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APPENDIX A

PROOF OF LEMMA 1: Since e " A(t;, ;) = kb(7;) ftf"”" clmremrU=) dt, we
have

e A, 7))

ti+Ti
1 @ 7p(t ti)
J— / t i dt

Equation (9a) states that the numerator on the right hand side of (A.1)
has a positive finite limit as 7, — 0. The limit of the denominator is

K Li+Ti 1—a

lim, = f el dt = Kclj “, which is positive and finite since we are

(A1) hm T:b(7;) = hm

conﬁnmg attention to cases with pOSlthe (and finite) consumption. Therefore,
statement (ii) holds.*! Statement (iii) follows from the fact that e A(t;, ;) =
kb()) [ cl=*e~""~") dt and (9b) along with the assumptions that k > 0 and
¢, > 0. l
Equation (11) and « > 0 can be used to rewrite (9c) as
i+T lip1+Tigy

(A.2) b(T,—)/ ¢/ e P dt + e PTib(Tiyy) ¢/ vemrtiv) dy
li

lit1

ti+7i+Ti
>b(7i+’ri+1)/ Cll a —P(t fz)dt
t

To see the implications of (A.2) for b(r;), we first state the following lemma.

LEMMA 3: Suppose q1b(z1) + g.b(z2) > (q1 + q2)b(z1 + z2) for all positive g;
and z;, i =1,2,and that b(z) > 0 for all z > 0. Then b(z) is nonincreasing.

PROOF: The assumption that q;b(z;) + ¢.b(z2) > (g1 + q2)b(z; + z,) for
all positive g; and z;, i = 1, 2, implies that g,[b(z;) — b(z; + 22)] + q2[b(22) —

SLlety =lim,_ o 7b(7) =lim,_, Th which, by CHopital’s rule (and assuming that the deriva-

tive of 1/b(7) exists and is non-zero in a neighborhood of 7 = 0) implies y =

b/ (1) Th(T)b' (1)
b(r) [b(7)?

1
lim,_o —b'(r)/bl(7) 12

= [lim,_o 7b(7)][lim, o 22 ] =

. b(r _ .
or lim,_, ﬁ = —vy~!. Then lim,_,

y(-yH=-L

= 1im7’~>0
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b(z, + z,)] > 0 for all positive ¢; and z;, i = 1, 2. Suppose that, contrary to what
is to be proved, for some positive z; and z,, b(z;) < b(z; + z). Then for any
q1 > —Q2%7 q11b(z1) — b(zi + 22)]1 + qo[b(22) — b(z1 + 22)] < 0, which
is a contradiction. Therefore, b(z;) > b(z; + z;) for any positive z; and z,.

O.E.D.

Applying Lemma 3 to (A.2) while setting z; = 7, zo = 7;41, ¢1 = f;"”" =
e P= dt, and g, = e *"i f;:‘“"“ c/~@e P~ dt, implies that b(7) is nonin-
creasing, which is statement (i) in Lemma 1. Q.E.D.

X

PROOF OF PROPOSITION 1: We start by proving the following lemma.

LEMMA 4: Optimal behavior requires y*y® = 0. If the optimal asset transfer
increases x, then y* < 0. If the optimal transfer decreases x, then y® > 0.

PROOF: To prove that y*y® = 0, suppose y*y® # 0, which implies that y* < 0
and y® > 0. Now consider reducing y* by & > 0 and increasing y* by & > 0,
which will have no effect on the value of S relative to the original transfer, but
will increase X by (¢; + )& > 0 relative to the original transfer by reducing
the amount of proportional transactions cost incurred. Therefore, it could not
have been optimal for y*y® = 0. Hence, y*y* = 0.

The value function V' (X, S) is strictly increasing in X and S, so an optimal
transfer will never decrease both X and S. Therefore, if the optimal transfer
increases x = %, then the optimal transfer cannot decrease X and must de-
crease S, which implies that y* = 0 and y* < 0. Similarly, if the optimal transfer
decreases x = %, then the optimal transfer cannot decrease S and must de-
crease X, which implies that y* =0 and y* > 0. Q.E.D.

Proof of statement (ii)(a). Suppose that x < w;. The definition of w, in (25)
implies that v(x) # v(x). The optimal asset transfer will change the value of x
to some value z for which v(z) = v(z). The definition of w; implies that such a
z cannot be less than w1, so the optimal transfer increases x. Lemma 4 implies
that y* < 0.

