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THE PRE-AVERAGING METHOD”
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By J1A LI

THIS SUPPLEMENT INCLUDES two appendices. Appendix S.A gives the proofs
of the results in the main text. Appendix S.B provides simulation results in
support of the theory in the main text.

APPENDIX S.A: PROOFS

In this appendix, we prove the results in the main text. The appendix is
organized as follows. Section S.A.1 introduces some notation and decom-
positions. Section S.A.2 provides some estimates. These preliminary results
are repeatedly used throughout the proofs. Section S.A.3 proves Theorem 1
and Corollary 1. Theorems 2-5 are respectively proved in Sections S.A.4—
S.A7.

S.A.1. Notations

As in the main text, we denote the paper of Jacod, Podolskij, and Vet-
ter (2010) by JPV, and the paper of Ait-Sahalia, Jacod, and Li (2012) by
AJL.

We use the same notations as in the main text. We sometimes write Z; in
place of Z, (so Z' = X" + x,) so as to emphasize the dependence of the ob-
served price on 1. We also need some new notation. We denote the continuous
part of the efficient price by

t t
Xj=X0+/ bsds+/ o, dW..
0 0

With any predictable function §, we associate two processes & » (i — v) and
8 w as

5*(u—v)t:f fS(s, 2)(uw—v)(ds, dz),
0 E

t
S*Mt:f /S(S, Z)I‘L(ds: dZ):
0 JE
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provided that they are well defined. Then we can write the efficient price X/,
for n € [0, 1], as

X'=X'+J,
=X+ 181521y * (0 — ) + 015121y * s
We also denote the continuous part of the noisy price as
Z7 =X+ x:.
Below, we introduce two decompositions of X,". For each g > 1, we define

(S.A.1) B?:/ blds, with bf:—/ 8(s, 2)A(dz),
0 {

¥(2)>1/4,18(s,2)|<1}
M= 81iycijq * (=),
J\'=B{+ M/,
Ji= 8Ly 1/q) * -
We can then decompose X' as

(SA2) X=X +nJ"+nJ!.

Under Assumption H-1, the jumps of X" have finite variation. We extend
the notations above by setting

Br = / b®ds, with b°=— / (1, 2) L2121 A(d2),
0
J7=6xu,.
In this case, we sometimes use an alternative decomposition:
(S.A3) X=X, +n0B*+nJ".

Recall from the main text that for any process Y and weight function g, we
define

kn—1

kn
Y(©)! = Z gAY =— Zé’}" Yiisj-1)an
j=1

j=1
n

Yor=> (grar,v).

j=1
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We often use the following property without further mention: if Y is a semi-
martingale, Y (g)7 can be represented in integral form as (see (5.4) in JPV)

) iAn-+hn Ay
Ter= [ sy,

Ap
where

kn—1

8n() =Y &1 1anjan (8-

j=1

For the sake of notational simplicity, we write Y and f/i” in place of Y (g)” and
Y (g)? whenever there is no ambiguity about the weight function involved in

these definitions. For example, we write X", BY", M", J/*" and J" for Y (g)"
when Y, = X7, Bf, M/, J}, and J{, respectively. Moreover, when Y, = X;" or
Z", we further simplify our notations by writing X7, X n 7", and Z? in place
of X (&), X )7, AL (g)?, and Zm ()" respectively; because the sequence
7, is always fixed in our proofs, this shorthand notation should not raise any
ambiguity.

Throughout the proof, K denotes a constant that may change from line to
line; the constant does not depend on the asymptotic stage n or the summa-
tion index i. We sometimes emphasize its dependence on some parameter g

oy . . P,n . . .
by writing K. As in the main text, we use —> to indicate the convergence in

probability and use 29" {0 indicate the stable convergence in law under a drift-

ing sequence 7,,. For any nonrandom sequence b, > 0, we denote by 0, ., (b,)

a generic sequence of variables &, that satisfies &, /b, B 0, and we denote

by O, ,,.(b,) a generic sequence of variables ¢, such that &,/b, is stochasti-
cally bounded. For notational simplicity, we suppress the dependence of these
stochastic symbols on 1, whenever the distribution of the relevant random
variables does not depend on 7,,.

S.A.2. Some Useful Estimate

We first recall some standard estimates for jump increments from Lem-
mas 2.1.5 and 2.1.7 of Jacod and Protter (2012).

LEMMA 1—Jacod and Protter: Let (w,t,z) — 8(w,t,z) be a predictable
Junctionon O xR, x E.
(a) Suppose that fUI ds [ 6(s, 2)*A(dz) < oo for all t. Then the process Y =

& x (u — v) is a locally square integrable martingale, and for all finite stopping
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times 7, for s > 0 and k > 2, we have

B[ sup Y. — Y.I| 7]

uel0,s]

T+s
SKSEI:%/ du/|5(u,z)’k)\(dz)‘.7:7]

1 T+s B k/2
+Ks"/2E[<§/ du/S(u, Z)Z/\(dZ)> ‘.’Ff]

(b) Suppose that fot ds [ 18(s, 2)|A(dz) < oo for all t. Then the process Y =

& » w is of locally integrable variation, and for all finite stopping times =, for s > 0
and k > 1, we have

B[ sup Y, - V14| 7]

uel0,s]

T+s
EKSE[%/ du/|5(u,z)|k)\(dz)|f7:|

1 T+s B k
—I—KskE[(E/ du/|8(u,z)|)\(dz)> ‘}1].

As is often the case in this kind of problem, with the help of a standard
localization argument (Jacod (2008)), we can strengthen Assumptions H-r, K,
and N as follows without loss of generality:

ASSUNMPTION S.H-r: We have Assumption H-r, sup,o ,18(0?,t,2)| <
v(z), and the processes b,, a;, and X, are bounded.

ASSUNMPTION S.K: We have Assumption K, and further the processes l;,, a,
a,, and o, are bounded.

ASSUNMPTION S.N: We have Assumption N and, for any q > 0, the process
[ OV, dz)|z| is bounded.

We now collect some estimates that are used repeatedly throughout the
proofs.

LEMMA 2: Suppose that Assumptions S.H-2 and S.N hold. For any u > 0, there
exists K > 0 such that

(S.A4) E[|Z7"|"|Fu,] < KAY,
(S.A5) E[|R!["1Fis,] < KAY?,
(S.A6) E[|Z"— X!

"1 Fian] < KA
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PROOF: Inequalities (S.A.4) and (S.A.5) follow from (5.39) and (5.3) in JPV;
(S.A.6) follows from (5.43) of that paper and Jensen’s inequality. Q.E.D.

LEMMA 3: Suppose that Assumptions S.H-2 and S.N hold. Let n, be a se-
quence in [0, 1] and let u > 0, v > 1, and w > 2 be real numbers. For any q > 1,
we have

(SAT7) E[|B"|"1Fs,] < K A2,

(S-A8) E[|M!"|"|Fu,] < KAY? f Y(2) <1/ A(d2),

(SA9) E[[J""["1Fu,] < K437 +K41/2/ V(2 Ly 2179 A(d2),
(S-A10) E[|[J5"|"|Fa, ] < K, A,

(SA1L) E[|Z! = Z;"|"| Fis, ) < KA,

(S.A12) E[|ZF]"|1Fia,] < KAY* + KnP AL,

(S.A13) E[|Z0 — Z1"["|Fis,] < Kmp A2+,

(S.A14) E[|Z! — 31['1Fis,] < KAL + K AY2+72,

iAp+kndy

PROOF: Note that BY" = o gn(s — iA,)b?ds. Since g,(-) is bounded,
we have |BY"| < K f”"”‘”" |b9ds. By (S.A.1), |b? is bounded by
f{WN /g Mdz), which is finite under Assumption H-2. Hence |B"| < K k,A,,
which implies (S.A.7).

Note that

_ iAp+kndp
M = / gn(s — iA,) dMY

i a,
iAp+kndp
- f / a5 — iA)8(5, 2) Liyeoretyr (1 — V)(ds, d2).
iAy E

Since g,(-) is bounded, |6(s, z)| < y(z), and w > 2, we can use Lemma 1(a) to
derive

E[| M| Fis,] < KknAn/ Y(2)“1iy)<1/9A(d2)
E

w/2
+K(knAn)“’/2</ 7(2)21{y<z><1/qv\(d2)> .
E

Because [, y(2)*A(dz) < oo, the above display implies (S.A.8).
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Recall that J;Y = Bf + M. We derive (S.A.9) by combining (S.A.7) and

(S.A.8).
To see (S.A.10), note that

_ iAp+kndp
Jor = f (s —id,) dJ?

i A,
iAp+knAn
= / / gn(s - iAn)(s(s’ Z)l{y(z)>1/q}:u’(dsa dZ)
iAy E
Hence, by Lemma 1(b),

E[|J8"| 1 Fis,] < KknAn/ Y(2) Liy=19A(d2)
E

+ K(knAn)v </ y(z)l(y(z)>l/q]A(dZ))
E
<K,AY.

By (S.A2), Z!' — Z:" = m,(J;*" 4+ J"). Taking g = 1, we derive (S.A.11)
by combining (S.A.9) and (S.A.10). We then combine (S.A.11) and (S.A.4) to
derive (S.A.12).

We now consider (S.A.13). Denote X| = 61 5<1) * (u — v), + 8151, * .. By
Lemma 1, we have E[(A7X")*|F4,] < KA,. Hence,

(S.A15) E[(X]")'1Fis,] = E[(Zn(g}"A?ﬂX ’)2) )fmn}

j=1

kn
< k5] (e, )7 |

j=1

< K Ai+v/2’

where the first inequality follows from Hoélder’s inequality; the second inequal-
ity holds because |g}'| < K/k, and E[(A?X")*|Fis,] < KA,.

Now note that Z = Z* + n,X|. By the c,-inequality and the Cauchy-
Schwarz inequality, we have

v

An A*n
|Zi _Zi
kn v

= >, Z° + maAr X)) = (A,2)']

j=1
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kn v
— YA, X) +22 (8, 2) (1,8, X)
=1
kn v
sK(niZ( )(AZ‘HX/))
=1
kn 172 / kn 1/2\ v
+K((Z<g,>m, *)) (Z<g,>< X ’)) )
j=1 j=1

= K2 (X" + Kn(Z) 2 (Xm)".

1

Hence,
E[|Z} - 2|1 Fis,] < Km E[(X]") "1 Fia, ]
+ KnE[(2")1Fs,] EL(R7)'1 ]
< K?’]ZUA1+U/2 + KnvAv/4Al/2+v/4
< KWZA}L/erU/Z,

172

where the first inequality follows from the Cauchy—Schwarz inequality; the sec-
ond inequality is due to (S.A.15) and E[(Z;*”)"L?—"mn] < KAY?, which in turn fol-
lows from (S.A.5) and (S.A.6); the last inequality holds because 7, is bounded.
This finishes the proof of (S.A.13).

Combining (S.A.13) with (S.A.6), we get (S.A.14). Q.E.D.

LEMMA 4: Suppose that Assumptions S.H-1 and S.N hold. Let m, be a se-
quence in [0, 1]. For any u > 0 and v > 1, there exists K > 0 such that
(S.-A.16) E[|Z! — Z;"|'|Fia,] < K2 AY?,

(S.A17) E[|Z!]"|Fa,] < KAY* + K AY?

n=—n

(S.A.18) E[

T "1 Fis,] < KAV + KA _/ Y(2) o<1 (d2).
E

PROOF: By (S.A.3), we have Z/ = Z" + 0,B>" + 1,J;°", s0

6|2 - 2

| Fisn] < K'E[| B Fins] + K E[ [T |1 Fia, ]

Since g,(-) and b> are bounded, we have

(S.A.19) E[

_ iAn+kndn
BX"'|Fiu,] = E[ / gn(s —iA,)b>ds

iAn

v)]—“mn} < KA,
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Moreover, using a similar argument as in the proof of (S.A.10), we have

(S.A20) E[|7=" |17

:E[ v‘ﬂﬂ}

< Kl / Y@)'Ad2) +K<knAn>”( / y(z)A(dz))

<KA”,

iAp+kndn
/ /gn(s_iAn)é(s7 Z),lL(dS, dZ)
iAp E

where the first inequality is obtained by applying Lemma 1(b); the second in-
equality holds because v > 1, and 7y(-) is bounded and integrable with respect
to A(dz).

Combining (S.A.19) and (S.A.20), we readily have (S.A.16). By (S.A.16) and
(S.A.4), we have (S.A.17).

To see (S.A.18), first note that under Assumption S.H-1, J;? = B® + 811 *
.. Hence,

_ _ iAn+kndn
Jl{q’n = Bioc,n + / / gn(s — l.An)(S(S, Z)l(y(z)il/q},u(ds, dZ).
iAy E

By Lemma 1(b),

E[|J" = B || Fia,] < KAY? / V(D)L= A(d2).
E

Using the c¢,-inequality, we combine this estimate with (S.A.19) to derive
(S.A.18). Q.E.D.

