, note that

, 202 +4M3%¢

for ¢ € [0, ;). Therefore, f(c) is convex on [0, [;,') and we have

M 2A%¢
in @) =f(con— =)= =2 _aH, (A
oo, S ©=1 (C : n) / TR had )c:cm,,sz/n

212 (Cmn_M/n) 212 < _M)
- (:l_lnn(cmn_j\4/n))3 " . ’

But by Assumption 3, liminf/,, > 0. Therefore, there exist N,(M) and vy >
0 such that min._,, ,.<m/a f'(¢) = v for any n > N,(M), and, hence, f(c,,, =
M)z 2+ Y%y for any n > max(N{(M), No(M)).

Finally, let N3(M) and C > k be such that for any n > N;(M),

lln(cm,n + M/n) ? < g
1 - lln(cm,n +M/l’l)

Choose M > % and N = max(N,(M), N,(M), N;(M)). Then, for any n > N,

M k({ L,(con+M : M C
f<cm,n+7>—;< 1n(Cn + M /1) >>ﬂ+_7__

1-l.(cnn+M/n) n n n
m—k
n

and

M m M m C m-—k

fcm,n__ <___7<___§

n n n n n n

as desired, and thus, ¢, — ¢, = O(1/n). Q.E.D.
PROOF OF THEOREM 3

Let A;(A) denote the ith largest eigenvalue of a Hermitian matrix 4. Let

F F, + ~—1F, 7). Below, we will assume that T is an even number. If it is
not, we will redefine 7" as T — 1. We have the following lemma:

LEMMA S4: Suppose Assumption 1m holds. Then there exists a constant B > (
such that Pr()\k( ZT/ZFF y<B)—0as T — oo.
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PROOF: Let us denote 1/(t, — 1) Y 2, ,, F.F,, as 2 (y) and denote
the i, jth entry of matrix 2 (1) as Fi;t‘ “)(u). Note that, by definition of F;,

LN IRFF; =217 (0) +/=1(I' 721 (=T/2) — T2 (T/2)). Using Weyl’s
1nequa11t1es for eigenvalues of a sum of Hermitian matrices (see Horn and
Johnson (1985, Theorem 4.3.7)), we obtain

T/2
A,( E:Fﬁ> r““m»|

. T . T
< |[rT2D( ) _ o1 _ i
<[ (5) -1 (5)

According to Formula 3.3 of Hannan (1970, p. 209), the variance of I/ (s)
equals

(S10)

—t1—1

1" |ul
1_
h—1h Z ( t2_t1)

u=—ty+t+1

x{Ti(u) Ty (u) + L(u+ )T j(u — s) + cum(Fio, Fjy, Fiuy Fiurs) )

Since by Assumption 1m, for any i and j, I};(v) — 0 as v — oo and cum(Fj,
Fis, Fius Fjurs) — 0 as max(ls|, ul, |s + u|) — oo, the variances of 21" (0),
of f:;” 2’T)(—T/ 2), and of IA"U(.O’T/ 2)(T/ 2) converge to zero as T — oo. Therefore,
21" (0) converges in probability to its mean 2I;(0) and, since by Assump-
tion 1m, I;;(~T/2) — I;(T/2) — 0, I[}"*"(=T/2) — [}*"?(T/2) converges
in probability to zero. Smce the elgenvalues are continuous functions of the
entries of the matrix, A, (2" (0)) converges in probability to 2A,(I"(0)) > 0.
Further, ||Fi;T/ 2’T)(—T/2) - Fi;O’T/ o (T/2)|| converges in probability to zero. The
latter two convergence results and inequality (S10) imply that the statement of
the lemma holds with B = A, (17(0)). O.E.D.

LEMMA S5: Let Assumptions 1m—4m hold, and let n and T go to infinity so
that n/ T remains in a compact subset of (0, 00). Then, for any positive integer r,
the joint distribution of o), ,(Vis1 — 7/2.1) 5 - - - » O pp y (Vicer — Wz /2,n) Weakly con-
verges to the r-dimensional TW, distribution.

PROOF: The proof of this lemma is almost identical to the proof of The-
orem 1 in the Appendix. We introduce the following notation to minimize

the discrepancies. Let m = T/2, X = «/277[5(1, - )~(m], F= \/277[1:"1, ..., F

ml>

and é = v2w[éy, ..., €,]. Then, by definition, ¥; = )\,-()}'X"/(Zwm)) for all
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i =1,...,n. The remaining proof of Lemma S5 repeats the proof of The-
orem 1, starting from the second paragraph of that proof with the follow-
ing changes: matrices S°(w,) and S°(w,) must be replaced by 3¢ and 3¢,
where 3¢ = Ee,(n)e,(n); the word “Assumption 3” must be replaced by “As-
sumption 3m” the words “by Assumptions 1 and 4” must be replaced by “by
Lemma S4 and Assumption 4m.” Q.E.D.

The convergence of R to maxg i<k, —k, ((Ai = Aiz1)/(Ai1 — Aip2)) when k = kg
follows from Lemma S5. When k, < k < k;, R > Y — YVir)/ Vis1 — Vis2)-
Therefore, we only need to show that (y, — ilka) / (Vis1 — Yiq2) £ . Using

the notation of Lemma S5, we have ¥; = A (X X'/27m) for all i=1,...,n.
Using Weyl’s inequalities for singular values (see Lemma 3), we obtain

A (XX e (MEEAN | _ e 22
2mTm 2mm 2mm

fori=1,...,n, where Al(sz};q = 0,(1) by Lemma 1. Take i = k. By Assump-
tion 4m and Lemma S4, )\k(/ioﬁl:"//ig/(Zﬂ-m)) £ 0. Therefore, A (XX'/
(2mm)) 2~ and, hence, ¥, 2 . Now, take i > k. Then Ag/z(/ioﬁﬁ//i{)/
(2mm)) = 0. Therefore, A, (XX'/(2mm)) = O,(1) and, hence, y; = O,(1).
Summing up, ¥« — Fis1 — oo, while iy — Yxs2 = O,(1). Hence (9% —

Vir)/ Frsr — Fiy2) = 0. Q.E.D.
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