Proof of statement (ii)(b). Suppose that on an observation date normalized
to be t =0, Xy < w15,. Statement (ii)(a) implies that y* < 0. Let (X*, $*)
be the value of (Xy+, Sy+) resulting from the optimal value of y°. Define
P={(X,8): X=X*"+({1—-¢,)zand S = §* — z for z € (0, S*)}. Because
(X*,8*) is the result of an optimal transfer of assets from the investment
portfolio to the transactions account (and the fixed costs 6y X, and 65,
have already been paid to reach (X*,§*)), there is no (X**,$**) € P such
that V' (x**S8*, §**) > V' (x*S*, $*) and V' (xS, §**) > I7(x*S*,S*). [If there
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were such a (X**,5*), then either (a) V (x*5*,$*) > V' (x*S*,5*) or (b)
V(x**8§**, 8**) =V (x*§*, S*l' If (a) holds, then (X*, $*) is not optimal. If (b)
holds, then V' (x*S*, $*) > V' (x*S*, $*) and hence it cannot be optimal to re-
main at (X*, §*).] Now suppose that x* < 7r;. Then consider (X**, $**) € P
for which x*** = £ is between x* and ;. The definition of m implies that
P (x#*§**, §**) > V(x*S*, §*) and V (x**§**, §**) > I7(x*S*, $*), which con-
tradicts the statement that there is no (X**, §**) € P such that V' (x**$§*, §*) >
V(x*S*,8*) and V' (x*§*, §™) > V' (x*S*, $*). Hence, x* < 7, is not optimal.

Proof of statement (ii)(c). Consider the point (X, Sy) with x, = )S(—[? = w,; and
define D as the set of (X, S) for which x < w; and from which the consumer
can instantaneously move to (X, Sy) by transferring assets from the invest-
ment portfolio to the transactions account. Specifically,

(A3) D={(X,S) withX < w,S:
3y* < 0 for which (1 — 0x)X — (1 — ¢,)y’ = X and
(1—-65)S+y =S}

Define F as the set of (X, S) for which x > w; and to which the consumer
can instantaneously move from any point in D by transferring assets from the
investment portfolio to the transactions account. Specifically,

(A4) F={(X,S) withX > w,S:
3y’ <0 for which X = X, — (1 — ¢,)y’ and § = S, + y* > 0}.

Consider two arbitrary points (X1, S;) and (X, S;) in set D. Since x; < w;
and x, < w;, the optimal value of y* will be strictly negative starting from ei-
ther point. Moreover, y* must be large enough in absolute value so that the
post-transfer value of (X, S) satisfies x = % > w1, because it is always optimal
to transfer assets from the investment portfolio to the transactions account
from any point in set D. Therefore, the post-transfer value of (X, .S) will be
an element of set F. Thus, regardless of whether the consumer starts from
point (X1, S;) or (X3, S,), the consumer’s choice of asset transfer can be de-
scribed as choosing (X, S*) € F to maximize the value function. Therefore,
V(Xi,S) =V (X3, S,), so all of the points in set D lie on the same indiffer-

dX __ dx dys __

ence curve of V' (X, S). The slope of this indifference curve is <5 = 25 =

—(1—y) 11;(:; , Which proves statement (ii)(c).
Proof of statement (ii)(d). We have shown that if x < w;, then m(x) =
(1 —4y) ::gf( . The expression for V(X s Slj) in (21) can be used to rewrite the
Vs(Xt;,51,) (I—a)v(xy)

VX(th,Szj) ’ U/(ij)

marginal rate of substitution, m(x,) = as m(x,) = — X, SO
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that

(1- a)v(x)
v'(x)

which implies

(AS) =(1 _"[/)1—0 for 0<x < wy,

X

(1—0x)x+ (1 —65)(1— i)
(1=0x)w1+ (1—65)(1— i)

Proof of statement (i). We start by proving the following lemma.

(A6) vix)= |:

] v(w,) for 0<x<ow;.

LEMMA 5: For sufficiently small X > 0, Z=9(x) < -v(x) for all x € (0,%).

