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THIS SUPPLEMENT contains the following details omitted from the main paper
due to space constraints: (A) proof of the results in the paper, (B) auxiliary re-
sults and their proof, (C) additional alternative sequential algorithms, (D) the
convergence properties of the NPL algorithm for models with unobserved het-
erogeneity, and (E) additional Monte Carlo results.

Throughout this Supplement, let a.s. abbreviate “almost surely,” and let i.o.
abbreviate “infinitely often.” C denotes a generic positive and finite constant
that may take different values in different places. For matrix and nonnegative
scalar sequences of random variables {X,,, M > 1} and {Y};, M > 1}, respec-
tively, we write X, = O(Yy) (or o(Yy)) as. if || Xy || < AY)y, for some (or all)
A > 0 a.s. When Y), belongs to a family of random variables indexed by 7 € T,
we say Xy = (Y (7)) (or o(Yy(7))) a.s. uniformly in 7 if the constant 4 > 0
can be chosen the same for every 7 € 7. For instance, in Proposition 7 below,

we take 7 Zﬁj,I and YM(T) = ”Pj,] —[A)NPL”.

APPENDIX A: PROOFS OF THE RESULTS IN THE MAIN TEXT

Throughout the proofs, the O(-) terms are uniform, but we suppress the
reference to their uniformity for brevity.

PROOF OF PROPOSITION 1: We suppress the subscript NPL from ISNPL. Let
b > 0 be a constant such that p(My,¥p) + 2b < 1. From Lemma 5.6.10 of
Horn and Johnson (1985), there is a matrix norm || - ||, such that ||M1p0 II’p||a <
p(My, ¥p)+b. Define a vector norm |- || g for x € R as ||x||B =[x 0 - 0]las
then a direct calculation gives || Ax|z = |A[x 0 --- 0]l < [|Alle ||x||B for

any matrix 4. From the equivalence of vector norms in R” (see, e.g., Corol-
lary 5.4.5 of Horn and Johnson (1985)), we can restate Proposition 7 in terms

of || - llg as follows: there ex1sts ¢ > 0 such that P P= M%llfp( L-P)+
OM~"2||P i — P”B + |1Pjoy — P|| ) a.s. holds uniformly in P;_, € (P:[|P —
P°||s < c}. We rewrite this statement further so that it is amenable to recursive

substitution. First, note that || My, ¥p(P; Py — P)lg < My, Wpllo || Pioy — Pl <
(p(M% lpr) + b) | P; -1 P||B Second, rewrite the remainder term as O(M 2 4
|1P—1 — P”B)” 1 _P”B- Set ¢ < b; then this term is smaller than b|| P;_, —P||,3

a.s. Third, since P is consistent, {P:||P — 13||ﬁ <c/2y CH{P:|P—P°|lp <}
a.s. Consequently, ||[~’]- - lf’||ﬁ <(p(My,¥p) + 2b)||[~’j,1 — ﬁ”B holds a.s. for all
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}3/»_1 in {P:||P— I3||B < ¢/2}. Because each NPL updating of (6, P) uses the
same pseudo likelihood function, we may recursively substitute for the Pj’s,
and hence lim, .., P, = P ass. if |1 Py — P g < c/2. The stated result follows from
applying the equivalence of vector norms in R” to ||150 — f’|| s and ||P0 — f’|| and
using the consistency of P. Q.E.D.

PROOF OF PROPOSITION 2: We prove that the stated result holds if 13]-_1 isin
a neighborhood NN* of PNPL. The stated result then follows from the strong

consistency of Pypr.
Because Proposition 7 holds under the current assumption, we have

5) Pj_ﬁNPLZMW(,lp]g(Pj—I_PNPL)+f(Pj—1_PNPL);

where |f(x)] < C(x* + M~'2|x|) as. Let Ay, Ay, ..., Ay be the eigenvalues of
My, ¥} such that

(6) A== A > 1> A > > |AL

For any € # 0, we may apply a Jordan decomposition to My, W, to obtain
H'My,W)H = D + €J, where D = diag(Ay,...,A.), and J is a matrix with
zeros and ones immediately above the main diagonal (on the superdiagonal)
and zeros everywhere else.

Define y; = H'(P; — Pyp.) and g(y) = H™'f(Hy); then multiplying (5) by
H™' gives y; = (D +eJ)y;_1 + g(yj-1), with |g(y)| < C(|y|* + M~'/|y|) a.s. Let
y].1 denote the first 7 elements of y, and rewrite this equation as

yi D, 0 y!_l Ji 0 y1_1 g1 (yji-1)
7 i) = i i j ,
@) (y,-z) ( 0 Dz) (yfl elo 1, Yia (i)
where y}_l and gi(yj-1) are r x 1 and D, and J; are r x r with D; =
diag(Aq, ..., An).
We first show that ||[H;(P; — Pxeu) || > ||1H1(Pj—1 — Pxpeu) || by proving that

il > Iy}, |l under the stated assumptions. Applying the triangle inequality
to the first equation of (7) gives

®) I = ID I~ eyt Il = gl

For the first two terms on the right hand side of (8), we have | D, y;_1|| =
Ot M Pj10HY? = (1 + 38|yl || for some & > 0 from (6) and
lleJ; y].[l | < 8||yj1,1|| by choosing e sufficiently small. For the last term of (8),
observe that f’,»_l € V(c) if and only if ||y}_1 | < c||yj2_1 I, and hence

PigVie) = lyalP=1y P+ Iy 17 < A+ cDly %
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Therefore, [|g1(y;-1)Il < 8lly;_, || holds when NN is sufficiently small and M is
sufficiently large. It then follows from (8) that ||y} | > (1+ &)Ily;_, | >[Iy}, Il-
It remains to show that f’j ¢ V(c). Applying the triangle inequality to the
second equation of (7) gives [|y7|| < [|D2y;, || + ll€)2y;, 4 &2(y;-1)Il. For the
first term on the right hand side, [|D,y? || = (Zi:,+1 AP0 < i
from (6). For the second term, similarly to the updating of y;, by choosing
e and N sufficiently small, we have |le/oy7 | + &)l < ¢ '8lly/ | if
P, e N¥U\ V(c) and M is sufficiently large. Therefore, 171 < llyiqll +
c1Blly il < A+ )yl < ¢yl as., where the last two inequalities
use [ly? Il < ¢ Mly; Il and [ly; ;|| < [ly;|I. This proves P; ¢ V' (c). Q.E.D.

PROOF OF PROPOSITION 3: First, note that P; for j > 1 satisfies restriction
(2) because it is generated by (6, P). The restrictions (2) and (3) do not
affect the validity of Propositions 1 and 2 because (i) the fixed point constraint
in terms of ¥ (0, P) and of ¥*(6, P™) are equivalent, and (ii) the restrictions
(2) and (3) do not affect the order of magnitude of the derivatives of ¥ (6, P).

For the equivalence of the eigenvalues, taking the derivative of (3) gives

Ve Wt (0, Pt
©) vp,w<o,P>=<_g$P+,lp§9(’9, 5 8)=<va+f11f+<e,P+> 0),

and Vo ¥ (0, P) = UV, ¥ (6, PT). Substituting this into My, ¥y, using ¥ =
UV, , and rearranging terms gives My, W) = [UM;, ¥, :0]. Therefore, the
updating formula of P* and P~ is given by P — Ply = My, V5, (P, —
f:’;IPL) FOMPPE — Pl I+ 1P, — Py I1P) as.and Py — Py = —E(P) —
P ), respectively. Finally, the equivalence of the eigenvalues follows from
det(My, Wp — Mmp)) = det(My, W, — Mmcp+)) det(—Algimp-) and det(¥p —
Mimepy) = det(Yy — Maimep+)) det(— Al gimep-))- Q.E.D.

PROOF OF EQUATION (4): The notation follows page 10 of Aguirregabiria
and Mira (2007; henceforth AMO07). Let ﬂf”'(ai, x;0) = ZME/{ P_j(a_)II(a;,
a_;,x;0) and e} (a;, x; 0) = E[&(a;)|x, P,], where E[e;(a;)|x, P] = E[&:(a;)|
x, P;] holds as discussed on pages 9-10 of AM07. Let V;(x) denote the solution
of firm /’s integrated Bellman equation:

(10) Vi(x) = /ma}{ﬂf[(“i, x;0)+ B Z Vi(x’)ff*"(x/lx, a;) + Si(ai)}

x'eX

x g(de:; 0),
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where /7 (x'|x,a;) = Y eaPila)f(X|x,a,a ). Let Ili(a;,a;0),
ﬂ-f”' (a; 0), ef)"(a,»; 0), P;(a;), and V; denote the vectors of dimension | X| that
stack the corresponding state-specific elements of I1;(a;, a_;, x; ), wf)’i (a;, x;
0), ef)" (a;, x; 0), P;(a;]x), and V;(x), respectively. Define the valuation operator
as

L0, Py= (I — BF")' Y " Pi(a) = [m " (a: 0) + ¢ (a;; 0)],

a;cA

where F” is a matrix with transition probabilities f”(x’|x), and * denotes the
Hadamard product. I;(6, P) gives the solution of firm i’s integrated Bellman
equation given 6 and P.

Define firm i’s best response mapping given V; and P_; as (cf. equation (15)
of AMO07)

(11) [Yi(0, Vi, P_)](ailx)
= /I(a,- =argmax{77f"(a,x; 0)

acA

+ei@)+ B Y Vi) (x|x, a) })g(dei; 0),

x'eX

where fip”'(x/lx, a;) = Za,,-eA P_i(a_)f(X'|x,a;,a_;). Then, the mapping ¥
and its Jacobian matrix evaluated at (6°, P°) are given by

(W6, P\ _ (Yi(6, I3(6, P), Py)
1‘”“”P)‘(avl(o,P))‘(Yi(e,Fl(e,P),Pf)) and

WOZ 0 VPQWI(GO’PO)
P=\ vp w60, P 0 ’

where Vp%,(6°, P’) =0 follows from V I3(6, P;, P_;) = 0 (Aguirregabiria and
Mira (2002), Proposition 2). Q.E.D.