The following estimates are elementary consequences of the definitions of
d, and a,; recall that these are the normalizing factors in the LLN and CLT,
respectively. If 7, satisfies A;’*nn — h €10, co], we have

(SA21) uel0,pl = dm,= O(A};r”/““*“);
if n,, satisfies A, "n, — h € [0, oc], we have

(SA2) uell,p—11 = am’ =047,

S.A.3. Proofs of Theorem 1 and Corollary 1
LEMMA 5: Suppose that Assumptions S.H-2 and SN hold. Let (1,,),-1 C [0, 1]
be a sequence that satisfies A;’*nn — h for some h € [0, oo]. Then, for any ¢ > 0,

lim limsup P(d,V (n.J", g, p,0), > &) =0.
q— o0

n—0oo
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PROOF: Note that

E[d.V (0., g, p,0),]

Lt/4An]—kn
e

i=1

= dnan;1<Kqu/2 +KA}/2[7(2)21(y<z>s1/q}7\(d2)>

= KqA;(1p71)/2 + K/ 72(2)1(y(z)51/q1/\(d2),

where the first inequality follows from (S.A.9) and the second inequality fol-
lows from (S.A.21). Note that p > 2 and lim,_. [ y(2)*1,x)<1/9A(d2) = 0.
Hence,

lim limsup E|d,V (n,J', g, p,0);| =0.

970 nsoo

The claim then follows from Markov’s inequality. Q.E.D.

We specify an exhausting sequence (7T,,) for the jumps of X" as follows. For
qg>1,let (T (g, m): m > 1) be the successive jump times of the Poisson process
Li1/g<y<1/(q-1)) * s, Where y(-) is the function that occurs in Assumption S.H-2.
These stopping times have pairwise disjoint graphs as m and g vary, and
(T,)m=1 denotes any reordering of the double sequence (7'(q,m) : q,m > 1).
We denote by P, the collection of m such that 7,, = T'(q', m’) for some q’' < g
and m’' > 1. Note that {T,, : m € P,} exhausts the jumps of the pure jump pro-
cess J9.

For a weight function g and an even integer p > 2, we define, for ¢ > 1,

Ug, p ) =08(p) > |AXy, ",

mePg:Tin<t

andfor/ € {0, ..., p/2},
t
(S.A.23) V(g, p, 1), = 6‘1’/2/ (Zafg’(Z))lmp,y(g; Ooy, ay) ds.
0

LEMMA 6: Suppose that Assumptions S.H-2 and S.N hold. Let (7,) C [0, 1]
be a sequence that satisfies A" n,, — h for some h € [0, o). Then for each q > 1,

dV (Z* +mn,J%, 8, p,0)]

P,mn 1 hp
— —V 0
1+hp(&p,x+1+hp

U(g7 pv q)t
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PROOF: Let {2,(t, g) be the collection of sample paths on which |7, — T,,/| >
2k,A,, 2k,A, < T, <t—2k,A,, and T,, is not a multiple of A, whenever
T, T,y <t for some m,m’ € P,. Since X is cadlag with no fixed time of dis-
continuity, £2,(¢, g) — (2 almost surely as n — oo. Therefore, for the purpose
of proving the claim of this lemma, we can and will restrict our calculation on
the set £2,(¢, q) without loss of generality. We denote I = |T,,/A,].

On (), (¢, q), we have the decomposition

(S.A24) d,V(Z* +n,J% g, p,0)"

=d,V(Z*, g, p,0 Z Z In.JE"|"

meP,] Ton<t i=I—kp+2

1,
+d 3 [ 2 (|Z?”+nnf?’"|p—|2?"p—|mf?’"|p)]'

mePg:Tin<t Li=Il} —k,+2

Note that

n
Im

(SA25)d, > > |

mePg:Tin=<t i=I}, kn+2

1 &
=dnn5kn<k—2(g7)”) > IAXy,|

j=1 mePg:Ty<t

p

—
1+ hr

U(g, p: q)ta

where the equality holds because, in the restriction to (2, (¢, q), the sample path
of J7is a step function with at most one jump on any interval with length 2k,4,;

the convergence holds because d,n?k, — 0h?/(1+ h?) and k;, Zk” gHr—

g(p).
In the proof of Lemma 2 of AJL, it is shown (by a straightforward extension

of Theorem 3.3 in JPV) that

(S.A26) 1€{0,...,p/2) = APV(Z5, g, p—2L1) S V(g p, D

In particular, by taking / = 0, we derive

* n P 1
(SA.27) ng(Z ,g, p, O)t —> H—}lp
Let H, = F, v o{T,:m € P,}. Note that the Wiener process W is also
a Wiener process relative to the filtration (H,)..o, because stopping times

V(g’ p, O)t
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{T,,:m € P,} are independent of W. Then a mild extension of (S.A.4) yields

E[|Z§‘”|V|H0] < KAP# Since I" is Hy-measurable, we use repeated condition-
ing to get

1
E|:dn oo |z

mePy:Tin<t i=I,—ky+2

"} < Kd,k,A?* < KA,

which implies

n
I m

SA228)d, > > |z

mePy: T <t i=I},—ky+2

P=o0,(1).

Note that for any 8 > 0, there exists some Kz > 0 such that ||x+y|? — [x|?| <
Kgly|? + Blx|? for all x, y € R. For such 8 and K, we can bound the third term
on the right-hand side of (S.A.24) by

m Iy
Ke+Dd, > > |z +Bde > Y

mePy:Tim <t i=I}},—kp+2 mePqy:Tim =<t i=I},—kn+2

Since B can be arbitrarily chosen, (S.A.25) and (S.A.28) imply that the third
term on the right-hand side of (S.A.24) is 0, ,,(1). The claim then follows
from (S.A.24), (S.A.25), and (S.A.27). Q.E.D.

LEMMA 7: Suppose that Assumptions S.H-2 and S.N hold. Let (1,),=1 C
[0, 1] be a sequence satisfying A", — h for some h € [0, oo]. For each | €
{1,..., p/2}, we have

Lt/AﬂJ *kn

(S.A29) d, Y (|Z]

i=0

p—21

B ’Z;m p_ZI)()A(?)Z =0pq,(1).

PROOF: When [ = p/2, the claim holds trivially, because the left-hand side
of (S.A.29) is zero. We hence fixsome p >4 and/ € {1,..., p/2—1}. By apply-
ing Holder’s inequality with index m € (1, p/(p — 2)) and then using (S.A.5),
we have

(S.A30) E|(|Z|"* - |2

TG | < KaPE Z T -z

It is easy to see that, for any k > 1, there exists K > 0 such that for all x, y € R,

(S.-A31) [1x + yIF — 1x*] < K|yl* + K|x "]y
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Hence,
(S-A32) (E[||Z;|"" = |z Y

< K{E[|Z} - Z;"| ")

+K{E[|Z;"

|(p—21—1)m|Zin _ Zl*n m]}l/m

< Knp—ZlAl/(Zm) +KA(p—2l—l)/4{E[|Z(z _ me
< KnpfllAl/(Zm) _,_KnnA(prl)M’

2]}1/2

where the first inequality is obtained by using (S.A.31) with kK = p — 2/ and
then the ¢ -inequality; the second inequality follows from (S.A.11), Holder’s in-
equality with index 2/m, and (S.A.4); the third inequality follows from (S.A.11)
with w =2.

Therefore,

[t/An]—kn
aE > (z) |z

i=0

nral

< KdnAflnpfﬂAl/(Zm)Al/Z + KdnAflnnA(pfﬂ)MAl/Z

< KA;I/ZXI/mf(pr)/p) +KAI(1p72)/(4p) -0,

where the first inequality follows from (S.A.30) and (S.A.32); the second in-
equality follows (S.A.21); the convergence is due to our choice of . The claim
(S.A.29) readily follows. Q.E.D.

LEMMA 8: Suppose that Assumptions S.H-2 and S.N hold. Let m,, be a se-
quencein [0,1]and l € {1, ..., p/2}.
(a) If A,"m, — h for some h € [0, o], then

Lt/An]—kn
(SA33) a, > E[|Z/]"1(Z1) - (&)']] — o
i=0
(b) If A" m,, — h for some h € [0, oc], then (S.A.33) holds with a, replaced
by d,.

PROOF: Step 1. We prove part (a) in this step. Fix [ € {1,..., p/2}. By
Holder’s inequality,

(S.A34) E[|Z:"1(21) - (&)'[]

A

< {EHZHP]}(IFZZVP{EH(Zn)l _ ()A(?)l|p/<21)]}2l/l)‘

1
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Moreover,
(S.A35) E[|(Z0) = (%) "]
<KE[|Z” b ”/2] —I—KEH A,,|(l Dp/2l)
PP 4 KAG-DPE (]| 22

_ 1/1
< KAPP 4 KPP AV2P/4 4 K AU-DPIGD (A2 4 /2 A1/24p14)

< KAﬁ/z +K77,I:/ZA,11/2+1)/4 + KA5/4+1’/(41) +Kn5/(21)A£/4+1/(2!)

Zﬂ_ "fl

17/(21)]

<KE[|Z! - X!

"n

p/2] }l/l

< KA£/4+17/(41) +Kn’117/(21)A5/4+1/(21),

where the first inequality follows from Taylor’s theorem and the c,-inequality;
the second inequality is obtained by using Holder’s inequality and (S.A.5); the
third inequality is obtained by applying (S.A.14) with v = p/2; the fourth in-
equality follows the c,-inequality; the last inequality holds because / > 1 and
1. is bounded. _

Using (S.A.12) with w = p, we have E[|Z?|”] < KAP/* + KnP AY/%. This esti-
mate, together with (S.A.34) and (S.A.35), implies that

Lt/An]—kn

(8.A30) an 3 E[IZ"7I(Z0) - ()]

—1( Ap/4 p A2\ P=2D/P (A p/atp)(4l) p/@I) Ap/a+1/@\H/P
< Ka, A7 (A2 + 0P AL2) (47 + /A )
-1 =20)/4 =21 =20)/2 1/2+1/2 1/2+1
< KanAn (Ailp )/ + 775 A;" )/( p))(An/ +1/ 4 77nA,,/ + /p)
-1 4+1/2 =21 A1-1 1/2 4+1
< Ka, A" (A2 2 AP 4, AR

2041 A1/2—1/ p+1/2+1
+ ns An/ /p+l/ /P)
2
< KA}/“ + KA;3P—4)/(4P —4p) _ 0,

where the first three inequalities are obvious, and the last inequality holds be-
cause of (S.A.22) and the fact that the terms vanish to zero at the slowest rate
when [ = p/2. This finishes the proof of (S.A.33).

Step 2. We now prove part (b). Under the condition A, n, — h, by (S.A.21),
we have d,n" = O(AL-P/*"") for each u € [0, p — 1]. Since r*u + 1/4 > Fu
for all u € [0, p — 1], we also have d,n* = O(AY*~r/*t7") By exactly the same
calculation as in (S.A.36),

Lt/An]=kn

dZ [|z:|”

which implies the claim in part (b). Q.E.D.

1(22) = ()] < KAY* + KAGr=9/6rw-1) ¢,
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PROOF OF THEOREM 1: By localization, we can and will suppose that As-
sumptions S.H-2 and S.N hold. To simplify notation, we set

1 h?
A, =
t 1+th(g’p,0)l 1+hp

U(g p)h

A(Q)t =

1 W
T’ &Pt T

P, q)b CI Z 1-
By dominated convergence, we have

(S.A37) A(q),—> A, as gq— oo.
Fix any ¢ > 0. For each g > 1, we use the triangle inequality to derive

(S.A.38) limsupP(|d,V (2™, g, p,0) — A,| > &)

n— 00

< limsup}P’(dn|V(Z’7", g, D, 0):’ - V(Z* +n.J9, 8, p, 0):’| > 8/3)

n—o0

+limsupP(|d,V (Z* +n.J%, g, p, ) — A(q).| > €/3)

n—0o0

+P(|Ag). — A/ > &/3).

For any & > 0, there exists K’ > 0 such that P(4, > K') < &' Let B = ;5.
There exists K > 0 such that ||x+ y|” — |x|?| < Kg|y|”+ B|x|? forany x, y € R.
Hence,

V(z™, g, p,0) =V (Z*+n.J% g, p,0)|
<KgV(n.J", g p,0) +BV(Z +m.J% g, p,0)..
Therefore,

limsupP(d,|V (Z™, g, p,0), =V (Z* +m,J%, 8, p,0)| > &/3)

n— 00

<limsupP(Kzd,V (n.J", g, p,0), > &/12)

n—0oo

+limsupP(B|d.V (Z* + m.J%, 8, p,0), — A(q),| > &/12)

+P(B| A, — A(q)/| > £/12) + P(BA, > £/12)
<limsupP(Kgd,V (n.J", g, p, 0):1 > ¢/12)

n—0o0o

P(B| A, — A(q)| > e/12) + &,
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where the first inequality follows from the triangle inequality, and the second
inequality follows from Lemma 6 and our choice of K’ and . Because ¢ is
arbitrary, we use Lemma 5 and (S.A.37) to derive

(S.A.39) lim lim sup P(d.|V(Z™,g, p,0)

n—00

—V(Z+m.J% g, p,0)| > &/3) =0.

Note that Lemma 6 implies that the second term on the right-hand side of
(S.A.38) is zero. Sending ¢ — oo on both sides of (S.A.38), (S.A.37), and
(S.A.39) implies

(S.A40) d,V(Z™, g, p,0)" =% A,.

t

We now turn to the behavior of V' (Z", g, p— 21, 1) forl e {1,..., p/2}. By
the triangle inequality, we have

3
(S.A4L) d,|V(Z™, g, p—2L1) —=V(Z',8, p=2L1))| <D L(j)us

j=1
where

W A I
(Du=d, Y 121" (2 = (%))

i—=0

Lt/An]—kn _
§(2)n=d,, Z |Zz*n

i=0

b

-2 A*nl ’\nl
! [(Z") = (X))

b

[t/An]—kn B

i=0

p-2 7N
B ’Zi

p72l) ()'2:1)1

We use Lemma 8(b) to get {(1), = 0,,,(1). By taking the sequence 7, in
Lemma 8(b) to be identically zero, we can use that lemma to derive {(2), =
0,(1). By Lemma 7, we also have {(3), = 0,,,(1). Therefore, both sides of
(S.A.41) are o, ,,,(1). Combining this with (S.A.26), we derive

" n P, 1
(S.A42) d,V(Z™, g, p—2L1), — H_—th(g,p,l),.