PROOF: Substitute the expression for U(C(t;, 7;)) from (16) into the re-
stricted value function in (23) to obtain

(A7) V(X,,S,)

1 —a
= max [1 —(1- a)Kb(T,)] [h(’f;)] [C(t]-, 7'/')]1

C(tj,7)),¢j,7j
+e " WE V(e (X, — C(y, 7)), R4, 7S, ) -

Equation (**) in footnote 18 states that C(;, 7;) = h(rj)ct,f, so that

1 « —a
A8)  [1- A= arb(rp]—[h)][C1,7)]

1
1 _«

Substitute (A.8) into (A.7) to obtain

—[[1-qa —a)Kb(T/)]h(T,)c

(A9)  V(X,,5,)= _max ! [1—(1—a)Kb(T])]h(T,)c

cujm,éiti 1l — a

+ e_prE,j{V(er”f (Xt/. — C(t], ’T]')), R(t], ’T]')S[j)}.
Because the choice of C(¢;, ;) must satisfy the constraint X G C(t, 1) =0,
the partial derivative with respect to C(¢;, 7;) of the maximand on the right
hand side of (A.7) must be nonnegative. Therefore, differentiation of this max-
imand with respect to C(¢;, 7;) yields
(A10) [1—(1—akb(t)][h(wH]*[C, )]

— e—(P—"L)T/'Elj{VX (erLTj (Xt] — C(t], Tj)), R(t], Tj)Slj)} > 0
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Since V() > 0, [A(7;)]*[C(t;, 7)1 * > 0, and e~ *~"2)7 > 0, (A.10) implies that
(Adl) 1—(1—a)xb(r]) >0,

where 77 is the value of 7; that maximizes the restricted value function. Equa-
tion (A.11) implies that we can confine attention to values of 7; that are greater
than 7=inf{r > 0: k(1 —a)b(7) <1}. If @ > 1, then 1 — k(1 — a)b(7;) > 0 for
any positive value of 7;, so 7 = 0. However, if @ < 1, Lemma 1 implies 7 > 0.
Now we consider the cases in which & < 1 and & > 1 separately.
Casel: a <1. Whena <1, 7* > 7> 0. Since C(¢;, 7;) = h(Tj)clf, then

Cw, 1) _ X,
W) ~ h(7)

(A12) ¢4 =
J

where the inequality follows from the constraint C(¢, ) < X, and the facts
that /(7)) is strictly increasing in 7; and 7; > 7. Equation (A.12) implies
lim X0 Gt = 0. Therefore, taking the limits of both sides of (A.9) as X, — 0,
and using the facts that 0 < C(t;, 7)< X,and 77 >7>0 implies

(A13)  lim V(X,.8,) = lim e E,(V(0.R(1,7))S,)}
J J

720

— lim e T E ([R5, )]~} 5L 000)

X;;~0 720

Use (B.9) and the fact that 7* > 7 to obtain
> I .
(A.14) XltlerOV(X,f, Si) < mS}j v(0) =V(0,S,).

Case II: o > 1. We start by showing that optimal y*(¢;) < 0, when x,, = 0.
Suppose, contrary to what is to be proved, that it is optimal to set y*(¢;) =0
when x,, =0, which implies that ¢, =0 for all ¢ € [¢;, ¢;,1,] and Xy = 0. In turn,
Xy = 0 implies ¢, = 0 for all 7 € [#;,4, t;;>] and so on ad infinitum. Accordingly,
=v(0) is —oowhen a > 1. Clearly, :--v(0) is smaller than the value associated
with the policy of setting y*(¢;) = —(1 — OS)S,J., so that X,/_+ =1-yyd -
65)S,; and then consuming optimally from the transactions account over the
infinite future, never incurring any information costs or transactions costs. As
we show in (A.26), the value of such a policy is given by -~ x*X tl_; ¢, which is

finite. Accordingly, the policy of setting y*(#;) = 0 whenever x,, — 0 cannot be
optimal.
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We show next that lim v(xt/ v(O) Let x7, denote the optimal

xl -0 1—-a — 1-

value of Xt associated w1th the optimal transfer y (t) when x, = 0. Value

matching 1mphes that —v(())S1 o= —1)(xt+)Sl1+ *. Now we will compute the
J

size of the transfer y* that changes x, from arbltrary X, at time f; to X+ at time

t7. When y” =0, (4) and (5) imply that

(1= 0%, — (1= )3
x* = !

t! S
: (1-65) + y—

Solving for ¢~ glves

¥’ (1—=0x)x,;, —(1- 9s)xfj+
S, X+ 11—,
J
S+ ; (1=69)x
Furthermore, when x,, =0, then <~ = (1 —05) + ¢~ = (1 - 0,) — i =
lj i Xr* s

J

(1—6,)=—=%_ and, accordingly,

x+ltb

v(0) 1—g, '
(A.15) EN) = <(1 - (k)—x; 1o l,[ls) .