PROOF OF PROPOSITION 4: For part (a), let V;* denote the solution of
the Bellman equation (10) given P_;, and let P; be the conditional choice
probabilities associated with V;*. Since x, = (S;, a1,-1, @2,-1) holds and S,
follows an exogenous process, we may verify under Assumption 3(c) that
(1) V¥ (Si, @i, “L’,H) =V (S aia, aii,t—l) for aT—i,t—l # aii,t—l’ (i) V;* does
not depend on P_;, (iii) I;(6*, P;, PL.) =16, P, Pfi) =V and (iv) Y;(6*, V",
P') = Y(6*,V*, P*)) = Pr for any P', and P¥, in the space of P_;’s. It fol-

lows from (i)—(iv) that the model becomes a single-agent model for each
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player and that there exists a unique Markov perfect equilibrium character-
ized by a unique fixed point P; = W,(6*, P}, P_;) = Y,(6*, [;(6*, Pf, P_;), P_;)
for i =1, 2, where the fixed point P; does not depend on the value of P_,;.

Define F(6,P) =P — ¥ (0, P). Since Vp F(6*, P*) =1 — Vp¥V(6*, P*) =1,
we may apply the implicit function theorem to F(0,P) = P — ¥(0, P) at
(6, P) = (6%, P*) under Assumption 2(b), and there exists an open set Ny con-
taining 0%, an open set Np- containing P*, and a unique continuously differen-
tiable function P(6) : Ny — Np- such that P(0) = ¥(60, P(9)) for any 0 € Nj-.
Therefore, a Markov perfect equilibrium exists in N+ when the true parameter
0° is in N-.

The mapping p(My, Ve ¥(6, P(6))) is a continuous function of 6 € Ny be-
cause P(0) is continuous in 0 € Ny, ¥(60, P) is continuously differentiable by
Assumption 2(b), || My,|| < oo by Assumption 2(b), and the spectral radius of
a matrix is a continuous function of the elements of the matrix. The stated re-
sult then follows from Vp ¥(6*, P(6*)) = 0 (Remark 1) and the continuity of
p(My,Vp¥(0,P(0))).

For part (b), under Assumption 3(d), 6 = 6°, and B = 0, the model becomes
a single-agent model for each player. Therefore, repeating the argument for
part (a) gives the stated result. Q.E.D.

PROOF OF PROPOSITION 5: Let A = Re(A) 4+ iIm(A) = rcos 6 + irsin 6 be
an eigenvalue of ¥). Then, the corresponding eigenvalue of Ap is A(a) =
arcos 0 + iarsin @ + (1 — a). Let f(a) = |A(a)|*; then the stated result holds
because f(0) =1and V,f(0) =2(rcosf® —1) <0ifrcosf <1 and V,f(0) >0
ifrcos > 1. Q.E.D.

APPENDIX B: AUXILIARY RESULTS AND THEIR PROOF

Proposition 6 strengthens the weak consistency result of Proposition 2 of
AMO7 to strong consistency. Proposition 7 describes how an NPL step updates
0 and P.

PROPOSITION 6: Suppose that Assumption 1 holds. Then, (éNPL,ﬁNPL) —
(6°, P% a.s.

PROOF: Proposition 2 of AM07 showed weak consistency of (Onpr, ISNPL).
Therefore, strong consistency (éNPL,ﬁNPL) follows from strengthening “in
probability” and “with probability approaching 1” statements in Steps 2-5 of
the proof of Proposition 2 of AM07 to “almost surely.”

First, observe that AMO7 (pp. 44-45) showed that Q, (6, P) converges
to Qu(0, P) as. and uniformly in (6, P). Thus, the events A,’s defined
in Steps 2, 3, and 5 of AMO07 satisfy Pr(AS, i.o.) = 0. In Step 2, we can
strengthen Pr((63,, P;;) € X) — 1 of AMO7 to (63, P;;) € J a.s. because AMO7
(pp. 46-47) showed Ay = {(0;,, P;;) € 3} and we have Pr(Aj, i.0.) =0. In



6 H. KASAHARA AND K. SHIMOTSU

Step 3, an analogous argument strengthens Pr(sup,,y o, || 6, (P) — éO(P)H <

g) — 1 in AMO7 to supp_yp, 6,(P) — y(P)|| < & a.s. Similarly, we can
strengthen “with probability approaching 1” in Steps 4 and 5 to “almost surely,”
and strong consistency of the NPL estimator follows. Q.E.D.

PROPOSITION 7: Suppose that Assumption 2 holds. Then, there exists a neigh-
borhood N of P° such that éj - @NPL = O(|Pj-1 — PxpLll) a.s. and P; — Pypr, =
MWQ‘I’;)(PJ‘A — Pxpr) + O(M 2Py — Pxpr |l + I1Pj—1 — Pxpol?) a.s. uniformly
in Pj—l € M

PROOF: We suppress the subscript NPL from ISNPL and 9NPL. For € > 0, de-
fine a neighborhood N'(e) = {(6, P): |10 — 6°|| + |P — P°|| < €}. Then, there
exists €; > 0 such that N'(€;) C N and sup, p,c e, Voo Qo (6, P)~'|| < oo be-
cause Vyy Qo (6, P) is continuous and Vyy Q(6°, P°) is nonsingular.

First, we assume that (5j, Pj_ 1) € N'(€)) and derive the stated representation
of éj — 6 and 13]- — P. We later show that (éj, ISH) e N(e)) as. if V] is suffi-
ciently small. The first-order condition for (5,- is V(,QM(éj, I5j,1) = (. Expanding
it around (é, f’) and using VGQM(é, f’) =0 gives

(12) 0=V Qu (0, P)(8; — 6) + Vop Qp (6, P)(P_ — P),

where (6, P) lie between (éj,ﬁH) and (é,ﬁ). Write (12) as éj — 6=
—Voe Ou (6, P)‘IVOP/QM(é,P)(ISj,I — P); then the stated uniform
bound of é,- — 6 follows because 6))] (6,P) € N(e)) as. since (é,,
f’j_l) e N(€;) and (9,13) is strongly consistent from Proposition 6, and

() Sup prener) Voo Or (0, P) 'VopOu(0,P)|| = O() as. since
sup(g,P)gN‘(el) ||V99/Q0(0,P)71 ” < oo and Sup(g,P)gN‘ ”szM(G’ P) - VZQO(G’
P)|| = o(1) as., where the latter follows from Kolmogorov’s strong law of

large numbers and Theorem 2 and Lemma 1 of Andrews (1992).
For the bound of P; — P, first we collect the following results, which follow

from the Taylor expansion around (6°, P°), root-M consistency of (8, P), and
the information matrix equality:

(13) Vor Ou (8, P) = 0y + O(M™?)  ass.,
Vor Qu (0, P) = —Qyp + oM7) as.,
VoW(0,P) =W+ 0(M ') as.,

Ve W(0,P) =W+ O0O(M™?) as.

Expand the right hand side of f’j = ‘I’(éj,f’j_l) twice around (9,13) and
use W(é,IS) = P and 5_, — 6= O(||E~’H — }3||) a.s.; then we obtain P; —

J
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P =V, ¥(0,P)0 — 0) + VoW, P)(P,_, — P) + O(|P,_, — P||*) as. since
SUP (g p)cnre) V31‘I’(0, P) < 00. Applying (13) and 6, — 6 = O(||P;_; — P||) a.s. to
the right hand side gives

+O(I1P i — PIP) + O(M™'?)1Pyy = Pl)  as.

We proceed to refine (12) to write 6; — 6 in terms of P,_; — P and substi-
tute it into (14) Expanding VWQM(O P) in (12) around (0 P), notmg that
16— 6] < 116; —0lland |IP—P|| < 1P 1—P|| andusmga —6= O(||1P; =PI
a.s., we obtain Vyy Qy (0, P) = VWQM(B, P) +O(||1P;i-y — P||) a.s. Further, ap-
plying (13) gives Voy O (8, P) = =4y + OM ') + O(| P, P — 13||) a.s. Simi-
larly, we obtain Vyp Qy (6, P) = —Qgp +0OM~ 1/2) + O(|| _, — P|)) as. Using
these results, refine (12) as 6, — 6 =—0, 0P i — P) + O(M~- 1/2||P/_1 -
Pl + ||15j_1 — P|?) a.s. Substituting this into (14) in conjunction with (2;, 2,y =
(WY Ap W)WY ApW) gives the stated result.

It remains to show (8;, P;_) € N'(e;) a.s. if NV} is sufficiently small. Let A/ =
{0:110 — 6°|| < €;/2} and define A= Qy(6°, P°) — SUPgeprero Q(6,P% >0,
where the last inequality follows from information inequality, compact-
ness of NS N O, and continuity of Qy(6, P). It follows that {6; ¢ N} =
{00(6°, P°) — Qu(;, P*) > A} Further, observe that Q,(6°, P*) — QO(OJ, PY <
Ou(6°Pi)) — Oum(0,Pi) + 2sup,|0(0,P°) — Qu(6,P )| +

2sup g pycoxp, |Ou (6, P) — Qo(ﬁ, P)| < 2sup,o 1Q0(60, P’) — Qo(9, Pj71)| +
25up 4 pycoxny 1O (0, P) — Qo(6, P)|, where the second inequality follows from

the definition of 5j. From continuity of Qy(6, P), there exists €, > 0 such that
the first term on the right is smaller than A /2 if ||P° — 13]-,1 || < e4. The second
term on the right is o(1) a.s. from Kolmogorov’s strong law of large numbers
and Theorem 2 and Lemma 1 of Andrews (1992). Hence, Pr(éj ¢ Nyio.)=0
if |P° — P;_,|| < e,, and setting N; = {P:||P — P°|| < min{e,/2, €,}} gives
(6;, Pi_1) e N(€) as. Q.E.D.

APPENDIX C: ADDITIONAL ALTERNATIVE SEQUENTIAL ALGORITHMS
C.1. Recursive Projection Method

In this subsection, we construct a mapping that has a better local contraction
property than ¥, building upon the Recursive Projection Method (RPM) of
Shroff and Keller (1993; henceforth SK).

First, fix 6. Let P, denote an element of My ={P € Bp: P = V¥(#0, P)}, so that
P, is one of the fixed points of ¥ (6, P) when there are multiple fixed points.