Finally, note that p(p), =1 and Zf:/[z) p(p)V(g, p,D:=V(g, p).. The claim
then follows from (S.A.40) and (S.A.42). Q.E.D.
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PROOF OF COROLLARY 1: Recall that for two sequences of strictly positive
numbers x, and y,, we denote x, ~ y, if and only if lim,_,, x,/y, = 1. Theo-
rem 1 implies that for any weight function g,

14+ h? - n
Tdnnﬁ’V(Z" >8> P)t

V' (g, p) .
= Tt + 0g(p) Z (M, AX P +0p, (77,117)-

s<t

Observe (1+ h?)d,m?/h? ~ AY* and AJ = n,AX . Hence,

n iV (g, P

ALV (27,8, p)y = =25+ 08(p) Y IMLI + 0y, (7).

s<t

The second assertion readily follows. By the definition of V' (g; p), and «;,
we have Zle kiV (g, p), =0 and OZL k;g:(p) = 1. The first assertion then

follows from the above display and the definition of H”. The claim in Com-
ment (ii) can be proved similarly. Q.E.D.

S.A.4. Proof of Theorem 2

Throughout the proof, let g(-) be a generic weight function and let 0, be a
sequence in [0, 1] that satisfies A, "7, — h for some & € [0, co]. Recall that

V(g p)i =a,(V(Z™, g, p); — AV (g, p)i — m} A, PUC8, p)).
The key to the proof is the decomposition

Vg, p)I =VC(g, p)! +VI(g, p, ! +VI(g, p,q)!

p/2

+> p(p)D(g, p, D,

p
where

VC(g, p); =a,(V(Z", 8 p), — AV (g, p)),

ViGg, p,q); = a,(V(Z™, g, p,0), =V (Z"+n,J", g, p,0),
L PnPU(g, Pl ),

VI'(g, p,q); = a, (V(Z* +m.J', 8, p,0), =V (Z*, g, p,0),

— 4,"0g(p)n? ZIAJ;‘II”)»

s<t
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and, for/=1,..., p/2,
D, p, D} =a,(V(Z", g, p—2L1) —V(Z*, g, p—2L1)).

The terms VJ(g, p, q)! and VC(g, p)! serve as the leading terms in the cen-
tral limit theorem, contributed respectively by “big jumps” and the continuous
part. The terms D(g, p, )}, [ =1, ..., p/2, are asymptotically negligible; so is
the term VJ'(g, p, )7 when q is large.

We consider d weight functions (g;)1<;<4 as in the main text. So as to describe
the convergence of (VI (g;, p, 9)! +VC(gi, P)!)1<i<q fOr fixed g, we set up some
notation. Since ¥, and ¥ defined in the main text are positive semidefinite,
we can consider four independent sequences of independent and identically
distributed (i.i.d.) d-dimensional variables (U,,—) =1, (Ui )m=1, (U}, )m=1, and
(U,,,)m=1 that are defined on an extension of the original probability space, in-
dependently of F, such that for each m, the d-dimensional variables U,,_, U,,,.,
U, _, and U,,, are centered Gaussian vectors with respective covariances V.,
V., ¥ ,and V.. Let (T,,),,>1 be the exhausting sequence of stopping times de-
scribed in Section S.A.3. The following d-dimensional process is well defined:

Ulp=6p Y (AXgy)"

m>1:T;, <t

[0 % arT
x (V007 U, +~b00r, U, + —2=U, +—2U, )
( " /e Joom

For each g > 1, we associate P, with the variable

Ulp,r=06p ) (AXg)""
mePg:Tin<t
X (x/a(r U,_ ++b6or, U, —|—%U/ —I—aT'"U/ )
Tm—Y m— Tm Y m+ \/E m— \/5 m+ |°

We also construct a d-dimensional variable V ( Pp): on the same extension that,
conditional on F, is independent of (U1 )m>1 and (U} . ).>1, and is a centered
Gaussian variable with covariance matrix 3.

The asymptotic distribution of (VC(g;, p)! + VI(gi, P> @)} )1<i<a 1 described
by the following lemma.

LEMMA 9: Suppose that Assumptions S.H-1, S.K, and S.N hold. Then

(VC(gis P +VI (8, P D7), ia
p—1

14 hr!

L-8,Mn

V(p) + U(p, 9.

1
1+ hr-t
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The asymptotic behaviors of VJ'(g, p, ¢)" and D(g, p,[)" are given by the
following two lemmas. The notation P,, emphasizes the dependence of the
data generating process on 7,,.

LEMMA 10: Suppose that Assumptions S.H-1 and S.N hold. For any ¢ > 0,

lim limsup P, (V7' (g, p, @)/ > &) =0.

497X pseco

LEMMA 11: Suppose that Assumptions S.H-1 and S.N hold. For each [
{1,..., p/2},

D(g, p,Di =o0p,,(1).

PROOF OF THEOREM 2: By localization, we can suppose that Assumptions
S.H-1, S.K, and S.N hold without loss of generality. Note that U(p, g), con-
verges in probability to U(p), as ¢ — oo. Combining this with Lemmas 9
and 10, we derive (note that the first line below does not depend on q)

(S.A43) (VC(gi» P)} +VI(8is P> @) + VT (8is P> D7) -1y

L-5,mn 1 = p-1 r

— T hpflV(P)t + WU(P%-
By Lemma 11, the difference between (I7(g,-, P)i<i<a and the first line of
(S.A.43)is 0, (1). The claim readily follows. Q.E.D.

We now prove Lemmas 9, 10, and 11. To simplify notation, let f(x) = |x|?
and

(S.A44) F(x,y)=f(x+y) = f(x) = f(x)y,
Gx,)=f(x+y)—f(x)—f),
Hx,y)=f(x,y) = f(x) = f(y) = f(x)y.

The following inequalities are elementary consequences of the Taylor expan-
sion: for even p > 2,

|F(x, )| < K(Iyl” + y*|1x177?),
|F(x+x',y) — F(x, )|
(S.A45) < K(xI72x[IyP + x| Iyl + x|y,
|G(x, »)| < K(Ixlly[P~ + |yllx|771),
|H(x,y)| < K(IxI[y|”~" + y*|x|772),

where the second inequality requires p > 4.
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PROOF OF LEMMA 9: By Theorem 4.1 of JPV,

(S-A46) API(V(Z7, i, p)l — ALV (81 D)) iy — V(D)
Hence,

L-s

l<i<d 1t 1 V(p):.

(S.-A47) (VC(g:, p)Y)

Let €,(¢, g) and I be defined in the same way as in the proof of Lemma 6.
Since (2,(¢, g¢) — (2 almost surely as n — oo, we can and will restrict our calcu-
lation below on (2,(¢, g) without loss of generality. For a generic weight func-
tion g(-), we have the decomposition

(S.A.48) VI(g, p,q)! = a,A;Vq Z f(AX7,)L(8)

mePg: T <t

kn—1

Yo D H(EmAXy,, Zi )

mqu:ngt j=1
n
+ R},

where

kn—1

(@ =A0S" (g0 (Zig ad i), m=1,

j=1

knp—1
R} =a,mA;" (Af/z 28" - eg(m) > 1AXg,I”.

j=1 mePg:Tin=<t

Note that k' 31" (g7)? = §(p) + O(k;"). Because k,AY? = 0+ o(AY*) by

assumption, we have A!/? Zk'll(g, )P —0g(p) = o(AY*). Since a, P! = O(A*)
and 7, is bounded, we have

(S.A49) R =0,.4,(n,) = 0p.,(1).

Next, we show the negligibility of the second term on the right-hand side of
equation (S.A.48). Since H (-, -) = 0 when p = 2, we can suppose p > 4 without
loss. Let Hy = Fy Vv o{T,,: m € P,}. Because the stopping times {T,,:m € P,}
are independent of the Wiener process W and the Poisson measure u re-
stricted on R, x {z:y(z) < 1/q}, the same argument that leads to (S.A.18)
yields E[|J,2",_|"|Hy] < KAL? for every v > 1. Hence,

I5+1-j

(SA50) v=1 = E[|Z;,,_+n.d ] 1He] < KA + Kni A2,
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Hence,

kp—1
E[an Z Z|H(g7nnAerZ?‘£+l-j+W}E’;’Lf)|]

mePg: T <t j=1

kn—1
SKE[“" > Z!g;-'mAXTmHZa:Hj+mf;‘é,;3’-1—f’p_l}

mePg:Ti<t j=1

kn—1
+ KE |:a,, Z Z |gj7mAer |p72|Z}Z+1—j + n”]},q’:,’il—j|2i|

mEPq:Tmft j=1
< Ka,k,m (AP + i AP) + Ka,koni (A, + n,4,7)
<Ka,k,m,AP " + Ka,k,mP2AL>
< KAP-2/G(r=D) 4 g AVGr-1) _ 0,
where the first inequality follows from (S.A.45); the second inequality is ob-
tained by noting that jumps are bounded under Assumption S.H-1 and using
(S.A.50) with v = p — 1 and v = 2, and the law of iterated expectations; the

third inequality holds because 7, is bounded; we obtain the last inequality by
using (S.A.22). Therefore, we have

kn—1

(SASY) ay Y Y H(EmibXr,, Zif oy +mad ) = 0, (D).

mEPq:Tmﬁl Jj=1
For each m > 1, define

ar,,— ar,

Vo Vo

A straightforward adaptation of Lemma 5.13 in JPV shows that

i =~00s, U, + 007, U, + U, +—2~U.,,.

(S:A52) (£8D0) 1 cicmer, — (OLnImer,

(To be exact, we make the following modifications. First, replace Z’ in JPV with
Z*+n,J"9, replace X" with X*, replace M with n,J'?, and replace X’ with X*+
1,J'%. Second, A, defined in JPV (p. 1592) still satisfies A4,,/+/k,A, 20 after
these modifications because 7, considered in the present paper is bounded.
Third, other calculations in JPV are valid without change and, in particular,
(5.89) in JPV is still valid. Finally, note that {(g)" defined here is k,A!/* times
1(q, g)" in JPV and k,AY* — 6 by assumption.)
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Since a,A;V4nrt — 1?;,—:_1, by the properties of stable convergence,
(S.A.52) implies that
s RPTU -
(S.A.53) (anAn”“nf' > f/(AXTm)g“(gi):‘n> E "1 —U(p, .
1<i<d +hp

mePg: T <t

Combining (S.A.48), (S.A.49), (S.A.51), and (S.A.53), we get

n L-s,Mn hp—l -
(S.A.54) (VJ(gi, p; Q)t)lsisd - mU(P, qQ):-

By using the same argument as in the proof of Lemma 5.8 in Jacod (2008),
we can show that the marginal convergences in (S.A.46) and (S.A.52) also hold
jointly; hence (S.A.47) and (S.A.54) also hold jointly. The claim then readily
follows. O.E.D.

We now turn to the proof of Lemma 10. For each ¢ > 1, we denote by 37 the
pth power variation process of the process J', that is, 3/ =" _ |AJ/7|?. The
proof relies on the decomposition

Lt/An]—kn

(SASS) VI'g, p, )= Y, T'@;+R@),

i=0

where

kn—1
) =a, (}Z;”’ + .0 = Z | =t Z(g}’)"ﬁ?ﬂ-z"),

j=1
Lt/An)=kn ken—1
R(q); = amﬁ(( > Z(gf)pﬁ?ﬂ-z‘l) - Anl/zeg(p)Z;’).
=0 j=1
We first prove a lemma that describes the behavior of I'(q)?.

LEMMA 12: Suppose that Assumptions S.H-1, S.K, and S.N hold. Let 7, be
any sequence in [0, 1] such that A'n, — h for some h € [0, co]. Then we can
find a sequence ¢(q) goingto 0 as g — oo, r; > 1 and r, > 3/2, with the following
property: for any q > 1 and i > 1, we have a decomposition I'(q)! = 1"(q)! +
I'"(q)!, where I''(q)! and I'"(q)" are F i k,)a,-measurable, E[I""(q)!|Fia,1=0,
and

E|I"(q)}| < KA? + Ko(q)A,,
E[|I"(q)"] < KA? + Ko(q)AY>.



22 JIALI

PROOF: Step 1. In this step, we provide a decomposition of I'(q)? via It0’s
lemma. Denote f(x) = |x|? and recall the notation in (S.A.44). We define
b; = bS+iAn7 0-; = Os+idy> 8/(*97 Z) = 6(5 + iAn, Z), I/Vs/ = VVS+iAw ,U/([O, S] S B) =
u([id,, id, + s] x B) for each s >0 and B € £, and b! = — [ §(s,2) x
Lys o<y A(d2).