Now take & > 0 and suppose that x,, = e. For sufficiently small & > 0, set
) (A=0x)e—(1=05)x7,
L = W, which will be negative as ¢ approaches 0. By construc-
' St
tion, this feasible transfer implies that X = x* - Moreover, # =(1-6y+
(1—6x)e—(1— 9s)x !

e =(1- Os)xjjlfjdj +(1-— HX)X +1 e . Accordingly,
J J 1
1 1— i, & e
A.16 * 1-6)——————+(1—0y)————
(A.16) l_av(xt;)[( )x;‘++1—¢s+( X)xwl_%]
J J

< 1 )
=7 v(e).
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Using (A.15) to solve for v(x?,), substituting the resulting expression in-

J
side (A.16), and taking limits on both sides of (A.16) as ¢ = x,, — 0 implies
lim,, _ =v(x,) = 7=v(0).
j (¢3 (¢3
Next we show that lim

xtj_,u
diction. Indeed, suppose that limxrﬁ(J =v(x,) > =v(0). Then for any ¢,
it cannot be optimal to set C(¢;, ;) = X, 80 that X1 = 0. [To see why,
suppose otherwise. If it were optimal to set X,,; = 0, then consider the
following deviation: Reduce C(t;, 7;) by an arbitrarily small & > 0, so that
X1 = e"e. This deviation is feasible for sufficiently small & > 0, because
C(t;, 7;) = 0 can never be optimal when « > 1. The deviation changes the
value of the program by A(e) =[1 — (1 — a)xb(7))] x [U(C(t;, 1)) — &) —
U(C(t, )] + e PTE [V ("6, S,,.,) — V(0, 8, )1). For given X, and ,
lim,_o[1 — (1 — a)xb(7)] x [U(C(t;,7;) — &) — U(C(t;,7,))] = 0, so that
hmﬁo A(e) = e Pl — : hmﬁOE (ST (‘L“) — v(0)]}. Since the function

v(x,) = v(0). The proof proceeds by contra-

L1

v(x ) is increasing in x,, and « > 1, it follows that v( ’£) is increasing as
j+1

£ decreases to 0. Therefore, the monotone convergence theorem, along with
the supposition that lim v(x,/) > iﬂv(()), implies that lim, ., A(e) =

Xt—>01 —a

i+
small enough ¢ > 0, so that the deviation dominates the supposed optimal
path, a contradiction.]

Next we show that for any é > 0, there exists a z € (0, §) such that if X, =z
on observation date ¢;, then y°(¢;) < 0. The proof proceeds by contradiction.
Suppose otherwise, that is, suppose that there exists a 6 > 0, such that it is op-
timal to set y* =0 for all X, € (0, 6). Now fix T > 0, and take X, < 8. Let 1,
denote the last observation date before #; + T. We will show next that under
this (counterfactual) supposition, the discounted sum of the observation costs
Ztke[t,,;m]e‘”’k"f)(1 — a)xb(t)U(C(, 11)) approaches infinity with proba-
bility approaching 1 as x,, — 0.

To start, we note that because « > 1, it must be the case that Cor > 0. (Other-

P EE (S-e[lim,_, v(eSL ! £=2) —v(0)]) > 0. Accordingly, there always exists
lj+1

wise utility would be negatively infinite between ¢ and ¢ + 7;, and that would
make the value function unboundedly negative.) Since C(X §) = c,/+h(7j) <
X, P this implies that limxtﬁo h(7;) = 0 or, equivalently, limxtﬁo 7, = 0. Now
note that X1 < Xy %, so that limxrﬁo Pr(xt/.H >6)=0.

More generally, for any e € (0, 8), as long as (i) x, < & and (ii) x, x

B LT . B
max, g, 7,1 ntielt_fakaR([,',T,') < g, it follows that MaX, ;1 Xy < Xy X
LTI

maX, g, 7,1 ]_[tl_e[[j R < & Next we show that the probability that
maXy e 1,1 Xy < € approaches 1 as Xy approaches 0. Indeed, since X, X
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LT

max, cp; 71 Hlie[t/atk] R <€ implies that maxy , 7,,,1 X, < & We obtain

(A.17) Pr( max x,k>8>

treltj,tjyq]

el‘LTI'
< Pr{ x;, max 1_[ > ¢
J tkE[t/-,?/‘] R(t[, 'Ti)

ti€ltj, byl

= Pr( max Z (ro7i —logR(1;, 7)) > loge — logxtj).