8 H. KASAHARA AND K. SHIMOTSU

Consider finding P, by iterating P; = W(P;_,, 6) starting from a neighborhood
of Py. If some eigenvalues of Vp ¥ (6, Py) are outside the unit circle, this iter-
ation does not converge to P, in general. Suppose that, counting multiplicity,
there are r eigenvalues of Vp ¥ (6, P,) that are larger than 6 € (0, 1) in modu-
lus:

(15) Al > > A >8> A = > AL

Define P C R* as the maximum invariant subspace of Vp¥(6, P,) belonging
to {A«};_;, and let Q = R* — IP be the orthogonal complement of P. Let IT, de-
note the orthogonal projector from R” on P. We may write 11, = Z,Z,,, where
Z, € R is an orthonormal basis of P. Then, for each P € R, we have the
unique decomposition P = u + v, where u=II,P e Pandv= (I — II,)P € Q.

Now apply I, and I — I, to P = ¥(0, P), and decompose the system as
follows:

u :f(u, v, 0) Eﬂﬂqj(ea u+ v)7
v=g(u,v,0)=U—-11,)V(0,u+v).

For a given P;_;, decompose it into u; = IlyP;_, and v,y = (I — II;)P;_;.
Since g(u, v, ) is contractive in v (see Lemma 2.10 of SK), we can update
v;_1 by the recursion v; = g(u, v;_1, 6). On the other hand, when the dominant
eigenvalue of Wp is outside the unit circle, the recursion u; = f(u;_;, v, ) can-
not be used to update u;_, because f(u, v, 6) is not a contraction in u. Instead,
the RPM performs a single Newton step on the system u = f(u, v, 0), leading
to the following updating procedure:

(16) uj=uj+ U —I,Vp W0, Pio)I) " (f (w1, vj-1, 0) — uj_1)
= h(uj—la Vi1, 0),
v =g(Uj_1,vj_1, 0).

Lemma 3.11 of SK shows that the spectral radius of the Jacobian of the
stabilized iteration (16) is no larger than &, and thus the iteration P; =
h(I1,P;_y, (I —1p)P;, 0) + gUI,P;_y, (I — 115)P;_,, 6) converges locally. In
the following, we develop a sequential algorithm building upon the updating
procedure (16).

Let I1(6, P) be the orthogonal projector from R” onto the maximum invari-
ant subspace of Vp ¥(0, P) belonging to its r largest (in modulus) eigenvalues,
counting multiplicity. Define u*, v*, h*(u*, v*, ), and g*(u*, v*, 8) by replacing
Iy in u, v, h(u, v, 0), and g(u, v, ) with II1(0, P), and define

(17) ro,P)=h*(u*,v", 0)+g*(u*,v", 0)
=W(,P)+ [ —I6,P)Vp¥(6,P)II6,P) " —1I]
x I1(6, P)(¥ (6, P) — P).
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P’ is a fixed point of I'(6°, P), because all the fixed points of ¥(6, P) are
also fixed points of I'(0, P). The following proposition shows two important
properties of I'(6, P): local contraction and the equivalence of fixed points of
I'(6,P)and ¥(6, P).

PROPOSITION 8: (a) Suppose that I — 11(6, P)VpW (6, P)II(0, P) is non-
singular and hence I'(0, P) is well defined. Then I' (6, P) and W (6, P) have the
same fixed points; that is, I'(0,P) = P if and only if ¥(6,P) = P.
(b) p(VpI'(6°, P*)) < &8°, where 8° is defined by (15) in terms of the eigenval-
ues of VpW(6°, P°). Hence, I' (0, P) is locally contractive.

Define QF(6,P) = M"Y Y ST InT'(8, P)(dpi|Xm). Define an RPM
fixed point as a pair (é,ﬁ) that satisfies 6 = argmax, g Q{I(G,P) and P =
r (é, Fv’). The RPM estimator, denoted by (éRpM, ﬁRpM), is defined as the RPM
fixed point with the highest value of the pseudo likelihood among all the RPM
fixed points. Define the RPM algorithm by the same sequential algorithm as
the NPL algorithm except that it uses I'(0, P) in place of ¥ (0, P).

Proposition 9 shows the asymptotic properties of the RPM estimator and the
convergence properties of the RPM algorithm. Define the RPM counterparts
of 6y(P), qbo(P), 0y, and Qyp as éF(P) = argmax,_, EQ} (6, P), ¢{ (P)
(6L (P), P), QF = E(Vysh Vys! ), and QF, = E(Vysh Vst ), where s©
Zl InT(6°, PO)(a,,,,|xmt) Define I') = Vp I'(6°, P°) and I} = V,T'(6°, PO)
We outline the assumptions first.

ASSUMPTION 4: (a) Assumption 1 holds. (b) ¥ (6, P) is four times contin-
uously differentiable in N'. (c) I — II(0, P)VpW¥(6, P)II(0, P) is nonsingular.
(d) I'(8, P) >0 forany (a,x) € A x X and (6, P) € O x Bp. (¢) The operator
¢! (P) — P has a nonsingular Jacobian matrix at P°.

Assumption 4(c) is required for I'(6, P) to be well defined. It would be pos-
sible to drop Assumption 4(d) by considering a trimmed version of I'(6, P),
but for brevity we do not pursue it.

PROPOSITION 9: Suppose that Assumption 4 holds. Then (a) Prom — P° =
O(M—l/Z) a.s. and Ml/Z(éRPM — 00) —>4 N(O, VRPM); where VRPM = [Qgg +
Qop(I — T TP, ([0, + (24,1 — Ip) 7 P17 (b) Suppose we obtain
(0;, P;) from P;_, by the RPM algorithm Then, there exists a neighborhood N
OfPO such that@ _HRPM—O(H 1—PRPM||)andP PRPM—MFBF (
PRPM)+0(M 2| P; 1—PRPM||+|| I_PRPM” ) a.s. uniformly in P 16-/\/1,
where M, =1 — FO(FO/APFO) 1F°’A
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C.2. Approximate RPM Algorithm

Implementing the RPM algorithm is costly because it requires evaluating
I1(6, P) and VW (0, P) for all the trial values of #. We reduce the compu-
tational burden by evaluating I1(6, P) and V¥ (0, P) outside the optimiza-
tion routine by using a preliminary estimate of 6. This modification has only a
second-order effect on the convergence of the algorithm because the deriva-
tives of I'(6, P) with respect to II1(6, P) and Vp¥(6, P) are zero when eval-
uated at P = ¥(6, P); see the second term in (17). Let i be a preliminary
estimate of 6. Replacing 0 in I1(6, P) and V¥ (0, P) with 0, we define the
following mapping:

r,P,m)=¥(0,P)+ [ —I(n,P)Ve¥(n, P)II(n, P))" —1I]
x II(n, P)(¥ (6, P) — P).

Once I1(7n, P) and Vp ¥ (7, P) are computed, the computational cost of eval-
uating I'(0, P, n) across different values of 6 would be similar to that of eval-
uating V(0, P).

Let (6, 150) be an initial estimator of (6°, P°). For instance, 6, can be the
PML estimator. The approximate RPM algorithm iterates the following steps
until j = k:

Step 1. Given (6;_,, P;_,), update 6 by

M T
6; =argmaxM~"' > "> "InT'(0, Pi_y, 6,_1) (@l Xm),

0€0); m=1 t=1

where @, = {0 € O:T(0, P;_;, 6;_1)(alx) € [¢,1— ¢] for all (a, x) € A x X} for
an arbltrary small € > 0. We impose this restriction to avoid computmg In(0).!

Step 2. Update P using the obtained estimate 0 by P r (6)], ~1, 0j-1).

The following proposition shows that the approxmlate RPM algorithm
achieves the same convergence rate as the original RPM algorithm in the first
order.

PROPOSITION 10: Suppose that Assumption 4 holds and that we obtain
(éj,f’j) from (éj_l,f’j_l) by the approximate RPM algorithm. Then there ex-
ists a neighborhood N, of (6°, P“) such that 0 Oppy = O(||1P; ﬁRpMII +
M2, — Oremll + 16,1 — Oremll?) a.s. and P Prpy = Mrsr (P; 1=
Prom) +O(M~ 1/2”0]—1_0RPM||+||0/—1_0RPM”2+M 2 /—I_PRPM||+|| -1
Prom|?) a.s. uniformly in (é,-_l, Pj_l) e N,.

'In practice, we may consider a penalized objective function by truncating I'(6, f’j,l, é,-,l) so
that 1t takes a value between ¢ and 1 — ¢, and adding a penalty term that penalizes 6 such that

F(G 1a]1)¢ f,l—f]
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By choosing 6 sufficiently small, the dominant eigenvalue of M, I lies in-
side the unit circle, and the approximate RPM algorithm can converge to a
consistent estimator even when the NPL algorithm diverges away from the
true value. The following proposition states the local convergence of the ap-
proximate RPM algorithm when p(M,Ip) < 1.

PROPOSITION 11: Suppose that Assumption 4 holds, p(Mr,I}) < 1, and
{0k, P} is generated by the approximate RPM algorithm starting from (6, Py).
Then, there exists a nelghborhood /\/}, of (00 P°) such that, for any initial value
(90, Po) € N;, we have 11mk~>00(0k> Pk) = (HRPMa PRPM) as.

C.3. Numerical Implementation of the Approximate RPM Algorithm

Implementmg the approx1mate RPM algorithm requires evaluating (I —
H((-)] 1, Pi_ 1)VPJI’(0] P P I)H(Hj 1, Pio1))” I as well as computmg an or-
thonormal basis Z (6 -1, 1_1) from the eigenvectors of VP/EP(OJ_l, ,_1) for j =

., k. This is potentially costly when the analytical expression of Vp ¥(0, P)
is not available.

In this section, we discuss how to reduce the computational cost of imple-
menting the approx1mate RPM algorithm by updating (I — I1(6,_1, P;_y) x
VPAI’(OJ 1, P 1)1'[(0, 1, P;1))™! and Z(Gj 1, P;_1) without explicitly comput-
ing Vp W (0, P) in each iteration.