To simplify notation, we define two processes, Y* and Y, as

t t [#/4n]
(S.A56) Y = / gu($)b ds+ / gu()TLdW, = 3" &' X(irjars
0 0 -

t
Y, =Y+ n”/ g.(s)b) ds
0

t
nn/ /gn(S)S/(s, ) y<yqgm (ds, dz).
0

We then have Z;”’ =Y; ,, and Z;‘” + n,zf;"’" = Yk,a,- Also observe that

kn—1

Kndn
nrplZ( )pAiI-qu_/ /f M.81(5)0'(s, Z)) (y(2)<1/q} ¥ w(ds,dz).

j=1
Hence, we can rewrite I'(q)! as

(S.AST) T(q) = au(f (Yia) — £(Yi,,))

kndy
—ay, / / F(M18a(8)8' (5, 2)) Ly <1/ (ds, d2).
0 E

Recall that under Assumption S.H-1, jumps have finite variation. Applying
to’s formula to f(Y,) and f(Y/"), we have

(S.AS8) f(¥,) = / F(Y)ga(s)b ds
0
1 t
+§/ F1(Y)gu(s)*(0))" ds
0
N f F(Y)gu(s)b! ds
0

- / F(Y)gu() 0, dW,
0

Lt/4n]

+ Z Yis,- g}nX(iJrj—l)A,,) - f(YjAnf)]
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+/ /[f(Ys— + 1.8(8)8'(5, 2)) — f(Y,2)]
0

X 1iyy<iyg it (ds, dz)

and
(5459 (7)) = [ (7)o ds
3 [ 1)sr @) as
+ / tf’(Ys*)gn(s)a; dw;
U?AnJ

+ D (Y, = &' xarimva) — F (Y7, )]
j=1

Plug (S.A.58) and (S.A.59) into (S.A.57). After some algebra, we can de-
compose I'(g)! as

9
(S.A60) T'(q)! =) L(q, k),

k=1

where

Kndn
{(q, D} =a, f [£/(Yo) = f(Y)]8a() (6, + muby) ds,
0
knAp K
{(q,2)! = annn/ f(/ gn(u)b, du)g,,(s)b;/ ds,
0 0
1 KnAn 2
4(q,3)! = 5an / [f"(Y0) = £7(Y)]gn(s)*(07) " ds,
0
kndy
5(% 4)7 =day / / G(Ys7 nngn(s)a,(ss Z))l{y(z)gl/q)v(ds’ dZ),
0 E
kn
{(q,5); =a, Z[F(Y,AW —&/' Xari-na) —F (Y, 5 =&/ Xusinan) s
j=1
kndAn s
{(q,6)! = a,,nn/ [f(K) - f(/ gn(u)b;du>]g,,(s)b;f ds,
0 0

knAn
(g, 7)) = ay / [F (V) — (V) ]gu(s)a dW,,
0
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knAp
g(cb 8)7 = an/ / G(st7 nngn(s)a/(sy Z))
0 E

X 1(7(2)51/11] (M/ - V)(dsa dz),

kn

(g9 =—a,) [f'(Yiso) = (Y, )& Xivi-va-

j=1

Step 2. In this step, we collect some preliminary estimates. We set

@(61)2/7(2)1w<z>s1/q})\(dz)
and ¢(q) = ¢(¢g)"?. Since [,y(z)A(dz) < oo under Assumption S.H-1,

¢(g) — 0 as g — oo by dominated convergence. Since 7y(-) is bounded,

u>1l,v>1/2
= (/ V(Z)ulmz)sl/q})\(dz)) <Ko(q)' =Ko(q);

we will use this simple result repeatedly without further mention.

Let w > 1. With a straightforward extension of (S.A.18) and (S.A.4), we have
for any s € [0, k,4,],
(S-A.61) E|Y, — YI|" < Kn"A"* + Kn"A*¢(q),

(S.A.62) E|Y;

w 4
< KAUA,

where K > 0 does not depend on s. By the c,-inequality, these estimates further
imply

(S.A.63) E|Y,|” < KA"* + Kn"A*&(q).
Moreover, if w > 1 is also an integer, then for everyv>1and m > 1,
(S.A64) E[|(Y)" — (Y))"]'] < Knl" A + K" A ¢ (q)
KA Ko A Cm g,
This estimate is derived as

E[jvor = (¥))"']

wy (w—1)v

f KE|Y9 - Ys*

+KE[|Y;

Y, - Y;

]

<KE|Y, - Y;|" + KA "H(E|Y, — Y7 |™)

1/m
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< Kn" AP + Kn,"A,%6(q)
+ KnZAElw—l)vM(Anmv/Z + Ai/zé(q))l/m,

where the first inequality holds because, by Taylor’s expansion, for each integer
g>1,|(x+y)?—x1 < K|y|?+ K|x||y| for any x, y € R; the second inequal-
ity is obtained by applying Holder’s inequality with index m and then using
(S.A.62); the third inequality is obtained by applying (S.A.61) with indices wv
and mv; (S.A.64) then follows the c,-inequality.

Step 3. This step consists of 9 substeps. We show the following relationships:
ifke{l,...,5}ork==6and p >4, then

(S.A.65) E|{(q, k)!

<KA*+ KA, ¢(q);
ifke{7,8,9} or k=6and p =2, then

(S.A.66) E[£(q, k)!Fis,] =0,
E[({(q, k);)"] < KA} + KA e (q).

Below, we prove (S.A.65) and (S.A.66) for each k.
Step 3(i). We observe

kndp
E|{(g, D)} SKa,,/ E|f'(Yy) — f(Y7)|ds
0

< Ka, A (nf A7 4l 1A 6(g)
+ 1A, AP 5 ())

< KAE:ZPHW + KAZMQB(C]) + KA5161J—7)/(417—4>
+ KA;SPfé)/<4p74)¢(q)l/2

<K&+ KAe(g),

where the first inequality holds because g,(-) and b’ + n,,b” are bounded; the
second inequality is obtained by using (S.A.64) with w=p — 1, v=1, and
m =2; the third inequality follows from (S.A.22); the last inequality holds

. 2p+1 6p— 5p— .
because when p > 2, min{*2-, 45—_1} > 5/4 and 45_3 > 1. We hence verify
(S.A.65) for k =1.
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Step 3(ii). Since |f'(x)| = O(|x|*~!), and g,, b’, and b” are bounded,
El{(q,2)"| < Ka,m,AF’*. Observe that a, = O(A¥*"r/*) and 7, = O(1).
Hence, when p > 2, E|{(q,2)"| < KAY*P/* < KAS* We thus have (S.A.65)
for k =2.

Step 3(iii). Note that when p =2, f"(-) =2 and (g, 3)" is identically zero,
which trivially implies (S.A.65). When p > 4,

E| {(q,3)"
knAp
< Ka, / E|f"(Y,) — f(Y7)
0

< Ka, A (n) 2 A2 + 242 ¢(q)
4 nnA;pfl)/ét 4 nnA}(f73)/4+1/3¢(q)2/3)

ds

< KACP=4p3)/Gp=4) 4 K AGP=/4r=4 ()
+ KA;Spfﬁ)/(4p74) + KA}(113p716)/(12p712)¢(q)
< KA/ +KA,0(q),

where the first inequality holds because g,(-) and ¢’ are bounded; the second
inequality is obtained by applying (S.A.64) withw = p—2,v=1,and m = 3/2;
the third inequality follows from (S.A.22); the last inequality holds because
when p > 4, we have 21’ 2 >19/12, 373 > 7/6, and 353 > 1. We hence
have (S.A.65) for k =3.

Step 3(iv). Observe

knAp
E|¢(q, 4] < Kaymae(q) / E[|Y,/""]ds
0

knA"
+ Kaym? ' o(q) / E[|Y,] ds
0

<Ka,m,p(@)A*** + Ka,m? ' o(q) A"
< KASP0/496(g) + K A,(g)
<KA,¢(q),

where the first inequality follows from (S.A.45) and the fact that g,(-) is
bounded and §'(s, z) is bounded by y(z); the second inequality is obtained by
applying (S.A.63) with w = p — 1 and w = 1; the third inequality follows from
(S.A.22); the last inequality holds because ZZ :Z > 1when p > 2. We hence ver-
ify (S.A.65) for k = 4.
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Step 3(v). When p =2, {(q,5)" is identically zero and (S.A.65) is trivially
true. Now suppose p > 4. By the second inequality of (S.A.45),

3
(S-A.67) E|¢(q,5)| <K > E[¢(q,5.D7],

=1

where

p—1
)

kn
{q,5, 1) =a, Y _|Yia = Y7y |8 Xusi-1a,
Jj=1

2

kn
g(q’ 57 2)7 =da, Z|Yj4n7 - Yj*An—

=1

P=2| m 2
|g, X (i+j-1)A,

p=3 *
|Y]'An* - YjAn—

kn
{q.5.3) =a, ) |Yi _

j=1

2
n
|gj X(i+j-D)an| -

By Fatou’s lemma, (S.A.61)—(S.A.64) still hold if we replace Y, and Y there
with Y,_ and Y ; this will be used below without further mention.
We bound E[{(qg, 5, 1)!] as

kn

(S.A.68) E[(q,5, 1)}] < Ka,k, "™ Y "E[|Yjs,- - Y},

jAn—

]

j=1
< KanAﬁl”‘z)/znnA}/z
< KA;p2+p—3>/(4<p—1>>

< KA}]/”,

where the first inequality follows from | g/'l <K/ k, and the law of iterated

expectations; the second inequality follows from (S.A.61); the third inequality

follows (S.A.22); the last inequality holds because ’f(;f 1‘)3 > when p > 4.
For E[{(q, 5, 2)!], we have

kn
(S.A69) E[¢(q,5,2)!] < Kayk;> Y E[| Yy, — Y7,

JjAn—

P—Z]
j=1

< Ka, AP0l (AP 4 A6 ()
< KAGP=4r3)/Gir=0) | K AUP=/4r=9 5 (g

<KAP" 4+ KA, 0(q),
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where the first inequality follows from |g}'| < K/k, and the law of iterated
expectations; the second inequality follows from (S.A.61) with w = p — 2;
the third inequality is due to (S.A.22); the last inequality holds because when

p>4, 2 5 19/12,

4(p-1)

For E[{(q, 5, 3)"], we have

3 *
(S.A.70) E[¢(q,5,3)!] < Ka,k, ZE Y5, " Vs — Y,
Jj=1
S KanAll/l/zA;P*:”)/ét{EH}]jAn YJ*A -
< KanA,fM_lM"]n(A,l/z +A,11/3€5(Q)2/3)
< KA;5p76)/(4p74) + KA’(/ll3p716)/(12p712)¢(q)2/3

<KA+KA,e(q),

]

|3/2] }2/3

where the first inequality follows from [g}"| < K/ k, and the law of iterated ex-
pectations; the second inequality is obtained by applying Holder’s inequality
with index 3/2 and then (S.A.62); the third inequality is obtained by apply-
ing (S.A.61) with w = 3/2 and then the ¢,-inequality; the fourth inequality is

due to (S.A.22); the last inequality holds because when p > 4, 3 p ° >7/6 and
13p-16
2p-12 =

Combining (S.A.67)—(S.A.70), we verify (S.A.65) for k =5.

Step 3(vi). We consider {(q,6)" for p =2 first, so f'(x) = 2x. Under As-
sumption S.N, the F;,, -conditional mean of

(v —f/( [ gn<u>b;du)
0
s Ls/An]
=2</ gn(w)o, dW, — Z 8}"X(i+j1>An>
0 P

is zero; by Fubini’s theorem, E[{(q, 6)7|Fia,] = 0. Moreover,

E[|¢(q, )]
< Ka’n2Al2

knAp s Ls/An]
xE|:/ (/ g(wyo, dW, — Z 87 Xitj- 1>An> dsi|
0 0

< Ka2n2A3/2
<K4,
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where the first inequality follows from the Cauchy—Schwarz inequality and the
fact that g,(-) and b” are bounded; the second inequality is obtained by apply-
ing Fubini’s theorem and the Burkholder-Davis—Gundy inequality, and using
the fact |g/"| < K/k,; the third inequality holds because 7, is bounded and

a, = O(AY*) when p = 2. We hence verify (S.A.66) for k = 6.
Next we suppose p > 4. Note that

kndn
E fKa,,nn/ E|f'(Y;)|ds
0

< Ka,m, Al AP=D4
< KAEISP—G)/<4P—4)

<KAl"®,

kndn
a,,n,,/ F(Y?)gu(s)b! ds
0

where the first inequality holds because g,(-) and b” are bounded; the second
inequality follows from (S.A.62) with w = p — 1; the third inequality follows
(S.A.22); the last inequality holds because when p > 4, ZZ—:Z > 7/6. Combine
this estimate with the estimates in Step 3(ii), we verify (S.A.65) for k = 6.

Step 3(vii). By the martingale property of stochastic integrals, it is clear that
E[{(q, T)}|Fia,] = 0. We consider two cases, p =2 and p > 4, separately. We
start with p =2, s0 a, = O(A*) and f'(Y,) — f/(Y?) = 2(Y, — Y¥). We then
have

E[|Z(q, D[]

knAn
gKaif E[|Y, - Y| ds
0

<Ka’A)*n2 (4, + A3 (q))

n—n

< KA, + KA o(q),

where the first inequality is obtained by applying the Burkholder—-Davis—
Gundy inequality and using the fact that g,(-) and o’ are bounded; the sec-
ond inequality follows from (S.A.61) with w = 2; the last inequality follows
a, = O(AY*) and the boundedness of 7,,.