1r€ltj, 151 el ]

Before proceeding, we make a few observations. We start by noting that
R(t;, 7)) = iﬂ;’—jn + (1= g)erm = e P8 (1 — ¢)e"r™, where
AB,,,, = B+, — B,, denotes the increments of the Brownian motion B, between
t; 4+ 7; and ¢,. Since u — ”72 > 1y, it follows that R(#;, ;) > pie B (1 —
e = e[ pe Pir1 4 (1 — ¢;)]. Therefore, letting g(y) = log[¢e’ + (1 —
¢:)], we obtain log R(#;, 7;) > ry7; + g(0AB,, ), so that r.7; — log R(#;, ;) <
(rp —rp)7i — g(oAB,,, ). Letting z,,, = (r, —ry)7, — g(0AB,,,), it follows that

lit1

(A.18) Pr( max Z (ro7i —logR(t;, 7)) > loge — logx,j>

tkE[tjjj]t,'E[tj,tk]
< Pr( max Z Zy,, > loga—logx,j>.
tke[t/-,tj]tie[tl_’[k]
We next observe that g(0) = 0,g'(y) = #ﬁim <1, and g"(y) =

Fai=%0 > 0. Therefore, if y > 0, then g(y) = g(0) + J; g'(y)dy < y. By
a similar logic, if y < 0, then g(y) > y. Accordingly, y* > g*(y) and also
E(y*) > E(g*(y)). Finally, since g"(y) > 0, Jensen’s inequality implies that

E(g(y)) = g(E(y)). Accordingly,

(A19) E(z,,,)=(r.—r))1i—E(g(cAB,,,)) < (r. —r)1i — §[E(cAB,,,)]

i

=(”L—”f)7'i<0,

where the last equality in (A.19) follows from E(AB,,,
let Z, =) =ty Zi — Ey(2,,))). By construction, Z, |
Jensen’s inequality implies that | Z, | is a nonnegative submartingale.” Equa-

tion (A.19) implies that maxtkelt,-i,-]Zt,e[zj,zkatf+1 < maXyey i) Ly, <

) =0and g(0) =0. Now
is a martingale, and

32Er,|Zt1+l| = Er,|Zt, +zy, — Er,(Zr,H )| > |Zt, +Et1(zt1+] — 2y )= |Zr,|-
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max, ey, 7,1 |Z,, ..| and, therefore,

Tk+1

(A.20) Pr< max Z Zi,, >loga—logx,j)

1p€lt), 1] el )

Tk+1

< Pr( max |Z

t e[t/-,fj]

| >loge — logx,j)

E Z;

Lj+1

]

<
~ (loge —log xt/.)2

where the last inequality follows from Doob’s inequality for submartingales

applied to the process |Z,_.|. Since Z,, ., is a martingale,

41 141

(A2l) EJ[Z 1=E; Y (20, - Ez,-(zt,.ﬂ))z}

f,‘E[lj,;jJ

:E’/‘ Z Eti{g(UABfi+1) _Eti[g(UABfi+1)]}2}

f,‘E[lj,;jJ

t Z Eti[g(UABti+1)]2_ Z [Elig(UABfi+1)]2}

ti€ltj 1] ti€ltj )]

<5, 3 Elsto38,)] ]

ti€lt; ;]

= Etj Z (U'ABz,-H)Z}

ti€ltj i)

<o°T,

where the next to last inequality follows from g?(y) < y* for any y. Equations
(A.17), (A.18), (A.20), and (A.21) imply lim,, , Pr(maxey, 1%, > &) =0.
Since e is an arbitrary number in (0, §), it can be chosen arbitrarily close
to 0. In turn, this implies that for any #, € [¢;, f;;1], x,, approaches 0 with
probability 1 as x,, becomes arbitrarily small. Accordingly, the lengths 7, of
all the inattention intervals between ¢; and ¢;,, approach 0 with probability
approaching 1. Using this result together with (8) and assumption (9a) im-

plies that the discounted sum of the observation costs Ztke[t,,'j+]]e_p([k_tf)(1 —

Xt.
t}~>0
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a)kb(t)U(C(t, 7)) approaches infinity with probability approaching 1.%
Accordingly, there cannot exist a § > 0, such that y* =0 for all x,, < 4.