First, we provide theoretical underpinning. The following corollary shows
that, if an alternative preliminary consistent estimator (6*, P*) is used in form-
ing I1(6, P) and Vp¥(6, P), it only affects the remainder terms in Proposi-
tion 10. Therefore, if we use a root-M consistent (6*, P*) to evaluate I1(6, P)
and Vp ¥ (0, P) and keep these estimates unchanged throughout iterations,
the resulting sequence of estimators is only O(M ') away a.s. from the corre-
sponding estimators generated by the approximate RPM algorithm.

COROLLARY 1: Suppose that Assumption 4 holds. Let (6*, P*) be a strongly
consistent estimator of (6°, P*), and suppose we obtain (5]-, 13]-) by the approxi-
mate RPM algorithm with I1(6*, P*) and Vp W (6*, P*) in place ofﬂ(é,»_l, 13,«_1)
and Vpr‘lf(éj_l,f’j_l). Then, there exists a neighborhood N, of (6°, PO) such
that é Orpm = 0(” P PRPM” + ”M]) a.s. and P PRPM =My, Ip(P;-
Pren) + OM 2| Py — PRPM“ + 181 — Premll® + Tyj) A.S. umfomzly in
(0.1, P_) e NG, where ryj =M~ 1/2”01_1 — Orem I+ 91—1 — Oromt |12+ M 12 67—
Oromll + 116" — Orem I + M| P* — Prouil| + | P* — Prewll®.

Using Corollary 1, in the following we discuss how to reduce the compu-
tational cost of implementing the RPM algorithm by updating (/ — II1(6;_,,
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P;_ 1)VP/1I’(0, 1, P 1)1'[(0, 1, P P. )" and Z(Gl 1, P 1)w1thoutexpl1crtlycom-
putmg VpﬂI’(O P) in each iteration. Denote H] 1= H(Oj LPi), Ziy =
Z(ej 1, Pi1), and q’P; 1—VP’1P(9] 1, P - 1)

First, using I1;_, = Z;_ 1(Z/ 1) and (Z, ) Z _1 =1, we may verify that

- ﬁj—l¢P,j—lﬁj—l)7lﬁj—l = Zj—l(l - (Zj—l)/¢P,j—12j—1)71(2j—1)/-

Let ZH = [2}_1,..., = ] and ¢ > 0. The zth column of 1pr, ,Z _1 can be
approximated by WP’j_lzj_l ~ (1/€)[V (0,1, P j_l + &z — V(0 ,, j_l)],
which requires (r + 1) function evaluations of ¥ (6, P). Further, evaluat-
mg I - j 11pr J- II;_1)~" only requires the inversion of the r x r matrix

- (Z, 1) 1I’P i \Z: -1 1nstead of an inversion of an L x L matrix. Thus, when r
is small, numerically evaluating (I — IT,_, lpr,_HH j—1)~! is not computationally
difficult.

Second, it is possible to use i’p,,-Zj_l to update an estimate of the or-
thogonal basis Z. Namely, given a preliminary estimate ZH, we may ob-
tain Z by performing one step of an orthogonal power iteration (see Shroff
and Keller (1993) p. 1107, Golub and Van Loan (1996)) by computing
Z = 0rth(11/F iZ;-1), where “orth(B)” denotes an orthonormal basis for the
columns of B computed by Gram—Schmidt orthogonalization.

Our numerical implementation of the RPM sequential algorithm is summa-
rized as follows.

Step O0—Initialization. (a) Find the eigenvalues of ifp,o = VpﬂIf(f’o, 6,) for
which the modulus is larger than &. Let {;\0’1, e ;\0,,} denote them.? (b) Find
the eigenvectors of ¥p , associated with Ag y, ..., Ay, (¢) Using Gram—Schmidt
orthogonalization, compute an orthonormal basis of the space spanned by

these e1genvectors Let {zo, ..., 2y} denote the basis. (d) Compute Zo(I —
7! WPOZO) 1Z and IT, = where Zy= [zo,...,i{)].

Step 1—Update 0. Grven ZH(I ZHlI’P, 1Zj 1)‘12’ , and IZI, 1= ~j 1 X
(Z,»_l)’, update 6 by é,» = argmaxeeo 1Zm 1Zt 1ln]"(e 01,
Z; ) (@i Xmi)s where F(e P 1,0, N, =11 P Z; (I — wp, | X
Z; )7 Z; (W(6, Py - 1>+(1 I, I)W(e 1)w1th %, 1_vp (01,

1)

Step 2—Update P. Given (éj, Pj—l, éj—l; Zj—l); update P by Pj = F(éj, ﬁj—l;

117 ]l)

2Computing the r dominant eigenvalues of @p’o is potentially costly. We follow the numerical
procedure based on the power iteration method as discussed in Section 4.1 of SK.



ESTIMATION OF STRUCTURAL MODELS 13

Step 3—Update Z. (a) Update the orthonormal basis Z by Z =
orth(lI’p jZi-1), where the ith column of Wp jZj—1 is computed by 1I’p, i ,_1 R
(1/5)[?(0], Pj+§zj71) —11’(0], P])] for small f > 0, with ijl = [2}_1, . 2;_1].
(b) Compute IT; = Z;(Z;) and Z;(I — Z]’.iffP,ij)”Z]’., where the ith row of
erations, update the orthonormal basis Z using the algorithm of Step 0, where
(6, Py) is replaced with (éj, 15]-).

Step 4. Iterate Steps 1-3 k times.

When an initial estimate is not precise, the dominant eigenspace of ffp, ;will
change as iterations proceed. In Step 3(a), the orthonormal basis is updated to
maintain the accuracy of the basis without changing the size of the orthonormal
basis. If an initial estimate of the size of the orthonormal basis is smaller than
the true size, however, the estimated subspace P = ITR" may not contain all
the bases for which eigenvalues are outside the unit circle. In such a case, the
algorithm may not converge. To safeguard against such a possibility, the basis
size is updated every J iterations in Step 3(c). In our Monte Carlo experiments,
we chose J = 10. Corollary 1 implies that this modified algorithm will converge.

C.4. Applying RPM to the Example of Pesendorfer and Schmidt-Dengler (2010)

This subsection illustrates how the RPM algorithm can be applied to
the example of Pesendorfer and Schmidt-Dengler (2010). We first derive
the relation between (I3, I,) and (¥, , ¥, ). Define II*(6,P") as the
orthogonal projector from R¥™*") onto the maximum invariant subspace
of Ve W (6, P*) belonging to its r largest (in modulus) eigenvalues, and
let Z(6, P*) be an orthonormal basis of the column space of IT*(6, P'),
so that I17(0, P*) = Z(6, P*)Z(0, P*)'. From the proof of Proposition 6,
we have I't(6,P") — P = A(0, PT)(¥* (6, Pt) — P"), where A(6,P") =
Z(0, PHI — Z(6, P)YVpW(0, PH)YZ(0, P Z(8, P+)/ + I — I1(8, P).
Consequently, I',f = A(6°, P*")¥, and I}, = A(6°, PP (¥, — 1)+ 1.

We proceed to derive My, I'. Recall

0 6 171 -1
¥ =", q’;*=<00 0)’ M$_§<—1 1)'
The eigenvectors and eigenvalues of W, are given by

_ LM _ 0 _ 1/ g
Zl_ﬁ(l)’ )\1—0, 22—5(_1), /\2——0

Because the eigenvector z; is annihilated by M, ,}9, we may take Z(0°, P*) = z,.
Suppress (6°, P**) from Z(6°, P**), I1(6°, P**), and A(6°, P*). Since Z is the
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eigenvector of ¥, with eigenvalue —6°, we have ZV¥}, Z = —6"Z'Z = —¢°
and hence

A=Z(1-Z'V;Z)'Z + U —1)
=1+ +UI-IH=1-6"(14+6"1I.

Because ¥, is symmetric, we may apply the ergenvalue decomposition to it
and write 1If =022, — 0°2,2, = Hozlz —0°I1. Inview of Az, = z; and AIl =
(14 6%~ 11'[ we have I, = AWS, — D +1=021z, — (1 + 6°) ' 1T — A+
I = 0°z,z,. Further, from ¥, = p° 2z, we have I', = AV, = ¥, and hence
M} =1—z(z12)) 'z}, Tt follows that M} I'), =0, and the local convergence
condition holds.

C.5. g-NPL Algorithm and Approximate q-NPL Algorithm

When the spectral radius of A} or ¥p is smaller than but close to 1, the
convergence of the NPL algorithm could be slow and the generated sequence
could behave erratically. Furthermore, in such a case, the efficiency loss from
using the NPL estimator compared to the MLE is substantial. To overcome
these problems, consider a g-fold operator of A as

A4(6,P)=A(6, (A(6, ... A6, A6, P))...))).

q times

We may define I'%(6, P) and ¥9(0, P) analogously. Define the g-NPL (g-
RPM) algorithm by using a g-fold operator A?, I'Y, or ¥ in place of A, I,
or ¥ in the original NPL (RPM) algorithm. In the following, we focus on A¢,
but the same argument applies to I'? and V9.

If the sequence of estimators generated by the g-NPL algorithm converges,

its limit satisfies 6 = argmaerOM Zm 12, InA4(6, P)(a,m|xmt) and 6 =

A9(B, P). Among the pairs (0, P) that satisfy these two conditions, the one that
maximizes the value of the pseudo likelihood is called the g-NPL estimator and

denoted by (GquL, PquL).

Since the result of Proposition 7 also applies here by replacing ¥ with A4,
the local convergence property of the g-NPL algorithm is prirnarily determined
by the spectral radius of A} = VpA7(6°, P’). When p(AY) is less than 1, the
g-NPL algorithm converges faster than the NPL algorithm because p(A}) =
(p(A%))4. Moreover, the variance of the g-NPL estimator approaches that of
the MLE as g — oo.

Applying the g-NPL algorithm, as defined above, is computationally inten-
sive because the g-NPL Step 1 requires evaluating A? at many different values
of 6. We reduce the computational burden by introducing a linear approxi-
mation of A?(6, P) around (n, P), where 7 is a preliminary estimate of 6:
A9, P, m) = A%(n, P) + Yy A%(n, P)(0 — 7).
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Given an initial estimator (6y, Py), the approximate g-NPL algorithm iterates
the following steps until j = k:

Step 1. Given (6;_,, P;_,), update 6 by

M T
0, = argmax M~ Z ZlnAq(é), Pi_1, 0,20) (@ Xome)

90! m=1 =1

where @7 = {0 € @:/iq(e,lsj_l, é,-_l)(a|x) c[é1— €] forall (a,x) e A x X}
for an arbitrary small ¢ > 0.