When p > 4, we have

wllcta i1z ka [ ]y - () Plas
< KA (D A1+ 0 817 )
AL ARG ())
< KA? + KA p(q) + KASP-0/Cr=2
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+KA27P_9)/(4‘D_4)QD(Q)
<KAP+ KA o(q),

where the first inequality follows the Burkholder-Davis—Gundy inequality and

the boundedness of g,(-) and ¢”; the second inequality is obtained by applying

(S.A.64)withw = p—1,v=2,and m = 2; the third inequality follows (S.A.22);

the last inequality holds because when p > 4, 228 p > 7/3 and 7p 9 >19/12.
Combining the two cases together, we verify (S A.66) for k 7

Step 3(viii). By construction, {(q,8)" is a martingale increment, so
E[{(q, 8)!|Fis,] = 0. Moreover,

n2]

knAn
= KaiE[/ / G(Ys7 ”flngn(s)ﬁ/(& Z))zl{y(z)sl/q}y(dsy dZ):|
0 E

E[|¢(q,

knAn
skainiE[ / / Y, PP D y(2) Lyt (ds, dz)]

knAn
+ Ka’nXr- ”]E[/ /|Y| Y(2)* P M 21 v(ds, dZ)j|

<Ka*n’AP2e(q) + Ka>n* "V A,0(q)
< KA;“p’S)/(Z”’Z)go(q) + KAz/z(P(q)
<K& e(q),

where the first inequality follows the Burkholder—-Davis—Gundy inequality; the
second inequality is due to (S.A.45), |8'(s, z)| < y(z), and the boundedness of
gx(+); the third inequality is obtained by applying (S.A.63) with w =2(p — 1)
and w = 2; the fourth inequality is due to (S.A.22); the last inequality holds

because 4" ; > 3 when p > 2. We hence verify (S.A.66) for k =8.

Step 3(1x) Let G, =F® v o{x,:s <t}. Then Y}, and Y7, are Guyjna,-
measurable and E[x(i4j-1)a,]G+j-1)4,] = 0 (the noise is conditionally mean 0).
It is then obvious that {(g, 9)! is a sum of martingale differences. By repeated
conditioning, E[{(q, 9)?|F;a,]1 = 0. Moreover, by repeated conditioning, we get

E[|¢(q, 9] < a2k;? ZE 1F (Vi) — £V, )]

j=1

With essentially the same argument as in Step 3(vii), we derive

E[|¢(g,9)!["] < KA2 + KA o(q),
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which verifies (S.A.66) for k =9.

Step 4. We prove the claims of the lemma in this step. When p = 2, we
define I"(q)! = Zizl {(q, k)" and I'"(q)! = Zz:() {(q,k)!; when p > 4, we
define I"'(g)! = 22:] {(q,k)! and I'"(q)! = Ziﬂ {(q, k). In either case,
I'(@)} =1"(q)! + 1""(q)} because of (S.A.60). It is obvious that I"'(g)” and
I'"(q)! are F i x,)a,-measurable. The claims of the lemma follow from (S.A.65)
and (S.A.66) with r, =7/6 and r, = 2. Q.E.D.

PROOF OF LEMMA 10: Recall the notation in (S.A.55). Observe that

kn—1

> (g)" —4,"68(p)

j=1

+ Ka,m%k,>] , +Kamlk, (3! -3, ).

(S.AT) |R(@)] < am] 5!

Following an argument similar to that which led to (S.A.49), we can show that
the first term on the majorant side of (S.A.71) is 0, ,, (1). Moreover,

knAn
E[2,4]= E[/ /’5(3’ | L=y mlds, dz)}
0

knAp

5/ /V(Z)pl(v<z>sl/q}V(dS, dz)
0

< KAY2,

Hence, 3] , = 0,(4)/*), which implies a,n’k,2} , =o0,,,(1). By the same
argument, we can show that the third term on the majorant side of (S.A.71) is
also o, ,,(1). Therefore, for each g > 1,

(S.A72) R(qQ)} = 0,4, (1).
With the same notation as in Lemma 12, we have I'(¢)! =I"'(¢)! + I""(q)!
and

L/An]—kn

> Iy

i=0

(S.A73) E <KA'"'+ Ko(q).

Observe that I'"(q)! and I'"(q)7, jare uncorrelated whenever |j| > k,, because
I'"(q)! € Fivkna, and E[I(q)?|Fia,] = 0. By the Cauchy-Schwarz inequality
and Lemma 12, we derive

Lt/An]—kn 2
(S.A.74) E[( > I‘”(q)?) } <KA? P+ Ke(q).

i=0
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By (S.A.55), the triangle inequality, and Markov’s inequality, we have for
eachg>1,

limsupP(|V7'(g, p, q)}] > )

n— 00
L1/An]—kn

> gy

i=0

<limsupP(|R(¢q)!| > €/3) + K&~ 'limsupE

— n— 00

Lt/An]—kn 2
+ K82E|:( Z F”(q);?> }

i=0

<K(e'+e7?)e(q),

where the second inequality follows from (S.A.72), (S.A.73), and (S.A.74), re-
calling from Lemma 12 that , > 1, , > 3/2. Since lim,_, ., ¢(g) =0, the claim
of Lemma 10 readily follows. Q.E.D.

PROOF OF LEMMA 11: Step 1. In this step, we show that for each / €
{1,..., p/2},

Lt/An]—kn
(S.ATS) @, Y E[Z0 =27 ()] > 0.

i
i=0

When [ = p/2, the claim holds trivially, because the left-hand side of (S.A.75)
is identically zero. It remains to consider p >4 and /e {1,..., p/2 —1}.
For any m > 1, we have

(S.A76) E[|| 27| = |z ()]
< KE[|Z; = 27" ()]

p=2l-1 (&7)/]

< KAP(E[|Z: — Z;| " )

+KE[|Z! - Z"|| Z;"

+ KA(p72171)/4Al/2{]E[|Z(1 _ me rn]}l/m
< KAL/zngleAtll/(zm) +KAI(1p71>/4nnAllq/<2m),

where the first inequality holds because for any v > 1, ||x + y|” — |x|’| <
K|x|"'|y| + K|y|’; the second inequality is obtained by using Holder’s in-
equality, and then using (S.A.4) and (S.A.5); the third inequality follows from
(S.A.16).
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Hence,

Lt/An]—kn

a, Y B[z =1z (k)]
i=0

—1( Al/2.p—2] —-1)/4 1/(2
< KanAn (An/ 775 + A,(f )/ ”’In)An/( n)
—(2p=3)/(4p—4) —p/(4p—H) A1/C2m)
<K(4A,¢r +A4, )A,

< KArll/(Zm)—<2p—3)/(4p—4)’

where the first inequality follows from (S.A.76); the second inequality is due to
(S.A.22); the last inequality is due to p > 4. This estimate holds for any m > 1.
If we take m < (2p —2)/(2p — 3), the bound in the above inequality goes to
zero as A, — 0. We hence have (S.A.75) as desired.

Step 2. In this step, we show the claim of the lemma. For each [ €
{1,..., p/2}, by the triangle inequality,

Lt/An]—kn

(SATY) D&, p, | <an Y |ZH[|(Z0) = (%))
i=0
Lt/An]—kn _
ta, Y |z
i=0
Lt/Ailjik}’l
ta, Yz -z

i=0

"2z - ()

20\ Ayl
’ |(Xz‘)-

By Lemma 8(a), the first term on the right-hand side of (S.A.77) is 0, ,,,(1).
Taking 7, in that lemma to be 0, we use it to show that the second term
on the right-hand side of (S.A.77) is 0,(1). In view of (S.A.75), we conclude
D(g, p,D)} =o0,,,(1) as desired. O.E.D.

S.A.5. Proof of Theorem 3

To simplify notation, we denote

Xpn =P, (Z |AJ,|” € cs;g).
s<t

By Corollary 2 and Assumption 'V, it is easy to see that

(S.A.78) (M)new C[0,11and A, 7m, —> h€[0,00] =  x,,, — 1—c.
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Taking any 7, that satisfies (S.A.78), we have

(S.A.79) limsup 1nf Yo = <limsupx,,, =1—-c.

n—oo "€ n—o00

We now show that

(S.A.80) liminf 1nf x,,,,>1—c

n—oo  nel0

If (S.A.80) were false, then there would exist € > 0, a subsequence N; € N, and
a sequence (1,)qen, C [0, 1], such that for every n € Ny, x,, 3, <1 —c—&. Then
we could extract a further subsequence N, € N; such that A,77, — h along N,
for some & € [0, oo]. Given (1),).en, and A, we construct a sequence (1) ,en as
follows: if n € N, we set 0% = 7,,; if n ¢ N,, we set

. 1 if h = o0,
T =\ min{A7h, 1} if h € [0, 00).

By construction, we have (n%),.y C [0, 1]. Moreover, since 7 > 0 whenever
p >2,we have A, "n* — h. Applying (S.A.78) to n*, we get x,, - — 1 —c along
N and, thus, also along N,. But this contradicts the fact that for every n € N,,
Xpms = Xp 5, <1—c—e. We hence derive (S.A.80). By (S.A.79) and (S.A.80),
we readily have

(S-A81) lim inf P (ijswecs;'c) =1-c

n—00 nel0 p”
s=

this finishes the proof of the first claim.

Next, replacing CS}_, in (S.A.81) with CS] = R\CS] , and noting that CS is
a confidence set associated with the nonrandom set R \ §;_., we derive

li f P AJ|P
Jim i P (18 e Cs) =

s<t

This is equivalent to

lim sup P <Z|AJ|‘”€CS" ):1—c,

n—00 ;10,1 =

which is the second claim of the theorem. O.E.D.
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S.A.6. Proof of Theorem 4

LEMMA 13: Suppose that Assumptions S.H-1 and S.N hold. Let p > 4 and
M. be a sequence in [0, 1] such that A", — h for some h € [0, c0]. Let w €
((p=1)/(4p—2),1/4). Then for 1 € {0, ..., p},

_ « n P, 1
(S.A.82) a2A,'*V*(Z™, g, 2p —21,1)" =% mV(g, 2p, D).

PROOF: Step I.In this step, we prove the following elementary (but probably
not obvious) result: for any k£ > 1, there exists K > 0 such that for any ¢ > 0
and x,y e R,

(S.-A.83) [1x + ¥ Ljaryce) — 1XI°| < K(IX* 1 mesy + €7 101).

Fix k > 1. We first suppose that |x + y| < &, so the left-hand side of (S.A.83) is
[lx + y|¥ — |x|¥|. By Taylor’s expansion and the c,-inequality, there exists K > 0
such that for any x, y € R,

(S.A84) |Ix + yI* — x[*| < Kly* + K|x|*"|y.

Note that |y| <|x + y| + |x| < |x| + &. Hence, if |x| > /2, then |y| < K|x| and
the right-hand side of (S.A.84) is bounded by K|x|*; if |x| < £/2, then |y| < Ke
and the right-hand side of (S.A.84) is bounded by K&*~!|y|. In both cases, we
have (S.A.83).

Now suppose |x + y| > &, so the left-hand side of (S.A.83) is |x|*. If [x| > &/2,
then (S.A.83) is obvious. If |x| < ¢/2, then |x + y| > & implies |y| > £/2, and
thus |x|¥ < K&*~!|y|. Again, we have (S.A.83).

Step 2. By using (S.A.26) with p replaced by 2p, we have

(S.A85) APV (27, g,2p =2, 1)" = V (g, 2p, ..

Therefore,

1
2 A-1/2 * n P,y
a"A" V(Z ,g,2p—21,l)t —> WV(g,Zp,l)t.

It remains to show that

aAVP(VH(Zm,g,2p —2L1) =V (Z*,8,2p —2L,1))) = 0,,,,(1).
By the triangle inequality, the left-hand side of the above expression is bounded
by Y0, (L, )7, where

Lt/Anl=kn
(LD =aiA Y|z

i=1

2p—21| (Z;m)l _ ()?7)1
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[t/An]—kn
(LY =a A" Y |Zy

i=1

2p-21

(Zn' =)

1“2;‘\51/01]

Lt/An)—kn

(L3 =aa"? Y ||z

i=1

|2p—2l 2p-21

(%)

_ 7N
1{|Z?|S“n} - |Zz

It remains to show that {(/, j)! =0, ,,(1)foreach/ € {0,..., pand j=1,2,3;
this is the task below.

Step 3. We show {(I, 1)} =0, ,,(1) in this step. Clearly, £(0, 1)} =0. When
/> 1, Lemma 8(a) implies

Lt/An]—kn _
Ay N g[|Z

i=0

21 el aml
’ 2|(Zz‘ ) _(Xi) |]_’0'

Note that a?A;'? = O(A!=7/?). The above convergence then implies that
(I, =o0,,,(1) holds for [ > 1.

Step 4. We now show {(/,2)! = o
[ =1, we have

(1). When [ =0, {(/,2)! =0. When

Ps"Mn

Lt/An]—kn
E[£1,2)] <@ Y B2 - R

i=1

<KaA"Pul? -0,

where the second inequality follows (S.A.14) and the convergence follows our
choice of u,,. When [ > 2, we have

Lt/An]—kn

aa" 30 B ZT Nz - ()]

i=1

E[¢(1,2)!]

IA

IA

KaZA—3/2(Ap/2+1/2 + T’nAp/ZJrl/(Zp)
n“=n n n

2p—21 A1+1/2—1/(2p) 2p—2I+1 A1/2—1/2p)+1/241/2
nnp An//p+nnp An//p/ /p))
2
< KA}/Z + KAI(IP =2)/(4p(p—1))
2 2
KA;P —2p+2)/2p(p-1)) KA;P —2p+2)/(4p(p-1))

— 0,

where the second inequality follows a calculation similar to (S.A.36); the third
inequality follows (S.A.22). Hence, {(I,2)! =0, ,,(1) forall / € {0, ..., p}.