This finding implies that for any 6 > 0 (however small), there exists a
z € (0, 6) such that if X, =z on observation date ¢;, then optimal y°(z;) < 0.
Accordingly, it is possible to find a set of positive values X =[xV, x@,...]
with the properties that (i) inf,cx X =0 and (ii) if x,, € X on observation date
t;, then y*(t;) < 0. Now take some x € X. By definition, if on observation
date ¢, X, = x™ then it is optimal to transfer funds from the investment
portfolio to the transactions account by setting y*(#;) < 0. Let x" denote
the associated post-transfer value of Xt Since ﬁS}j‘“v(x[j) =S “v(x),
S+ (A=bx)x;—(1-05)x7, /

L =(1-65) + -, x, =x", and X = x, we have that

x?r +1—¢s
J

(n) _ n _ 1 _ ")\ 1-
(A22) v(x™) (1_05+(1 Ox)x (1—65)x )

v(x?) X 1=,
As we established at the beginning of the proof, it is always optimal to set

y* < 0 whenever x,, = 0 on an observation date. Let x denote the optimal
post-transfer value of Xt when x,; = 0. Since the consumer can choose any

y* < 0, optimality of Xy requlres that

(A.23)

1 o 1—y, '™
0= (A gy )

1 1 _ l,b's l—a
= (-

for any x > 0. However, dividing (A.15) by (A.22) implies that

1 v(0)
(A.24) %
(n)
. av(x )
1 1 - l//s e
* 1-— 05 -
1_av(x0) (( )X3+1—%>
v (1= 0+ X (1= 0) = (1= es>x<"*>>1‘
— S x(n*) + 1 _ lps

33We note that it would be impossible to set ¢, arbitrarily close to infinity for almost all values

between #; and 7,4, since this would violate the constraint X, G > f, et e (.
J
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Since inf,.» X =0, it is possible to take the limit as x*” — 0 on both sides
of (A.24). Using the supposition that lim,m_ 7-v(x™) > ~=v(0) and noting

that @ > 1 gives

1— ',03 l1-a
0 . 1- 95)*7>

(A.25) 1< 111’1’1 1—0(v( ) — 1_aU(XO) ( x0—|—1—l//5

x(M -0 1

1 . o l-a”
o) ") (1= gy
1—a 11—« Vx4 1 — iy

The fact that @ > 1 along with (A.25) implies that ——v(x})((1 — 65) x

l1-a

I yl-a u(x")((1 - 6,) =¢s__)l-« which contradicts (A.23). Ac-

x5 x4 1—y
cordingly, lim,, o 7=-v(x,) = -v(0).

The continuity of the function v in a positive neighborhood of zero, together
with the theorem of the maximum, implies the continuity of ¥ in a positive
neighborhood of zero. Moreover, noting that y* <0 when x,, = 0 implies that

=0(0) = lim,,, .o =0(x,) < 7=v(0). Q.E.D.

Proof of w, > 0. Since Lemma 5 implies that lim,, .o =0(x,) < =0(0),

there exists X > 0 such that --7(x) < =v(0) < ;-v(x) Vx € [0, X]. There-
fore, w; >x > 0.

Proof of m, = . To prove that m, > 1, suppose the contrary, that is,
that m; > m,, and consider three points (X4, S,4), (X5, Ss), and (X¢, Sc¢),
where X, = m Sy, (X3,83) = (mS4 — (1 — y)z*, 54 + z*) where z* =
= § , which implies Xp = m,S8p, and (X¢, Sc) = (mSs+ (1 + )z, Sp —

m 1=t

z**) where z** = Wfﬁﬁl S, which implies X = mSc. The definition of
implies that V(X 4,S4) > V (X3, Sz) and the definition of m, implies that
V(XB, SB) > V(Xc, Sc) so that V(XA, SA) > V(Xc, Sc) But SC = SB — " =

_ _m-m _ m+tlt+yy _ mtltgp mtl-ys _ (7 —m) (Ps+ibp)
SB 771+1+l/JbSB T w1ty B = T +1+y 7Tz+1—([/SS - ((7T|+1+lllb)(7T2+1—([/S) + 1)SA >

S4, since ¢, + ¢, > 0. Therefore, since X¢ = 7S¢ and X, = m Sy, we
have X¢ > X,4. Hence, since V' (X, S) is strictly increasing in X and S, we
have VV'(X¢, Sc) > V(X 4,S4), which contradicts the earlier statement that
V(X4,84) =2V (Xe, Sc).