Step 2. Given (8;, P,_,), update P using the obtained estimate §; by P; =
A1(0;, Pi_y).

Implementing Step 1 requires evaluating A4 (éH, 13_,-,,) and Vg A4 (5_,-,, , lf’j,])
only once outside of the optimization routine for 6 and thus involves far fewer
evaluations of A(6, P) across different values of P and 6, compared to the
original ¢g-NPL algorithm.’

Define the g-NPL counterparts of 6,(P), ¢o(P), and 24 as (P) =
argmaxf,e@E[ZthllnAq(O,P)(am[|xm,)], Pi(P) = Aq(ég(P),P), and Qf, =
E(VysA Vs ywith s2, =37 In A9(6°, P°)(@y| X, ), respectively. Define 07,

mt

analogously.

ASSUMPTION 5: (a) Assumption 1 holds. (b) ¥ (6, P) is four times continu-
ously differentiable in N'. (c) There is a unique 6° such that A%(6°, P’) = P°.
(d) I —(a¥)+(1—a)])?and I — V) are nonsingular. (€) The operator ¢! (P)—P
has a nonsingular Jacobian matrix at P°.

Assumption 5(c) is necessary for identifying #° when the conditional prob-
ability is given by AY(6, P). This assumption rules out 6' # 6" that satis-
fies A9(6', P’) = P° even if A(6', P’) # P°. This occurs, for example, if
A(0', P’) = P! and A(6', P') = P hold for ' # 6" and P' # P°. Assump-
tion 5(d) is necessary for 27, to be nonsingular. Since A} = (a¥) + (1 —a))4,
the first condition holds if p(A}) < 1 from 19.15 of Seber (2007).

The following proposition establishes the asymptotics of the g-NPL estima-
tor and the convergence property of the approximate g-NPL algorithm. Propo-
sition 12(c) implies that, when g is sufficiently large, the g-NPL estimator is
more efficient than the NPL estimator, provided that additional conditions in
Assumption 5 hold. Proposition 12(d) corresponds to Proposition 1.

PROPOSITION 12: Suppose that Assumption 5 holds. Then (a) ISquL —
P’ = OM~?) as. and Ml/z(éqNPL — 6°) =4 N(O,Vynpr), where Vinpr =

3Using one-sided numerical derivatives, evaluating Vg A1(0 I 13,-) requires (K + 1)g function
evaluations of ¥ (6, P).
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[0, + Q5 P(I — AQ)TAY 1039{[0 b0 + 20,1 — AD)T'AGY. (b) Suppose
we obtain (BJ,P) from (9] 1, Pi_1) by the approximate qNPL algorithm
Then there exists a neighborhood Ny of (6°, P°) such that 0, — OqNPL =
O(||1Pji-y — qNPL” + M- 1/2||9] 1= 9qNPL|| + ||91 1= 9qNPL|| ) as. and P -
ﬁqNPL = A‘IAP( -1 = qNPL) +OWM~ 1/2”9 -1 — oqNPL” + ||9 1 — 9qNPL|| +
M- 1/2||P, - quL||+|| 11— quL|| ) a.s. uniformly in (0] 1, Pi_1) € N, where
Myu=1- ALATApAD~ 1A‘”Ap with A=V, A1(0°, P°). (c) If p(AY) < 1, then
Ve = Vuwe as g — oo. (d) Suppose {64, ﬁk} is generated by the approximate
q-NPL algorithm starting from ( 6, Py) and p(M AqA?,) < 1. Then, there exists a

neighborhood N; of (6°, PO) such that, for any starting value (6, Py) € N>, we
have hmk%oo(eka Pk) = (9qNPL, qNPL) as.

C.6. Proof of Propositions in Appendix C

PROOF OF PROPOSITION 8: For part (a), write I'(6, P)—PasI'(6,P)—P =
A8, P)(W(0, P)— P),where A(0,P)= I —11(0, P)Vp¥(0,P)II(0, P))~" x
11 (6,P)+ (I —1I(6,P)). Let Z(6, P) denote an orthonormal basis of the col-
umn space of I1(6, P), so that Z(0, P)Z(0, P)' =1I1(0, P) and Z(0, P)'Z(0,
P) =1,. Suppress (6, P) from II(0, P), Z(6, P), and Vp ¥ (6, P). A direct cal-
culation gives (I — [IVpWIN'I1 = Z(I — Z'VpWZ)'Z', so we can write
A(8,P)as A(0,P)=ZU — Z'VNpWZ)'Z + (I — IT). The stated result fol-
lows since A(6, P) is nonsingular because rank[Z(I — Z'VpVZ) ' Z'l =,
rank(I —IT) =L —r, and Z(I — Z'VpWZ)'Z and I — II are orthogonal
to each other.

For part (b), define I} = VpI'(6°, P°) and II° = I1(6°, P°). Define P
with respect to ¥p = V¥ (6°, P°). Computing V»1'(6, P) and noting that
P(8°, PY) = P°, we find I = I1° + (I — [I°WRIT0) " ITO(W0 — Iy + (I — ITO) W0,
Observe that F 1" = (I — I1I°)PII° = 0, where the last equality follows be-
cause WpII'P € P for any P € R* by the definition of I1°. Hence, I} =
RI-1II 0) We also have (I —II) I = (I —11 0)11’(’ because a direct calculation
gives (I — IT°WRIT) "I = Z°(1 — (Z°) W) Z°)~ (ZO)/ where Z° = Z(6°, P"),
and hence (I — I1°)(I — II°WI1°)~'I1° = 0. Then, in conjunction with I} =
I — I1°), we obtain (I — I1°)I}) = (I — II°)¥)(I — I1°). Since I(I —I1°)
has the same eigenvalues as (I — IT1°)I}) (see Theorem 1.3.20 of Horn and
Johnson (1985)), we have p(I}) = p(I3(I —I1°)) = p((I = II)I}) = p[(I —
I3 — I1°)] < 8°, where the last inequality follows from Lemma 2.10 of
SK: P, Q, and F; in SK correspond to our I1°, I — I1°, and ;. Q.E.D.

PROOF OF PROPOSITION 9: The stated results follow from Proposition 2 of
AMO7 and our Proposition 7 if Assumptions 1(b), 1(c), 1(e)-1(h), and 2(b)
and 2(c) hold when ¥ (6, P) is replaced with I'(6, P).
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We check Assumptions 2(b) and 2(c) first because they are used in show-
ing the other conditions. First, note that Chu (1990, Section 4.2; in particular,
line 17 on p. 1377) proved the following: if a matrix A(¢) is € times continu-
ously differentiable with respect to ¢, and if X (¢) spans the invariant subspace
corresponding to a subset of eigenvalues of A(#), then X (¢) is also ¢ times
continuously differentiable with respect to ¢. Consequently, I1(0, P) is three
times continuously differentiable in A/ (we suppress “in N henceforth), since
VW (6, P) is three times continuously differentiable from Assumption 4(b).
Further, I — I1(6, P)Vp W (0, P)II(0, P) is nonsingular and three times con-
tinuously differentiable from Assumptions 4(b) and 4(c), and hence Assump-
tion 2(b) holds for I'(6, P). For Assumption 2(c), a direct calculation gives
b =wrA6°, Py Ap A(6°, P*)¥), where A(6, P) is defined in the proof of
Proposition 2 and shown to be nonsingular. Since rank(¥;) = K from nonsin-
gularity of 02,y = V) Ap ¥y, positive definiteness of 27, follows.

We proceed to confirm that Assumptions 1(b), 1(c), and 1(e)-1(h) hold for
I'(6, P). Assumption 1(b) for I"(6, P) follows from Assumption 4(d). Assump-
tion 1(c) holds because we have already shown that I'(6, P) is three times con-
tinuously differentiable. Assumption 1(e) holds because ¥'(6, P) and I'(6, P)
have the same fixed points by Proposition 8. As discussed on page 21 of AMO07,
Assumption 1(f) is implied by Assumption 4(e). Assumption 1(g) for 6} (P)
follows from the positive definiteness of 2!, and by the implicit function the-
orem applied to the first-order condition for 6. Assumption 1(h) follows from
Assumption 4(e). Q.E.D.

PROOF OF PROPOSITION 10: Write the objective function as Q1,(6, P, n) =
MM ST InT(6, P, ) (@l Xm), and define QF(6,P,n) = EQL (6,
P, n). For € > 0, define a neighborhood N3(€) = {(6, P, n) : max{||0—6°|, |P—
P°|l, Im — 6°|I} < €}. Then, there exists €; > 0 such that (i) ¥ (6, P) is four
times continuously differentiable in (6,P) if (6,P,m) € Ni(e),
(ii) SUP 9, p, myenser) Vo Q5 (6, P, m)~"|| < 00, and (iii) SUP 9, myen;(er) IV2Q; (6,
P, m)| < oo because I'(6°, P°, 6°)(alx) = P’(alx) > 0, I'(A, P, n) is three
times continuously differentiable (see the proof of Proposition 9), and
Voo QF (6°, P°, 0°) = Ve QL (6°, P°) is nonsingular.