Ps"Mn
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Step 5. In this step, we show {(/,3)! = 0, ,,(1). First suppose that / €
{0,..., p—1}. Applying (S.A.83) with k =2p — 2/, we have

(1,3 <KI'(1,3)! +K{'(1,3)],
where

Lt/An]—kn
(A3 =aA) Y |z

i=1

Lt/An]—kn
3 =aa Y wr Nz -z

i=1

2p-21

~An\!
_ n
1(|Z;*"\>un/21 (Xi) ’

(&)

For {'(1,3)”, we note that

2p-21

E[|Z;"

iz (8] < Kot B\ 2P (2]

l
< Ku;lAZZp—21+l)/4+l/2
< KA,II/AFwAg/Z,

where the first inequality follows 1, Zmuny = K u'| Zj" |; the second inequality

is obtained by applying Holder’s inequality and then (S.A.4) and (S.A.5); the
last inequality is due to the definition of u,. Since a, = O(AY4=r/*),

E[{'(1,3)]] = KA/ — 0.

Hence, {'(1,3)] =o0,,,(1) for [ €{0,..., p—1}.
The term {"(, 3)} satisfies the following: for every m > 1,

L1/An)—kn
E[{'(1,3))]) = ap A, 2wy Y K[| Z) - Z

i=1

(*)']

Lt/An]—kn
2 A—=1/2,,2p=21-1 Al/2 7n 75N
= KanAn un An Z {E[|Zl - Zi
i=1
< KaiA;3/2uﬁp72l—lA}lq/ZnnA’]/(Zm)

< KA;p/2+l/2+l/(2m)A;Zp—zl—l)w

m]}l/m

< KA;p/Z—}—l/(Zm)AElZp—l)w’

where the first inequality follows Holder’s inequality and (S.A.5); the second
inequality follows (S.A.16); the third inequality holds because a, = O(AY/*-7/*)
and 7, is bounded; the fourth inequality is due to / > 0 and @ < 1/4. By as-
sumption, (2p — 1)w > (p — 1)/2. Therefore, by choosing m > 1 sufficiently
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close to 1, we have (2p — 1)@ — p/2+1/(2m) > 0. Hence, E[{"(],3)!] — 0
and {"(/,3)] =0,,,(1)forl €{0, ..., p—1}. Consequently, {(/,3)! =0, ,,(1)
forle{0,...,p—1}.

Finally, we consider {(p, 3)!. By definition,

Lt/An]—kn

(3 =ap A, Y Lz (R0)"
i=1

By Chebyshev’s inequality and (S.A.17) with v = 2, we derive P(|Z"| > u,) <
KA,>72". By the Cauchy-Schwarz inequality and (S.A.5), E[1z1.,,, (X})?] <

KP(|Z| > u,)*AP”, Since a, = O(AY*~7/*), we have
E[{(p.3)/] < KalA,PAY 7 AP < KAY™ — 0.

Hence, {(p, 3)! = 0, ,,(1). This finishes the proof of this lemma. O.E.D.

PsMn

PROOF OF THEOREM 4: By localization, we can and will suppose that As-
sumptions S.H-1 and S.N hold without loss of generality. We first recall
from (C.3) of AJL the following elementary result: for any weight function
¢ and x, y € R, we have for any integer w,

(S.A86) Y p(2w)(2°¢'(2)) Mo (i X, ) = ma,x™($(2))".

=0

By (S.A.23) and (S.A.86),

w

Y pQu)V(,2p, p+1—w),
1=0
t
= 07" m,, 2P P (2)" P (2)P / (00,)* P~ ds.
0
Then by Lemma 13,

aZA—l/z w

(S.A.87) L pQW)V*(Z™, ¢, 2w —2L, p+1—w)’
M2, 200 (2" ' (2)r § i )
P,mp 1 !

—_— mel’/ (GO_S)Zwag(p—w) ds.
0

As shown in Lemma 4 of AJL, for weight functions g;, g; and x, y € R,

P
(g g3 %, y) = Xy A (g, gji w).

w=0
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Hence,

P t
(SASS) Eg — OlprA/(gi’ g5 w)/ (HO_S)Zwa?p—Zw ds.
0

w=0

Combining (S.A.87) with (S.A.88), we have a?3¢" =% L 57 as
claimed. Q.E.D.

S.A.7. Proof of Theorem 5

The proof follows the same scheme as Theorem 1, but is slightly more com-
plicated. We only emphasize the key modifications here. For brevity, we only
consider N(Z", ¢, ,0, —)", as the other three cases follow essentially the
same argument. By localization, we assume that Assumptions S.H-1 and S.N
hold without loss of generality.

Step 1. In this step, we introduce some notation and outline the scheme of the
proof. To simplify notation, we denote &7 = £(Z™, ¢, 0)?. In view of Lemma 3,
we have

(SA89) E|é&| <K, &, . €Fi,

We set, for / € {0, ..., p — 1} and any process Y,

(S.A.90) v(Y, ¢, D)} = |V (|7 (Y (),
. Lt/An]—kn
NY, 9, D= > oY, 9, D€L s
i=kn+kj,

O, 0, l)t:0(p])/ (2620 (2)) maya- (i 00, )02 ds.
0

Then we have

(S.A91) N(Y, &, 1,0, )"
-1

1

and, by (S5.A.86),

]

Il
=

p—1

(S.A.92) (2)"'Q(0), =) p(2p —200(,0,1),.

1=0
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In Step 3 below, we show

(S.A93) @N(Z™, ¢, 4,0)" =% 0, 0,0),

1
(14 hr 1)

hr-t o\
+ (m) y(2p—-2)N(0, —),

and in Step 4, we show, for/ € {1, ..., p — 1},

(S.A94) ZN(Z™, ¢, ¢, 1) =25 O, 0, 1),.

_
(14 hr-1)2

Combining (S.A.91)—(S.A.94), we readily derive the claim of this theorem.

Step 2. In this step, we consider the limiting behavior of N(Z*, ¢, ¢, )7 for
1€{0,..., p—1}. We decompose

APPEN(Z5, b, 1) = LD+ L (D)
where

Lt/An)—kn

LDy =8P N (2 1) (€, — )
i=kn+k)
Lt/An]—kn

J(Hr=A)ri Z v(Z*, l)?‘TIZA
i=kn+kj,

A straightforward adaptation of Theorem 3.3 in JPV and Lemma 2 in AJL
complements (S.A.26) with

By Lemma 2 and Holder’s inequality, E[[v(Z*, s, [)?|Fis,] < KAP?712.Ob-
serving that &', . — o7y, is Fis,-measurable, we use the triangle inequality
and repeated conditioning to get

Lt/An]—kn

(S.A.96) E|§(l)?|§KE<A,, > 'yf), where ' =&, . — 0} |

i:kn+k;l

On the product space (£2 x [0, ], F ® B[O, t], P® Leb), we define a sequence
of measurable functions as

Jalw,8) =¥ 5,1(0) Ltkki 20,1/ 201k 112 (8).
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By construction,

Lt/An]—kn

(S.A97) A, yl(w)—ffn(w s)ds.

i=kn+kj,

Consider s € [0, ] such that s # iA, for any i € N and »n € N. This condition is

satisfied for Lebesgue almost every (a.e.) s € [0, 7] and implies o7, , . — 07_.

Moreover, noting that 7, is bounded, we can apply Lemma 3 in AJL with
i, = Ls/A — k, — k), to get &, . = gz + 0,.,,(1). Therefore, for
Lebesgue a.e. s € [0, t], f,(-,s) = 0, ,,(1). With an appeal to Fubini’s theo-
rem and the bounded convergence theorem, we see that f, (-, -) converges to
zero in measure on the product space. Moreover, under Assumptions S.H-1
and S.N, it is easily seen that the sequence (f,(-, -)),>; is uniformly integrable.
Hence,

(S.A.98) E(/Otfn(-, S)ds> — 0.

Combining (S.A.96), (S.A.97), and (S.A.98), we derive {(/)] = 0,,,(1). By
(S.A.95), we obtain A¥>P2N(Z*, ¢, ¥, )’ = Q(,0,1), + 0,.,,(1). Recalling
the definition of a,, we readily have

n]P’nn

(S.A99) alN(Z', ¢, 1) =5 YT

Q(lp’ 03 l)t'

Step 3. In this step, we show (S.A.93). For each g > 1, let £2,(¢, g) be the
collection of paths on which |7, — T,,,| > 2k,A,+ (k,,+1)A, and 2k,A, < T,, <
t —2k,A, whenever T,,, T,, <t for some m,m’ in P,. We have (2, (¢, q) — (2
almost surely as n — oo. Denote I = | T,,/A,]. On £,(t, q), we decompose

(S-A.100) N(Z* + 1.7, ¢, 4,0)"
=N(Z', ¢, 1, 0)" + N(n.J% b, ,0)" + R
where
R(q); = Z Z G(Z", mad ") & Kn—Ky?
mePg:Tn<t i=Il—kp+2
G(x,y)=lx+ "7 =[x =y, x,yeR.

We also denote for each g > 1,

(S.A101) N(O,—,q) =6 > |AXy,[" 07, .

mePqy:Tin <t
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By Lemma 6 in AJL (taking Z there to be J¢), we have AN (T4, §, 4, 0) =
Y(2p—-2)N(, —, q),+ 0,(1). Consequently,

- w B [ RV \P-

Let B > 0 be arbitrary. There exists Kz > 0 such that ||x + y|?7=2 — |x|*?7?| <
Kg|y|**=% + B|x|*’~2. For such B and Kz, we have, on ,(t, q),

(S.A.103) |R()!| = (Kg+ DR(q)! + BN (n,J9, ¢, ¥,0)",
where

n

(S.A104) R(q)f = Xm: | Z;"

mePg: T <t i=I}, —k,+2

2p-2 | f(Z* + nnJ/qy d)’ 0)7—1‘!1_](;’

Recall the definition of H, from the proof of Lemma 6. Following a simi-
lar argument as in that lemma, we derive E[|Z"*"~2|H;a,] < KAF/*"? and
E[1§(Z" 4+ m.J", ¢,0)7 ;4 [IHol < K. By applying repeated conditioning to

(S.A.104), we have E[R(9);10,(.] < KA. Since a, = O(4)*"/%),
(S.-A.105) a,R(q)} = 0,.,,(1).

Combining (S.A.102), (S.A.103), and (S.A.105), and noting that B is arbitrary,
we derive for each g > 1,

(S.A.106) a’R(q)} = 0,.,,(1).
By (S.A.99), (S.A.100), (S.A.102), and (S.A.106), we have for each g € N,
(S.A107) @2N(Z"+n,J%, ¢, ,0)"

P,mp

— mQ(% 0,0),

hrto\?
+ (m) p(2p—2)NO, —, ).

By repeated conditioning and (S.A.89), we can easily adapt the proof of
Lemma 5 to show that for any ¢ > 0,

(S.A.108) lim limsupP(|a2N (n,J", ¢, ¥, 0)"| > &) =0.
q=0 500
Finally, observe that N (0, —, q), converges in probability to N (0, —), as g —

oo. Following the same steps that led to (S.A.40), we combine (S.A.107) and
(S.A.108) to derive (S.A.93).
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Step 4. We prove (S.A.94) in this step for / € {1, ..., p — 1}. By repeated con-
ditioning and (S.A.89), we can easily adapt the proofs of Lemmas 7 and 8(b)
to derive

Z[Z/A"H(" S 120-2-20 1 B D a\D\ an
a" Z |Zl | ((Zl) - (Xl) )gifknfkﬁl = Opﬂln(l)’
i=kn+k,
et 20-2-20 1 B ] N
&Y 12— (1)) iy = 0.
i=k,,+k/,,
4/ An)—kn )
@ Yz =z

i=kn+k),

2p—2—21) (AA/:,)[ ?—k,l—k/n = Op,nn(l)’

which imply

(S.A.109) 2(N(Z™, ¢,y 1) —=N(Z*, ¢, ¥,1)") = 0., (1).
Combining (S.A.99) and (S.A.109), we have (S.A.94). Q.E.D.

APPENDIX S.B: SIMULATION RESULTS
S.B.1. The Baseline Setting

In this supplemental appendix, we examine the validity of the asymptotic
theory in the main text in a simulation setting designed to approximate the
constraints faced in a typical real life application.! We adopt a similar simula-
tion setting as in AJL. The log price Z, is generated according to the model

Zt:X,*“‘Jz“‘Xt,
t

X;‘:X0+/ o, dW,, o,=v"?,
0

dv, = k(B —v,)dt +yv)*dB,, E[dW,dB,]=pdt, where
B2=04, y=05, k=5, p=—05, X,=log(100).

Here, X is the continuous part with instantaneous volatility o;, J, is a pure
jump process, and Yy, is the additive noise. The drift in X is excluded because
it plays little role in the high frequency setting. Parameters that govern the
stochastic volatility process are calibrated according to the estimates in Ait-
Sahalia and Kimmel (2007). We use an observation length of T =5 days, with

T wish to thank an anonymous referee whose suggestions significantly improved the scope of
this simulation study.
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each day consisting of 6.5 hours, and sample the continuous-time process every
5 seconds. There are 2,000 simulations in each experiment.
The additive noise y, is generated according to

(SB.1) x:;= 30',Af/2()(f‘ + Xf),

xit ~N(©,1),
fos(XP) ,
xE = m, fos(x) = min{max{x, —25}, 25},

X? ~ t-distribution with degrees of freedom 2.5,

where SD(-) is the standard deviation operator, and x; and x? are i.i.d. draws
and mutually independent. The instantaneous standard deviation of either the
Gaussian noise or the (truncated) ¢-distributed noise is three times that of the
diffusive increment, that is, o, AY2. This experimental design allows temporal
heteroskedasticity and dependence in y,. The ¢-distributed noise is introduced
to capture the large bouncebacks commonly observed in transaction data. In
this setting, the microstructure noise clearly dominates the diffusive increment.
Moreover, with the ¢-distributed noise present, one could observe many large
returns even in the absence of jumps. The task of estimating and making infer-
ence on jump characteristics is thus fairly challenging.