Proof of w, < . We prove this statement using a geometric argument to
show that w; > 7r; leads to a contradiction. We consider three cases: 65 < 0y,
05 > HX, and 05 = 6)(.

Suppose that w; > 7 and consider the case in which 65 < 6y, so that in Fig-
ure 2(a), the line through points B, C, and E, which has slope —(1 — (ﬂs)%, is
steeper than the line through points C and D, which has slope — (1 — ;). State-
ment (ii)(c) of Proposition 1 implies that for values of x = £ less than w,, indif-

ference curves of the value function are straight lines with slope —(1 — ;) 11:3; .
Therefore, V' (B) =V (C) =V (E), where the notation V' (j) indicates the value
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X X

05 > 0y

@,

slope = -(1-y,)
(b) S

FIGURE 2.—Proof of w; < .

of the value function evaluated at point j. The definition of 7r; implies that
V(C) > V(D). Therefore, V' (E) > V' (D), which contradicts strict monotonic-
ity of the value function since both X and § are larger at point D than at
point E. Therefore, w; < if 05 < 6.

Suppose that w; > 7r; and consider the case in which 65 > 6y, so that in
Figure 2(b) the line through points D and E, which has slope —(1 — 1//5)11:—:;,
is less steep than the line through points C and E, which has slope —(1 — ).
Statement (ii)(c) of Proposition 1 implies that the line from point D through
point E is an indifference curve and all points on this indifference curve are
preferred to all points below and to the left of the indifference curve for which
X < w;. In particular, point E is preferred to all points below point E along the
line through points £ and C. Since the value of x at point E is higher than 7,
the fact that the value function evaluated at point E is greater than the value
function, and hence greater than the restricted value function, evaluated at all
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points below point E with slope —(1 — i) contradicts the definition of ;.
Therefore, w, < 7 if 65 > 0y.

Suppose that @; > 7r; and consider the case in which 65 = 60y, so that in
Figure 2(c), the slope of the line through points C and E is —(1 — ) {=* =
—(1 — ). Statement (ii)(c) of Proposition 1 implies that for values of x =

% < w1, indifference curves of the value function are straight lines with slope

—(1—14y) 11::; so points E and C are on the same indifference curve. Indeed,
point E yields the same value of the value function as all points below point
E on the line through points E and C. That is, for any point J below point
E along the line through points £ and C with X > 0, V(E) =V (J). Since
X < w; at point J, the definition of w, implies that V'(J) > V' (J). Therefore,
V(E)Y=V({) > I7(J ). Since x > ; at point E, the facts that for arbitrary point
J we have V'(E) =V (J) and V(E) > V' (J) contradict the definition of .
Therefore, w, < 7 if 65 = 0y.

Putting together the cases in which 65 < 0y, 65 > 6y, and 65 = 0y, we have
proved that @, < .

To prove w, > r,, use a set of arguments similar to the proof that w, < ;.

Proof of w, < co. We prove that w, is finite by showing that if the invest-
ment portfolio has zero value on an observation date, the consumer will use
some of the liquid assets in the transactions account to buy assets for the in-
vestment portfolio. We use proof by contradiction. That is, suppose that time
0 is an observation date, and that at this observation date, the transactions ac-
count has a balance X, > 0 and the investment portfolio has a zero balance so
that Sy, = 0 and x, is infinite. Suppose that whenever the investment portfolio
has zero value on an observation date, the consumer does not transfer any as-
sets to the investment portfolio. Then the consumer will simply consume from
the transactions account over the infinite future, never incurring any informa-
tion costs or transactions costs).( In this case, with the values of the variables

0

denoted with asterisks, ¢j, = oo = xXo and ¢; = exp(==L1)cp = x X/, s0

X =exp(—>=*1)X,. Equation (16) implies that lifetime utility is

* 1 Xxrl—a 1 —ayl-a
(A26) U= [h(oo)] X} = ——x"xi .