First, we assume (6~)_,-, 15_,-,1, éj,l) € N;(€;) and derive the stated representa-
tion of §; — 6 and P — P. We later show that (0;, Pi_y, 6,_1) € N3(€)) as. if N
is taken sufficiently small. Henceforth, we suppress the subscript RPM from
9RPM and I3RPM. Expanding the first-order condition VgQﬂ(éj, f’j_l, éj_l) =0
around (9, 15]-,1, éH) gives

(18) 0= V01,8, Pi_1, 0,-1) + Voy O} (8, Pi_y, 0,.1)(8; — 0),
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where 6 € [6;, 6]. Writing § = 6(8;), we obtain

sup IVoe Q1 (8(6)), Pi_y, 8,.)7" ] = O(1)

(6;,P_1,0;_1)eN3(e)

a.s. because (i) |0(0,) — 6°|| < €, a.s. since ||0; — 6°|| < €, and 6 is strongly con-
sistent, and (i) SUP, p 1ensie, | Voo 040, P,m)7'| = O1) as. since
SUDP (g, P, m)en;(er) ||V99/Q§(0, P,m)7"| < oo and SUD (g, P, myen; (e IV20},(6, P, m) —
V20l (6, P, n)|| = o(1) a.s. Therefore, the stated representation of 6; — 6 fol-
lows if we show that

(19) V048, P1, 0;) = —0h, (P — P) + 71y,

where r},; denotes a generic remainder term that is O(M -12) éj,l — 0|+ (5,-,1 —
012+ M~"2||P;_; — P|| + ||P,_, — P||*) a.s. uniformly in (6,_;, P;_;) € N>.

We proceed to show (19). Expanding VGQ]Q(@, f’j_l, 0 i—1) twice around
(6, P, 6) gives V,QL (0, Pj_y, 0,_1) = V4QL (6, P, 0) + Vop OL.(6, P, 6)(P;_; —
P)+V,, 00 (6, P, 0)(6;_1 — 6) +O(]|6,_ — 8] + || P,_; — P||?) a.s. For the first
term on the right, the RPM estimator satisfies V(,Qf\;(é, 13, (3) =0 a.s. because
V(,/QL(?), P) =0 from the first-order condition, and Proposition 8(a) implies
q’(@,f’) = P as. and hence Vg/l"(é,ﬁ, é) = Vg/l"(é,f’) a.s. For the second
and third terms on the right, we have E[Ztr=1 Vor InT'(6°, P°, 60°) (@i | X )] =
-0, and E[Z[T:1 Vo InT(6°, P°, 0°)(@n(|X,ne)] = 0 by the information matrix
equality because I'(6°, P°, 6°) = I'(6°, P°), Vo I'(6°, P°,0°) = Vo, I'(6°, P°),
VpI(6°, P, 0°) = VpI'(6°, P, and V,I'(6°,P° 6% = 0 from P° =
¥(6°, P). Therefore, (19) follows from the root-M consistency of (0, P).

For the representation of P; — P, first we have

(20)  Pj=P+I0(0;—0)+ (P —P)+ry,

by expanding 131- = F(éj, Isj,l, éj) around (é, 13, (§) and using F(é, 13, (f)) - P
Next, refine (18) as 0 = V(;Q}fl(é,ﬁj_l, 0,.1) — 08 (6; — 0) + 7+, by expand-
ing Veg/Q]fl(é, 15,_1, é,-_l) in (18) around (6, P, 0) to write it as Vgg/Q]Q(é, f’j_l,
0;-1) = =024, + OM~"?) + 016, = 01) + O(| P, — P|) as. and using the
bound of 6; — 6 obtained above. Substituting this into (19) gives

Q1) 8- 6=—(Q0) QP — P)+ 1y,

The stated result follows from substituting this into (20) in conjunction with
(Qge —IQF — (I*(,O/APFQO)—IF(’O/APF;)‘

oP —
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It remains to show that (6, f’j_l, 0,_1) € Ns(&)) ass. if NV, is taken sufficiently
small. We first show that

(22) sup |04 (6, P,m) —Qf(0,P,m)|=0(1) as.,

(0,1,P)€0; x N
QF'(#, P, m) is continuous in (6, n, P) € O, x .

Take /\/'2 sufficiently small; then it follows from the strong consistency of
(0;_1, P;,_,) and the continuity of I'(6, P, n) that I'(6, P, n)(alx) € [£/2,1 -

£/2] forall (a,x) € A x X and (0, P,n) € 0; x N as. Observe that (i) ©; x
N is compact because it is an 1ntersect10n of the compact set © and
| Al X| closed sets, (i) InI'(6, P, n) is continuous in (6, P, n) € @_,- x N, and
(iii) ESupy p pyeé | InI°(0, P, m)(ailx)| < |In(§/2)] + |In(1 — §/2)| < oo be-
cause of the way we choose N. Therefore, (22) follows from Kolmogorov’s
strong law of large numbers and Theorem 2 and Lemma 1 of Andrews (1992).

Finally, we show (5_,-, }3_,-,,, éj,l) € N;(e) as. under (22) by applying the ar-
gument in the proof of Proposition 7. Define A = Q! (6°, P°, 0°) —
SUP e pry(epene Qo (05 PP, 8°) > 0, where the last inequality follows from the in-
formation inequality because Q' (6, P°, 6°) is uniquely maximized at 6° and
Ni(€1)¢ N O is compact. It follows that {8, ¢ Ny(e))} = {OF(6°, P°, 6°) —
Ql(8;, P°, §°) > A}. Proceeding as in the proof of Proposition 7, we find that, if
N, is taken sufficiently small, then O} (6°, P°, 6°) — Q¥ (0;, P, 6°) < A/2+0(1)
a.s. and hence (6;, P,_y, 0,_;) € Ni(€;) ass. Q.E.D.

PROOF OF PROPOSITION 11: The proof closely follows the proof of Proposi-
tion 1. We suppress the subscript RPM from Orpm and Pgpy. Define

10l
@ o=(y ).

4

Note that p(D) = p(Mr,1) and that there exists a matrix norm || - ||, such that
|D|la < p(D) + b= p(Mr,Ip)+ b. We define the vector norm for x € R¥** as
Ixllg=1I{x O --- O] lla; then || Ax|lg < [ Alloll [l g for any matrix A.

From the representation of P P and 0, — 6 in Proposmon 10 and (21)
there exists a neighborhood A of ¢° such that ¢, — { = D({;.; — {) +
OM 2|1 — ZHB + 11— 2||§) holds a.s. uniformly in ; ; € N}. The stated
result then follows from repeating the proof of Proposition 1. Q.E.D.

PROOF OF COROLLARY 1: The proof closely follows the proof of Propo-
sition 10. Define I'(8, P, n, Q) = ¥ (0, P) + [(I — II(n, Q)Vp¥(n, Q) (7,
Q) = NI (n, Q)(¥(H, P) — P), so that the objective function in Step 1 is
written as Q7 (0, Pi_y, 0°, P*) = M"Y ST InT(6, Pi_y, 6%, P*) (s | Xme)-
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For €, > 0, define a neighborhood Ns(e;) = {(6, P, , Q): max{]|6 — 6|, |P —
P, Im—6°ll, |Q—P°||} < €,}. Then, for any €, > 0, we have (6;, P,_, 6*, P*) €
N;s(ep) as. if NV is chosen sufficiently small by the same argument as in the
proof of Proposition 10.

Assuming (é p _1, 0%, P*) € Ns(€y), the stated result follows from start-
ing from the first order condition Vg/QM(Hj, _1, 0%, P*) = 0, expanding it

around (0, PH, 0*, P*), and following the proof of Proposition 10 using
VoI'(6°, P°, 6°, P) =0. Q.E.D.

PROOF OF PROPOSITION 12: Part (a) follows from Proposition 2 of AMO07
if Assumptions 1(b), 1(c), 1(e)-1(h), and 2(b) and 2(c) hold when ¥(#6, P)
is replaced with A?(6, P). Similarly to the proof of Proposition 10, we check
Assumptions 2(b) and 2(c) first. Assumption 2(b) holds for A%(6, P) be-
cause V¥(0, P) is three times continuously differentiable in A/ from Assump-
tion 5(b). For Assumption 2(c), a direct calculation gives 0%, = (V5 A9(6°,
PO ApVy A9(6°, P*) = AY (I — (AR (I = Ap) ' Ap(I = Ap) (T = (Ap)D) Ay =
VY —(a¥p+(1—a)))) T =V Ap(I =)' (I = (@Vp+ (1 —a) Y)W
where the second equality follows from V, A9(6°, P%) = ( ;:3 (ADNHAY = (I —
AN — (A%)7) AY, and the third equality follows from A = a¥) and A% =
a¥) + (1 — a)l. Since rank(¥)) = K from nonsingularity of gy =VYALPY,
positive definiteness of 27, follows from Assumption 5(d).

The proof of part (a) is completed by confirming that Assumptions 1(b), 1(c),
and 1(e)-1(h) hold for A7(6, P). Assumptions 1(b) and 1(c) hold for A4(6, P)
because Assumptions 1(b) and 1(c) hold for ¥ (6, P). Assumption 1(e) for
A1(6, P) follows from Assumption 5(c). As discussed on page 21 of AMO07,
Assumption 1(f) for A?(6, P) is implied by Assumption 5(e). Assumption 1(g)
for 6 (P) follows from the positive definiteness of 024, and applying the implicit
function theorem to the first-order condition for 6. Assumption 1(h) follows
from Assumption 5(e). This completes the proof of part (a).

We proceed to prove part (b). Define the objective function and its limit
as Q4 (0,P,m) =M YM ST InA9H, P, ) (ap|Xm) and QI(6, P, n) =
EQ1,(0, P, n). For € > 0, define a neighborhood N(€) = {(0, P, n) : max{||6 —
6°ll, IP — P°|l, lm — 6°||} < €}. Then, there exists €; > 0 such that (i) ¥ (0, P)
is four times continuously differentiable in (6, P) if (0, P,n) € Nz(e),
(ii) SUP g p myeniiep) 1 Voo Q3 (8, P, )| < o0, and (iii) SUpy 5 cpsie) 1V Q5 (65
P, n)| < oo because A9(6°, P°, 0°)(alx) = P°(alx) > 0, AY(H, P, n) is three
times continuously differentiable, and Vyy Qf(6°, P, 6°) = V4 Q2 (6°, P) is
nonsingular.