We simulate the jump process J, from a centered symmetric a-stable pro-
cess with activity index 0.5, 1, 1.5, or 1.75. To compare results across activity
levels, we scale J, so that in each realization, the realized quadratic variation of
J, is fixed at BT/9 (resp. BT/4). In other words, the jump quadratic variation
(JV) is 10% (resp. 20%) of the total quadratic variation (QV) on average; this
configuration is motivated by the empirical findings in Ait-Sahalia and Jacod
(2012).2 Our design allows for a wide spectrum of jump behaviors. When the
jump activity level is low, the jump process is dominated by a few big jumps,
featuring the situation with “infrequent big jumps”; when the activity is high,
jumps have relatively similar sizes, featuring the situation with “many small
jumps.” As the activity index approaches 2, that is, the index of the Brown-
ian motion, it becomes more difficult to disentangle the jump part from the
continuous part.

Throughout the simulations, we fix p = 4 and consider weight functions
g1(x) = max{l — |2x — 1|?,0} and g, (x) = gi(kx) for k > 1. We use weight
functions g; and g, in the computation of the bias-corrected estimator FI;,

which we denote by H below for notational simplicity. We also compute the
standard uncorrected pre-averaging estimators for ) _,|AJ|’: we denote

In an application to transaction prices of 30 component stocks of the Dow Jones Industrial
Average (DJIA), Ait-Sahalia and Jacod (2012) found that the JV/QV ratio is about 25% for
individual stocks and ranges from 5% to 15% for the DJIA index.
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H, = AV (0g.(p)"'V(Z, g, p)- for k > 1 (recall Corollary 1 in the main
text). Note that H is a linear combination of H 1 and ﬁz, so these uncorrected
estimators serve as natural benchmarks for comparison. This comparison is
made in Section S.B.2. In Section S.B.3, we further discuss the finite-sample
behavior of H, and the associated nonrobust confidence intervals (CI) for
1 <k < 15. Section S.B.4 reports a length comparison between the robust and
the nonrobust CI’s. We set the pre-averaging window k, = 80, 100, or 120. In

the computation of the variance estimator 3, we set ¢ = i, = g, i, = g, and
k! = 3k,, and set the truncation level u, =5(V(Z, g1,2)4/T)"?A%*. Robust-
ness checks for the choice of k/, and u, are presented in Section S.B.5, where
we also report simulation results for cases with rounding effect.

S.B.2. Baseline Results

Figure S.1 plots the distributions of estimation errors of the bias-corrected

estimator H and the uncorrected estimators H 1 and Flz. We start with the case
with low-activity jumps (top panel). When the jump signal is weak (top left),
the standard estimators are clearly upward biased, while the estimation error
of the bias-corrected estimator is properly centered around 0. These findings
are consistent with our asymptotic theory. As the jump signal becomes stronger
(top right), the standard estimators still appear to be upward biased, but only
mildly. However, the performance of the standard estimators deteriorates sub-
stantially when jumps become more active and smaller (bottom panel). Even
in the case with JV/QV = 0.2 (bottom right), the standard estimators are still
quite biased; indeed, the distributions of their estimation errors put almost all
mass on the positive real line. In contrast, the estimation error of the bias-
corrected estimator remains properly centered around zero, regardless of the
strength of the jump signal.

Table S.I summarizes the relative estimation error, defined as the ratio of
the estimation error to the estimand ) _, |AJ|* and expressed in percentage
terms. We report the sample median of the relative estimation error, hence-
forth the median relative bias (MRB).?> As clearly shown in the table, the un-
corrected estimators H 1 and 1:12 are always upward biased, and the bias can be
quite substantial when the jump signal is weak. On the other hand, the MRB
of the bias-corrected estimator H is much smaller, insensitive to the strength
of the jump signal, and fairly close to zero. We remind the reader that Hisa
linear combination of H, and H,, so the comparison here is natural and clearly

demonstrates the effectiveness of the bias correction. These findings are robust
with respect to the choice of k,,.

*We report the median instead of the sample average for the following reason. As > _, |AJy|*
is a random variable, it takes very small values in some realizations, leading to very large relative
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x10°  TV/QV =0.1, activity = 0.5 x10°  JV/QV =0.2, activity = 0.5

x 107 x 107
Jx107 IVIQV = 0.1, actvity =175 107 IVIQV =02, activity = 175

FIGURE S.1.—Comparison of the distributions of estimation errors of bias-corrected and
uncorrected estimators. The estimation error is defined as the estimate less the estimand
> ,<r |AJ*. We consider three estimators: the bias-corrected estimator H (shaded area), as well

as standard uncorrected estimators H; (dot-dash) and H, (dash).

Next we examine the finite-sample coverage rate of the robust confidence
set. We set the nominal level to be 95% and consider the symmetric two-sided
CI given by

(SBZ) CIRbSt = [[:I - Z(]~975A2,/2\/ KTZA;,,K, I:I + 20.975Ai/2\/ KTSnK],

where for any ¢ € (0, 1), z. is the c-quantile of A/(0, 1), thatis. P(§ <z.) =c¢
for £ ~ N(0,1). This CI is a special case of the robust confidence set CS]__
introduced in Section 3.3 of the main text.

estimation errors. In face of these “outliers,” we consider the sample median as a better measure
of the center of the distribution.
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TABLE S.I
MEDIAN RELATIVE BIAS (%) OF BIAS-CORRECTED AND UNCORRECTED ESTIMATORS

JV/QV =0.1 TV/QV =02

Activity Rbst Std 1 Std 2 Rbst Std 1 Std 2

Panel A: k,, =80

0.50 -54 93 46 -3.7 20 9
1.00 -53 163 84 2.7 41 21
1.50 -7.3 475 241 —4.7 119 61
1.75 -3.7 1601 813 —6.6 394 202
Panel B: k, =100
0.50 54 114 58 -33 26 12
1.00 54 201 104 -3.1 49 27
1.50 —4.4 594 302 —4.7 149 76
1.75 -0.9 2015 1007 —4.2 498 251
Panel C: k, =120
0.50 -7.4 137 69 —-4.3 31 15
1.00 -5.0 239 124 -3.2 58 32
1.50 -3.9 706 361 —4.1 176 89
1.75 6.2 2402 1191 —4.2 591 300

Note: We report the sample median of the relative bias (i.e., the ratio of the estimation error to the estimand

Y s<T |AJs|*) for the robust estimator A (Rbst), as well as the standard uncorrected estimators H; (Std 1) and H,
(Std 2).

For comparison, we also consider CI’s that would be justified by the standard
asymptotics. We denote for k =1, 2,

(’E*Iztd _ |:f~1k _ Zo.9754,11/4\/ Ej,k ot 20.9754,1/4\/ El,k ] ,

0z (p) " 021(p)

where 3 is the kth diagonal element of 3, that is, the asymptotic variance of
V(Z, gk, p)% in the presence of jumps under the standard asymptotics (recall

comment (iii) of Theorem 2 in the main text). We note that CVIitd is infeasible
because it depends on the unknown variable 3; ;. A feasible version demands
an estimator for 3;, that is consistent under the standard asymptotics. We
construct such an estimator as follows. Recall the notation in Appendix B of
the main text. We set

APN(Z, ¢, b, m, £)
p(2p—2)
S5 = 62 p* (W N3(0, -}

N3 (m, +)i = m=0,1,

+ W NS9O, )+ W N1, =)0+ W NS, %),
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where ¢ and ¢ are weight functions (we set ¢ = ¢y = g in the simulation),
and the scalars ¥, and ¥, are defined in the same way as ¥, and ¥, but
only for each weight function g,. By specializing Theorem 5 of the main text to

the case with n, = 1, it is easy to see that N,f‘d(m, +) 5 N(m, +), m=0,1,

and thus Aifg = 3. A feasible CI under the standard asymptotics can then
be constructed as

o2 s

68 (p) 08 (p)
Table S.II compares the Monte Carlo coverage rate of CI"™ with that of
CI' and CI". In all cases, the standard CI’s exhibit undercoverage. Their best
performance occurs in the case when the jump activity is 0.5 and JV/QV = 0.2,
so jumps are relatively large. In this case, the standard CI’s undercover only by
3—4 percentage points and slightly outperform the robust CI. This finding sup-
ports the standard asymptotic theory, as well as the intuition that the standard
asymptotics should perform well when jumps are “big.” However, as the jump
signal becomes weaker, the undercoverage problem is quite severe for the stan-
dard CI’s. In contrast, the coverage rate of the robust CI is fairly close to the
nominal level in all cases. These findings are robust to the choice of k,, at least
within the range considered here.

TABLE S.II
FINITE-SAMPLE COVERAGE RATES (%) OF 95% NOMINAL LEVEL CI'S

IV/QV =0.1 IV/QV =02

Activity CIRbst cr3d cd CIRbst crd cisd

Panel A: k,, =80

0.50 91.5 70.6 80.4 90.0 91.4 92.1
1.00 93.5 42.8 54.8 91.3 83.0 86.7
1.50 95.2 17.2 24.6 93.3 51.0 58.6
1.75 95.6 7.9 10.9 94.4 254 31.0
Panel B: k,, =100
0.50 93.2 66.8 71.5 90.7 914 91.9
1.00 95.1 39.0 50.7 93.4 82.3 86.1
1.50 95.9 15.6 21.6 94.6 47.6 56.4
1.75 96.5 6.9 9.7 95.0 23.5 29.0
Panel C: k, =120
0.50 94.8 64.0 75.0 90.8 91.2 92.4
1.00 95.7 36.8 47.6 92.7 80.5 85.7
1.50 96.5 14.7 20.3 94.8 45.8 54.2

1.75 96.9 6.2 8.8 95.9 22.8 26.9
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TABLE S.I11
NUMBER OF NEGATIVE REALIZATIONS OF BIAS-CORRECTED ESTIMATORS AND ROBUST CI’S

JV/QV =0.1 JV/QV =02

Activity H<0 CIRbSt R, = H<0 CIRbSt R, —¢

Panel A: k,, =80

0.50 21 1 1 0
1.00 62 0 1 1
1.50 246 3 42 0
1.75 499 8 218 2
Panel B: k,, =100
0.50 35 1 2 1
1.00 94 1 6 1
1.50 303 4 80 0
1.75 556 10 282 2
Panel C: k, =120
0.50 64 1 4 1
1.00 143 1 14 2
1.50 341 4 114 0
1.75 582 7 331 2

Note: The total number of Monte Carlo trials is 2,000. The nominal level of each CI is 95%.

The good performance of the robust CI in cases with active jumps may be
surprising. Indeed, when the jump activity is greater than 1, Assumption H-1
is not satisfied. Somewhat more surprisingly, the robust CI actually performs
slightly better when the jump activity is higher. Our conjecture is that one might
be able to prove Theorems 2 and 3 in the main text under weaker conditions.
The pursuit of such generality is beyond the scope of the current paper.

We further discuss some seemingly “irregular” behaviors of H and CI®™,
While the jump power variation is nonnegative, the bias-corrected estimator
H may be negative in finite samples due to sampling errors. The robust CI
around a negative estimate of H should be wide enough to cover zero, that
is, CI"™ N R, # @. However, for a given nominal level, CI*™ N R, may still
be empty in some realizations, but the probability of such an event should
be small. To be concrete, when the nominal level is 95%, the probability of
the event {CI"™ N R, = @} is bounded above by 5% asymptotically, in gen-
eral, and bounded above by 2.5% for the symmetric two-sided CI considered
here. Table S.III reports the number of Monte Carlo realizations for H<0
and CI"™ N R, = @ out of 2,000 Monte Carlo trials. The results are quite in-
tuitive: the number of such realizations is small when the jump signal is strong
and vice versa. In particular, the number of realizations with CI"™ N R, = ¢} is
always well below the theoretical bound 2,000 x 2.5% = 50. In this regard, the
performance of the robust CI is quite satisfactory.
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In applications one may adopt post-estimation regularization to incorporate
the prior knowledge that the jump power variation is nonnegative. Perhaps the
smplest option is to report max{H, 0} as the estimate and CI"™* N R, as the
CI ({0} in the case with empty intersection). In general, the necessity and the
specific choice of regularization method should depend on the problem at hand
and likely involve decision-theoretic arguments. A discussion in this direction
is clearly beyond our scope here. We stress that, throughout the paper, we only
report the “raw” estimates for all estimators and CI’s, so as to maintain the
consistency between the simulation setting and the theoretical results in the
main text.