First, we assume that (é,-, f’,-,l, 51-,1) € N(€;) and derive the stated repre-
sentation of é,« — 6 and 13, — P. We later show that (éj, 13,-_1, é,»_l) e Ni(e))
a.s. if N is taken sufficiently small. Henceforth, we suppress the subscript
gNPL from équL and ﬁquL. The proof is similar to the proof of the up-
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dating formula of Proposition 10. For the representation of §; — 0, expand-
ing the first-order condition 0= VgQM(O P] 1, 0j- ]) around (0 1, ~] 1)
gives 0 = VOQM(H Pj 1,0i.1) + VWQM(O(O) P, 1,0 1)(0 - 0), Wthh cor-
responds to (18) in the proof of Proposition 10. Proceeding as in the proof of
Proposition 10, we obtain sup; 5 i ensce) Vo QL (0(6,), P;_y, 6; 1) 7" || =
O(1) a.s. Therefore, the stated representation of éj — 6 follows if we show
VleQ(é, I3j_1, éj_l) = —_()ZP(ﬁj_l — 13) + s where i denotes a remainder
term of O(M~"2)18;.1 — 61l + 16,1 — 617 + M2 P, — P + 1P,y — PI»)
a.s. uniformly in (éj,l, }3_,-,1) € Nj. This representation corresponds to (19) in
the proof of Proposition 10 and follows from the same argument. Namely,
expanding V(,Qﬁl(é, Pj_l, é,-_l) twice around (é, f’, @), and noting that (i) the
g-NPL estimator satisfies V,07, (0, P,0)=0, (i) A1(0°, P°, 6°) = A1(0°, P°),
Vo A9(8°, P°, 0% = VyA2(0°, P%), VpAI(0°, P°, 0% = VpAI(°, P’), and
V,A1(6° P°, 6°) = 0, and using the information matrix equality and the root-
M consistency of (6, P, gives the required result.

The proof of the representation of f’ P follows from the proof of Proposi-
tion 10, because (1)P P+Aq(9 —(9)+A (Pji_1— P)+rM],wh1ch corresponds
to (20) in the proof of Proposition 10, from expandmg Al (OJ,PH) twice
around (0, P) and using P = A%(6, P), (ii) Vyy Q% (0, P_1,0,_1)(6; — 6) =
—Qge(éj —0) + ry,; from expanding Vg@’Q?w(é,ﬁj_l, éj_l) around (0, P, 6)
and using the bound of 6; — 6 obtained above, and (iii) (£2%,)"'0Q%, =
(A§ Ap AT AT ApAf.

The proof of part (b) is completed by showing that (é,-, f’j_l, é,»_l) e Ns(e)
a.s. if Ny is taken sufficiently small. First, observe that (22) in the proof of
Proposition 10 holds with Q% (6, P, n) and Q} (6, P, n) replacmg QM(G P,n)

and Q[(0, P, n) if we take Nj sufficiently small. Therefore, (GJ,PJ 1,0;-1) €
N;(e;) as. follows from repeating the argument in the last paragraph of the
proof of Proposition 10 if we show that 6° uniquely maximizes Q(6, P°, 6°).
Note that

(24) Qg(07 P0760)_Q8(907P07 00)
=TEIn(VyA%(6°, P*)(0 — 0°) + P°)(@pi| X i) — TEIN P’ (@ | X,n0)

Ve A2(6°, PO -6
=TE1n< g A0, P) (@i X ) (0 — 67) +1>.
PO( a1 % me)

Recall that In(y + 1) <y for all y > —1, where the inequality is strict
if y # 0. Since rank(VyA?(6°, P’)) = K from the positive definiteness of
i, it follows that VyA9(6°, P')v # 0 for any K-vector v # 0. There-
fore, VyA9(0°, P°) (| X ) (0 — 6°) £ O for at least one (@, X ), for all
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6 # 6°. Consequently, the right hand side of (24) is strictly smaller than
TE[VgA1(0°, P°)Y (| Xm) (0 — 6°)/P°(a,|x,m)] for all 6 # 6°. Because
E[Vy A9(6°, P*) (@i X )/ P (sl X,)] = 0, we have QF(6, PY, 6°) — QU(6°, P,
6°) < 0 for all 6 # 6°. Therefore, §° uniquely maximizes Q( (6, P’, 6"), and we
complete the proof of part (b).

We prove part (c). From the proof of part (a) in conjunction with the rela-
tion A} = a¥) + (1 — a)l, we may write 2, as Qf, =TV (I — (A%)7) (I —
Y Ap(I — 1[’0) Y(I = (A%)?)Wy. Similarly, using the relation Vp A%(6°, P*) =
(A%)4, we obtain 2, = TAU’(I (AN (I — AN Ap(AY)4. Therefore, if
p(AY%) < 1, then Qf, — Tilf‘”(l YH)Ap( — Yp)'¥) and Q). — 0 as
q— o, and it follows that Ve — [T (I — ¥)'Ap(I — ¥p) ' W1}
as g — oo. This limit is the same as Vg = (TE[VoInP(6°)(@pi|Xpmi) X
Vo InP(6")(@m|xn)])~", where P(8) = argmax,_,,, EInP(a,/x,,) with
My ={P € Bp:P = V(0,P)}, because VyoP(0) = (I — Vp¥(6,P(0)))! x
VoW (6, P(0)) holds in a neighborhood of 6 = 6°.

We omit the proof of part (d) because it is identical to the proof of Prop051—

t10n 11 except that ORPM, PRPM, ((299) 1()5},, and M, Iy are replaced with OqNPL,
Pyner, (£259) 7' Q5p, and M g A}, respectively. Q.E.D.

APPENDIX D: UNOBSERVED HETEROGENEITY

This section extends our analysis to models with unobserved heterogeneity.
The NPL algorithm has an important advantage over two-step methods in es-
timating models with unobserved heterogeneity because it is difficult to obtain
a reliable initial estimate of P in this context.

Suppose that there are K types of agents, where type k is characterized
by a type-specific parameter 6%, and the probability of being type k is 7*,
with Zi; % = 1. These types capture time-invariant state variables that
are unobserved by researchers. With a slight abuse of notation, denote 6 =
(0, ...,0%) € OF and 7w = (7', ..., 7%) € @,. Then, { = (¢, 7') is the pa-
rameter to be estimated, and let @, = O x @, denote the set of possible
values of {. The true parameter is denoted by ¢°.

Consider a panel data set {{@u, X, Xm, 11} 12, such that w,, = {dp, X,
Xm1}_, is randomly drawn across m’s from the population. The conditional
probability distribution of a,, given x,, for a type k agent is given by a
fixed point of Py = W(6*, Py ). To simplify our analysis, we assume that the
transition probability function of x,, is independent of types and given by
fe(Xm.r41]@mis Xme) and is known to researchers.*

“When the transition probability function is independent of types, it can be directly estimated
from transition data without solving the fixed point problem. Kasahara and Shimotsu (2008) an-
alyzed the case in which the transition probability function is also type-dependent in the context
of a single-agent dynamic programming model with unobserved heterogeneity.
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In this framework, the initial state x,, is correlated with the unobserved type
(i.e., the initial conditions problem of Heckman (1981)). We assume that x,,;
for type k is randomly drawn from the type k stationary distribution character-
ized by a fixed point of the equation p*(x) =Y ., p*(X)(Q_ 4 Poc(a'|x') x
fr(xla’, x')) =[T(p*, Py )1(x). Since solving the fixed point of 7'(-, P) for given
P is often less computationally intensive than computing the fixed point of
(0, -), we assume the full solution of the fixed point of 7'(, P) is available
given P.

Let P* denote type k’s conditional choice probabilities, stack the P*’s
as P = (PV,...,PKY, and let P’ denote its true value. Define ¥(0,P) =
(P(6', Py,..., V(6% PKYY. Then, for a value of 0, the set of possible condi-
tional choice probabilities consistent with the fixed point constraints is given by
M ={P e BS: P=¥(6,P)}. The maximum likelihood estimator for a model
with unobserved heterogeneity is

M
(25) Zwie = argmax{ max M~ In([L(7, P)I(w,)) ¢

0 Pe M
(€O, 0 m=1

where [L(m, P)J(wn) = Yy 7 P 0m) T Pt Xnt) fo 1| Gy ),
and p3, = T(pj, P*) is the type k stationary distribution of x when the con-
ditional choice probability is P*. If P is the true conditional choice probability
distribution and 7 is the true mixing distribution, then L’ = L (7, P’) repre-
sents the true probability distribution of w.

We consider a version of the NPL algorithm for models with unobserved
heterogeneity originally developed by AMO7 as follows. Assume that an initial
consistent estimator P, = (f’(}, e, f’é{ ) is available. Starting from j = 1, iterate
the following steps until j = ¢:

Step 1. Given f’H, update { = (6, 7’') by

M
{; =argmax M~ Zln([L(w, v(0,P)](wn)).

(€O, =1
Step 2. Update P using the obtained estimate éj by f’j = lI’(é]-, f’j,l).
If iterations converge, the limit satisfies 2 = argmax, o, M-! ZZ:I In([L (7,
v(o, 13))](w,,,)) and P = ¥ (6, f’). Among the pairs that satisfy these two condi-
tions, the one that maximizes the pseudo likelihood is called the NPL estimator,

which we denote by (ZNPLy IA’NPL).

Let us introduce the assumptions required for the consistency and asymp-
totic normality of the NPL estimator. They are analogous to the assumptions
used in AMO7. Define {,(P) and ¢o(P) similarly to 6y(P) and ¢o(P) in the
main paper.
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ASSUMPTION 6: (2) Wy = {(@ms, Xty Xmpp1)im=1,...,.M;t=1,...,T}are
independent across m and stationary over t, and Pr(x,,, = x) > 0 forany x € X.
(b) [L(,P)](w) > 0 for any w and for any (w,P) € @, x BX. (c) ¥(6,P)
is twice continuously differentiable. (d) O, is compact and BX is a compact
and convex subset of [0,1]“%. (e) There is a unique {° € int(O;) such that
[L(7° P)](w) = [L(7°, ¥(6°, P°)](w). (f) (£° P°) is an isolated population
NPL fixed point. (g) Zy(P) is a single-valued and continuous function of P in
a neighborhood of P°. (h) The operator ¢,(P) — P has a nonsingular Jacobian
matrix at P°. (i) For any P € Bp, there exists a unique fixed point for T (-, P).

Under Assumption 6, the consistency and asymptotic normality of the NPL
estimator can be shown by following the proof of Proposition 2 of AMO7.

We now establish the convergence properties of the NPL algorithm for mod-
els with unobserved heterogeneity. Let /({, P)(w) = In(L(m, ¥ (6, P))(w)),
and Q;; = E[V/({’, P*)(w,,) V1L, P") (wp)].