S.B.3. Extended Results for Nonrobust Estimators and CI’s

Tables S.I and S.II reveal an interesting pattern for the standard estimators:
H, always has a smaller MRB than H, and CI;‘td always has less size distor-
tion than CI?td. Hence, for fixed k,, using g, as the weight function appears to
be strictly better than using g;. Observe that pre-averaging under g, results in
less smoothing than under g;. Indeed, since g, is supported on [0, 1/ k], pre-
averaging under g, only involves |k,/k| raw returns within each averaging
window. In other words, the “effective” averaging window of g is k,/ k. The
jump signal is thus better preserved under the weight function g, than is g;.
It is then not surprising to find g, outperforming g,. This intuition suggests
that using the weight function g, with a larger £ may further improve the per-
formance of the standard estimators. This being said, we note that choosing
k too large will introduce other finite-sample complications. In the standard
pre-averaging theory, as well as in the current paper, we need the effective
averaging window to go to infinity sufficiently fast, so that the noise can be
sufficiently smoothed and higher-order effects vanish sufficiently fast. Hence,
when £k is large (so the effective averaging window is small), the finite-sample
behavior of the standard estimators tends to be confounded by higher-order
effects on which the existing theory is silent. In the absence of theoretical guid-
ance, we examine the choice of the weighting scale k via simulation for a broad
range of k.

In the same simulation setting as above, we compute H, and CI}* for all
1 < k < 15. For brevity, we fix k, = 100. Table S.IV shows the MRB of uncor-
rected estimators. We have two findings. First, the MRB of H, « decreases as we
increase k up to k < 5. In the case with JV/QV = 0.2 and jump activity = 0.5,
the MRB of Hj is only 1.7%, which is smaller in magnitude than that of the ro-
bust estimator (—3.3%). This being said, we note that when k <5, the uncor-
rected estimators carry evidently large MRB, in general, and, consistent with
our theory, the MRB’s are positive. Second, as we further increase k above 5,
the MRB decreases in numerical value but eventually increases in magnitude.
Indeed, in each simulation setting, the MRB becomes negative when k is large
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TABLE S.IV
MEDIAN RELATIVE BIAS OF UNCORRECTED ESTIMATORS

Activity Std 3 Std 4 Std 5 Std 7 Std 9 Std 11 Std 13 Std 15

Panel A: JV/QV =0.1

0.50 37 26 19 9.3 -1.9 —13 -22 —34
1.00 71 52 39 23 6.9 —11 —24 —40
1.50 202 150 116 72 34 -8.0 -32 —63
1.75 681 506 395 251 126 2.2 —49 —131
Panel B: JV/QV =0.2
0.50 7.0 4.1 1.7 -2.1 —6.5 -12 -17 —24
1.00 17 12 8.2 2.4 -3.8 -1 -17 =25
1.50 52 38 29 16 4.9 —7.4 —18 -31
1.75 169 127 98 61 32 —14 -21 —43

Note: Std k, 1 < k < 15, stands for the uncorrected estimator H, . associated with the weight function g4 (x) =
g1(kx) =max{l — [2kx — 1\2, 0}.

enough and becomes “more negative” when k is larger. The negative sign
of the MRB contradicts our theoretical prediction. As hinted in the previous
paragraph, some higher-order confounding effect brought on by large values
of k is likely in force, which leads to a negative bias. This confounding effect
appears to take effect when k > 5 and becomes dominant in all settings when
k > 11. Hence, the seemingly good performance of H, for large k (k ~ 11) is
likely due to a cancellation of biases from two sources with opposite signs and,
hence, can only be taken with a grain of salt.

We further examine the coverage property of CIitd and its infeasible coun-

terpart CVIth for 1 < k < 15. The purpose of considering the infeasible CI’s is
to directly examine the approximation quality of the nonlocal asymptotic dis-
tribution. Indeed, the coverage property of the feasible CI inevitably depends

on our choice of the asymptotic variance estimator 35, which some readers

may find arbitrary. The infeasible CI’s are immune to such choice.

Figure S.2 plots the Monte Carlo coverage rates of (?Iitd and CI}" versus
the weighting scale k. In light of the discussion above, we discuss cases with
k <5 and k > 5 separately, as the latter are likely to be confounded by higher-
order effects that are not captured by the existing theory (including the cur-
rent paper). We have the following findings for cases with k < 5. First, both
the feasible and infeasible nonrobust CI’s often have evident undercoverage,
except for cases when jumps are big. This finding is consistent with those in Ta-
ble S.II. Second, by moderately increasing k, say from 1 to 5, hence effectively
reducing the degree of smoothing, the size distortion of nonrobust CI’s is mit-
igated in most cases. Third, infeasible nonrobust CI’s often suffer from even
larger size distortion than their feasible counterparts. The reason is simple:

the variance estimator 35 tends to overestimate 35%, but the overestimation
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Infeasible CI, JV/QV = 0.1 Infeasible CL, JV/QV = 0.2
95¢

Coverage (%)
Coverage (%)

5 10 15 5 10 15
Weighting Scale k Weighting Scale k
Feasible CI, JV/QV = 0.1 Feasible CI, JV/QV = 0.2

Coverage (%)

Coverage (%)

5 10 15 5 10 15
Weighting Scale k Weighting Scale k

FIGURE S.2.—Finite-sample coverage rates of nominal level 95% nonrobust CI’s. We plot

the coverage rate for aitd (top) and CI3™ (bottom) versus the scaling factor k in the weight
function, 1 < k < 15. The quadratic variation of jumps is set to be 10% (left) or 20% (right)
of the total quadratic variation, on average. The jump process is a-stable with activity index 0.5
(dot), 1 (dot—dash), 1.5 (dash), and 1.75 (solid).

helps reduce the undercoverage problem; the overestimation can be explained
by Theorem 5 in the main text. Therefore, the better coverage of the feasible
nonrobust CI’s relative to the infeasible ones should be taken with caution.
We now turn to cases with k > 5 and summarize our findings as follows.
First, the coverage rate no longer increases in k monotonically, as evidenced
by the hump shapes in the plots. The “optimal” choice of k clearly depends on
the simulation setting and appears to increase with the jump activity. Second,
the coverage rates of the infeasible CI’s exhibit an intuitive ordering: the un-
dercoverage is almost always more severe when jumps are small (high activity).
This pattern is not preserved for feasible CI’s. Indeed, when £ is large enough,
this ordering is reversed, likely due to additional confounding effects associ-
ated with large k. Third, we note that even in the ideal case in which CI}** and

~std . . .
CIkt are implemented at the “optimal” k that maximizes the coverage rate ex
post, the overall performance of these nonrobust CI’s is still worse than that



JUMPS IN NOISY HIGH FREQUENCY DATA 53

of the robust CI’s (cf. panel B of Table S.II). In practice, the optimal choice
of a tuning parameter like k is difficult, as it involves higher-order asymptotic
expansions and other unknown functionals of the underlying process. Never-
theless, based on the aforementioned evidence, the nonrobust CI’s are unlikely
to outperform the robust CI’s, even if the optimal tuning is feasible.

In summary, we find that moderately increasing k in the weight function
g tends to improve the performance of the uncorrected estimators and the
nonrobust CI’s. However, further increasing & brings in additional confound-
ing effects, which may improve or worsen the finite-sample performance of
the standard methods. Overall, the bias-corrected estimators and robust CI’s
tend to outperform the standard methods, especially when jumps are relatively
small.

S.B.4. Length Comparison for CI’s

In this section, we compare the average length of the robust and the non-
robust CI’s to better understand the relative advantage/disadvantage of these
methods. Table S.V reports the relative average length of the nonrobust CI’s
with respect to that of the robust CI. The robust CI’s are computed in the same
way as in Table S.II. For the nonrobust CI’s, we consider both infeasible and
feasible versions associated with weight functions g, 1 < k < 5. Results for
6 < k <15 are omitted here for brevity, but are available on request.

In view of the coverage results in Table S.II and Figure S.2, Table S.V shows
the trade-off between coverage and length in the comparison of robust ver-
sus nonrobust CI’s: the nonrobust CI’s in general are tighter than their robust
counterparts, which partially explains their undercoverage. We also observe

TABLE S.V
RELATIVE AVERAGE LENGTH OF THE NONROBUST 95% NOMINAL LEVEL CI’S

JV/QV=0.1 JV/Qv =02
Activity a?ld agtd agtd 'Cvlgtd ﬁ?td a?td a;td agtd aild a?td

Panel A: Relative average length of infeasible CI’s

0.50 1.14 0.81 0.66 0.57 0.51 1.35 0.95 0.78 0.68 0.60
1.00 1.02 0.72 0.59 0.51 0.45 1.25 0.88 0.72 0.62 0.56
1.50 0.85 0.60 0.49 0.42 0.38 1.11 0.79 0.64 0.56 0.50
1.75 0.65 0.46 0.38 0.33 0.29 0.97 0.68 0.56 0.48 0.43
Panel B: Relative average length of feasible CI’s
0.50 1.36 0.86 0.68 0.58 0.51 1.41 0.97 0.78 0.67 0.59
1.00 1.38 0.82 0.63 0.53 0.46 1.38 0.93 0.74 0.63 0.56
1.50 1.55 0.81 0.59 0.48 0.41 1.40 0.88 0.69 0.59 0.51
1.75 1.79 0.82 0.55 0.43 0.36 1.52 0.86 0.65 0.54 0.47

Note: In each simulation setting, we compute the average length of each nonrobust CI and report the length as its
ratio with respect to the average length of the robust CI (CIRbS‘) in the same setting. We fix k,, = 100.
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that the robust CI's are not much wider than their nonrobust counterparts.
Given the size distortion of the nonrobust CI’s, we consider the extra length
of the robust CI’s to be reasonable and likely necessary for achieving good
coverage.

S.B.5. Additional Robustness Checks

We now examine the robustness of the performance of the bias-corrected es-
timator and the robust CI against (i) the choice of k/, (ii) the choice of the trun-
cation level u,, and (iii) the case with rounding effect. We remind the reader
that k/, and u, are tuning parameters in the computation of the asymptotic
variance estimator 3,; hence they are only relevant for the CI’s. For brevity,
we fix k, = 100. Previous findings in Section S.B.2 appear to be robust to these
changes. The details are given below.

The Choice of k,

We set k! = Ck, for C =2, 3, or 4 and keep other settings the same as in the
baseline case; the baseline case corresponds to C = 3. As shown in Table S. VI,
the perturbation on &/, has only a mild effect on the coverage rate of CI"™.

The Choice of Truncation Threshold u,

We set u, = C(V(Z, g1,2)%/ T)">A% for C =4, 5, or 6 and keep other set-
tings the same as in the baseline case; the baseline case corresponds to C = 5.
As shown in Table S.VII, the coverage rate of CI** increases in u,,. In all cases,

the perturbation on the truncation threshold affects the coverage rate by less
than 4 percentage points.

Rounding

Finally, we consider pure rounding on the price level. That is the situa-
tion in which there is no additive noise and we only observe the price level

TABLE S.VI
FINITE-SAMPLE COVERAGE RATES (%) OF THE 95% NOMINAL LEVEL CI"™ FOR VARIOUS
VALUES OF k/,
JV/Qv=0.1 JV/QV =02

Activity Cc=2 c=3 C=4 c=2 c=3 Cc=4
0.50 93.2 93.2 93.2 89.5 90.7 90.7
1.00 94.7 95.1 95.0 91.7 93.4 93.2
1.50 95.7 95.9 96.1 94.2 94.6 94.8
1.75 96.2 96.5 96.5 95.1 95.0 95.5

Note: We set k}, = Cky with kj = 100. Other settings are the same as in the baseline case.
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TABLE S.VII
FINITE-SAMPLE COVERAGE RATES (%) OF THE 95% NOMINAL LEVEL CI"™ FOR VARIOUS
TRUNCATION THRESHOLDS
JV/QV=0.1 JV/QV =02
Activity Cc=4 Cc=5 C=6 Cc=4 Cc=5 C=6
0.50 89.5 93.2 96.5 89.3 90.7 93.2
1.00 92.5 95.1 97.2 90.6 93.4 95.3
1.50 94.2 95.9 96.9 92.2 94.6 96.2
1.75 94.9 96.5 96.8 93.7 95.0 96.5

Note: We set up = C(V (Z, &1» 2)’7’-/T)1/2A9,'49‘ Other settings are the same as in the baseline case.

rounded to the nearest multiple of the tick size. The pure rounding case
serves as an interesting robustness check because it is not covered by Assump-
tion N. As is typical in stock market applications, we set the tick size to be 1
cent and control the severity of rounding by varying the initial log price level
X € {log(10), log(100)}; the lower the price, the larger the effect of rounding.
We keep other settings the same as in the baseline case. Table S.VIII shows the
median relative bias of H (panel A) and the coverage rate of CI®™ (panel B).
In all cases, the results are robust with respect to the price level, suggesting
that pure rounding is not very important in our setting. Simulations with both
additive noise and rounding on the price level deliver very similar results and,
thus, are omitted for brevity.

TABLE S.VIII

MEDIAN RELATIVE BIAS AND FINITE-SAMPLE COVERAGE RATES (%) IN THE CASE
WITH PURE ROUNDING

JV/QV=0.1 JV/Qv =02

Activity X =1og(100) X =log(10) X =log(100) X =log(10)

Panel A: Median relative bias of the bias-corrected estimator

0.50 -5.7 =55 =33 =33
1.00 -5.1 —5.4 -32 -3.6
1.50 =35 -3.4 —4.6 -4.1
1.75 -0.9 0.2 —4.7 —4.4
Panel B: Finite-sample coverage of the 95% robust CI's
0.50 94.5 94.2 91.5 91.4
1.00 95.7 95.6 93.3 93.3
1.50 96.4 96.4 94.8 94.8

1.75 96.8 96.7 95.9 95.6
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