ASSUMPTION 7: (a) Assumption 6 holds. (b) ¥ (6, P) is three times continu-
ously differentiable. (c) ), is nonsingular.

Assumption 7 requires an initial consistent estimator of the type-specific
conditional probabilities. Kasahara and Shimotsu (2006, 2009) derived suffi-
cient conditions for nonparametric identification of a finite mixture model and
suggested a sieve estimator which can be used to obtain an initial consistent
estimate of P. On the other hand, as Aguirregabiria and Mira (2007) argued, if
the NPL algorithm converges, then the limit may provide a consistent estimate
of the parameter ¢ even when Py is not consistent.

The following proposition states the convergence properties of the NPL al-
gorithm for models with unobserved heterogeneity.

PROPOSITION 13: Suppose that Assumptions 6 and 7 hold. Then, there exists a
neighborhood Ny of P° such that

Zi — &nee = OBy — Pap ),
f,j — f)NpL = [1 — ‘pgD‘pg/L;)A}‘/zML"A}l/zLP] WS(P],1 — f)NpL)
+ O(M_l/znf)j—l — Pype |l + ||f’j71 - IA)NPLHZ)a

a.s. uniformly in P;_, € Np, where D = (WS/L;,AIL/ZMLWAIL/ZLP‘II(E)*I, M, =1-
APLL(L A L) 'LAR, and W) =V, W(6°,P°), W = VpW(6°,P), A, =
diag((L%)™), Lp = Vp L(7°,P°),and L, =V L(7°, P%).

Note that I — WODWY L, AY*M,; A}’Lp is a projection matrix. The conver-
gence rate of the NPL algorithm for models with unobserved heterogeneity is
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primarily determined by the dominant eigenvalue of ¥p. When the NPL algo-
rithm encounters a convergence problem, replacing ¥(0, P) with A(6, P) or
I'(0, P) improves the convergence.

REMARK 2: It is possible to relax the stationarity assumption on the ini-
tial states by estimating the type-specific initial distributions of x, denoted by
{p**}E_,, without imposing a stationarity restriction in Step 1 of the NPL algo-
rithm. In this case, Proposition 13 holds with additional remainder terms.

PROOF OF PROPOSITION 13: We suppress the subscript NPL from ZNPL
and Pyp. The proof closely follows the proof of Proposmon 7. Define
lg(g,P) = M- Zm 1V§l(§, P)(w,,), lgg(g, P) = 12,” 1V§§’l(§, P)(w,,),
and [ (L P) =M1 Zle Ve l(Z, P)(w,,). Expanding the first-order condition
1,(Z;,P;_y) = 1}(2, P) = 0 gives

(26) 0=Eaaﬁx§—b+bﬂaﬁxﬂ4—ﬁx

where (Z, P) is between (¢;, P 7»P;_1) and ({ , P). Then, proceeding as in the proof
of Proposition 7 gives the bound of ¢; — Z.

For the bound of P, — P, expanding the second step equation P; = ¥({;, P,_;)
twice around (2 , f’), using P= ‘P(Z ,f‘), and proceeding as in the proof of
Proposition 7 gives

27)  P—P=v)P._, —P)+ VU - D
+O(M'?|Pi_ — P) + OB, — P|1),

a.s.,where ¥ = vg,q’(eo P%) = [}, 0]. As in the proof of Proposition 7, refine

(26) further as ; — ¢ = —Q;} Qpp(P;, = P) + O(M 2B, —P|) + O(||P;_, —

P|?) as., where Q. = E[V/({°, P°)(w,) Ve l({°, P°)(w,,)]. Substituting this

into (27) gives B; — P = (W) — W20} Q)P — P) + OM 2B, — P||) +

O(||I~’j_1 — PJ|?) a.s. Note that 0, and ();p are written as

0. _[Qu Q| _[WILLALYYY WPLLALL,
“=0, 0. L ALLPIP;’ L AL, |’
P lJlrfO/L' WALLpWY

P 0 DALY |

and

0 — D —-D0,, 0L
“«aT 1 -010..D Q1 +010.,D0, 07 |’
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where D = (WYL, A*M, ALy W0) ' with M, =1 — A/°L (L A L,) " x
L,A}”. Then, using ¥? = [¥¢,0] gives W20} 02, = WIDWILLA*M,, x
AL »¥), and the stated result follows. Q.E.D.

APPENDIX E: ADDITIONAL MONTE CARLO RESULTS

Table IV reports some additional results of our Monte Carlo experiments.
In particular, Table IV includes two-step (PML) versions of the four estimators
(NPL, NPL-A, approximate RPM, approximate g-NPL) discussed in the paper
and Appendix C. These estimators are included for reference; they do not need
iteration but require a root-M consistent initial nonparametric estimate of P.
They are denoted by “PML-¥,” “PML-A,” “PML-RPM,” and “PML-A4,” re-

TABLE IV
B1As AND RMSE#

n=>500 n = 2000 n=38000

Estimator Bias RMSE Bias RMSE Bias RMSE
Ory =2

Ors NPL-¥ —0.0151 0.1347 —0.0002 0.0660 —0.0023 0.0323
NPL-A —0.0151 0.1347 —0.0002 0.0660 —0.0023 0.0323
RPM —0.0174 0.1331 —0.0028 0.0642 —0.0027 0.0320
g-NPL-A1? -0.0117 0.1240 0.0002 0.0606 —0.0018 0.0305
PML-¥ —0.2215 0.2698 —0.0717 0.1112 —0.0229 0.0474
PML-RPM 0.1353 0.2380 0.0658 0.1072 0.0203 0.0403
PML-A4 —0.0133 0.1475 0.0016 0.0629 —0.0018 0.0307
Orw NPL-¥ —0.0467 0.4705 —0.0009 0.2339 —0.0095 0.1130
NPL-A —0.0467 0.4705 —0.0009 0.2339 —0.0095 0.1130
RPM —0.0544 0.4642 —0.0102 0.2274 —0.0111 0.1116
g-NPL-A? —0.0358 0.4280 0.0002 0.2131 —0.0079 0.1052
PML-¥ —0.7895 0.9604 —0.2565 0.3949 —0.0828 0.1687
PML-RPM 0.4523 0.8255 0.2232 0.3754 0.0687 0.1401
PML-A4 —0.0603 0.5177 0.0021 0.2215 —0.0083 0.1061
100 x P Frequency —0.0425 2.1609 0.0203 0.5128 0.0244 0.1550
NPL-¥ 0.0322 0.1561 0.0229 0.0436 0.0156 0.0256
NPL-A 0.0321 0.1560 0.0229 0.0436 0.0156 0.0256
RPM 0.0243 0.1627 0.0228 0.0384 0.0160 0.0291
q-NPL-A1? 0.0249 0.1276 0.0207 0.0380 0.0146 0.0222
PML-¥ 0.5558 1.9337 0.2180 0.6582 0.0686 0.2039
PML-A —0.1169 1.4388 0.1300 0.5271 0.0494 0.1739
PML-RPM —0.6515 1.5933 —0.1964 0.5612 —0.0352 0.1280
PML-A4 0.3133 0.3525 0.0701 0.0741 0.0253 0.0335

(Continues)
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TABLE IV—Continued

n=>500 n=2000 n=38000

Estimator Bias RMSE Bias RMSE Bias RMSE
Oy =4

Ors NPL-¥ —0.0095  0.0676 —0.0062  0.0490 —0.0005  0.0408
NPL-A 0.0028  0.0575 —0.0006  0.0294 —0.0003  0.0143
RPM 0.0029 00576  —0.0012  0.0284 0.0000  0.0136
¢-NPL-AY 0.0015  0.0542  —0.0009  0.0277 0.0000  0.0136
PML-¥  —0.1280 01557 —0.0341 00514 —0.0082  0.0207
PML-RPM 0.1166  0.1823 0.0211 00457  0.0043  0.0176
PML-A¢ 0.0142 00783  —0.0035  0.0290 —0.0003  0.0141
fry NPL-¥ —0.1417 02572 —0.1414 02314 —0.0918  0.1612
NPL-A 0.0241 01424  —0.0001  0.0739 0.0013  0.0352
RPM 0.0249 01604 —0.0003  0.0841 0.0014  0.0342
¢-NPL-AY 0.0228  0.1351 0.0000  0.0690 0.0014  0.0328
PML-¥  —07713 09094 —0.1964 02599 —0.0462  0.0937
PML-RPM 0.6101  0.7821 0.1282  0.1848 0.0335  0.0600
PML-A¢ 0.1619  0.2704 0.0044  0.0745 0.0035  0.0366
100x P Frequency  —0.0880  5.8734  —0.0025  1.9222  0.0066  0.4413
NPL-¥ —0.6258 34992  —0.1544  3.1243 0.0052  2.9592
NPL-A —0.0318  0.1393  —0.0094  0.0414 —0.0094  0.0113
RPM —0.0498 02053 —0.0163  0.0731  —0.0053  0.0085
¢g-NPL-A7  —0.0487  0.1278 —0.0136  0.0407 —0.0051  0.0081
PML-¥ 1.0331  3.6736 0.3606  1.3925 0.0682  0.3655
PML-A —23132 43659 —05331 14651 —0.0564  0.2695
PML-RPM  —0.7598 19386 —0.2679  0.7829  —0.0523  0.2549
PML-A¢ 0.8506  2.1484 0.0919  0.5831 0.0150  0.1161

4Based on 1000 simulated samples. The maximum number of iterations is set to 50.

spectively. We do not report the PML-A estimate of 6 because it is identical
to PML-¥. The PML-RPM and the PML-A? take one approximate RPM and
approximate g-NPL step, respectively, from the original PML estimator with
V¥ and, thus, they are three-step estimators. Their asymptotic properties can
be easily derived from Proposition 1 of AMO07, apart from changes in regu-
larity conditions. The last panel of Table IV reports the bias and the RMSE
of P across different estimators, including those of the frequency estimator
of P.

The PML-RPM and the PML-A? perform substantially better than the
PML-V, suggesting that our proposed alternative sequential methods are use-
ful even when the researcher wants to make just one NPL iteration rather than
iterate the NPL algorithm until convergence.
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