Now consider an alternative feasible path that sets ¢, = ¢ for 0 <# < T and
at time 07 transfers to the investment portfolio any liquid assets in the trans-
actions account that will not be needed to finance consumption until time 7.
Under this alternative policy, the present value of consumption up to date T is
h(T)c;, = h(T)xXo, so
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The consumer uses (1 — 6y — xh(T))X, liquid assets to purchase assets in the
investment portfolio. After paying the transactions cost,

1—0x — xh(T)
A28) Spr=——""""X,.
( ) o T+ ’

Suppose that the consumer invests the investment portfolio entirely in the risk-
less bond. At time 7', the transactions account has a zero balance, and the
investment portfolio is worth S; = exp(r,T) H’f%ﬁmX o. The consumer trans-
fers the entire investment portfolio to the transactions account, so that after

paying the transactions costs, the balance in the transactions account is

1- s
(A29) Xr+=(1- 05)1 . exp(rT)[1 — 0x — xh(T)] Xo.
+

Define P = );T: as the ratio of the transactions account balance at time 7"
T

under this alternative policy to the transactions account balance under the ini-

tial policy. Use (A.29) and X7 = exp(—2LT) X, along with y = 29 o

obtain

Xr+ 1— 4,
A30) P= =1-0
( ) X ( s)1+¢,b

F(D),

where
(A31) F(T)=exp[(r; —r)T][1— 6xexp(xT)].
Equation (A.30) and X} = exp(—2-+T)X, imply

1_lps

(A32) Xpe=(-097— "

F(T)exp(—p_rL T)XO.
o

Now choose T to maximize F(T). Differentiate F(T) and set the derivative
equal to zero to obtain

(A.33) exp(—XT)=(1+ X )9X<1,
rf—rL
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where T is the optimal value of T, and the inequality follows from the assump-
Ox Use (A.33) to evaluate F(T) to

obtain

R —1=(rp=rL)/x s
(A34) F(T)=<1+ X > X g i,

rg—rp rp—rp

Use (A.33) and the definition of 4(T) to obtain

(A.35) Xh(’T‘):l—(H X )e)x.

re —rp

The present value of lifetime utility under the alternative plan is
1
(A36) U=[1-( —a)Kb(T)] [h(T)] [Xo: ]
T 1 «@ 1-a

Substitute (A.27) and (A.32) into (A.36), and use the fact that s(c0) = -
obtain

~ 1 ~
(A37) U=[1-(1- a)Kb(T)]mh(T)[XXO]I’“

~ 1
= exp(—pT>1—x—“
—

— s

. F(T)exp( P

R 1-a
L )XO} )

Now divide the utility under the alternative plan in (A.37) by the utility under
the initial plan in (A.26), and use the definition of y and the fact that y(7T') =
1 —exp(—xT) to obtain

x [(1 05)

U ~ -~
(A38) = [1——a)kb(T)][1- exp(—xT)]

(/] —Q
+exp(— XT)[(l— 9s) SF(T)
+
3From (27), Oy = [(1 — Og) ts H% = +X]x/(rf ) frf’ri , which implies (1 + . ” Yoy =[(1 —
6s) 11+:£b THX]X/(’f L) < 1 because (1 — ) 11+.l2 <1, rL > 0, and hence m <1.



16 A. B. ABEL, J. C. EBERLY, AND S. PANAGEAS
Then rearrange to obtain

-

—¥s }
F(T
s (1)

(A.39) UE =1+ <[(1 — 9s)
—[1+ 1 = a)xb(T)(exp(xT) — 1)]) exp(—xT).

If @ < 1, utility under the alternative plan, U, will exceed U* if U > 1; if
a > 1, utility under the alternative plan, U, will exceed U~ if % < 1. Asufﬁc1ent
condition for U to exceed U*, regardless of whether « is less than or greater
than 1, is®

1/(1-a)

(A.40) [(1 —6) L=¥.

T wJF(T) > [14 (1 —a)xb(T)(exp(xT) —1)]

Multiply both sides of (A.34) by (1 — )7 to obtain

1- (vbs
(A41) [(1 0y

_ 1- lr,/s X rg —rp rr=r/x —(rg=rp)/x
—|(1-6y) 0, .
I+dpry—ro+x]\ry—ro+x

}F(T)

Use the definition of 6y in (27) and the assumption that 0y < 0x to write
(A41) as

—(rg=rp)/x
(A.42) [(1—93) ZS}F( )= (Z:X) ' > 1.

X

Substitute (A.42) into (A.40) to obtain the sufficient condition for U to exceed

U~
BX (rg=rp)/x R . /()
(A43) 7 > [1 + 1 - a)Kb(T)(eXp(XT) — 1)] .
X
3If a > 1, then k must be less than K = -1~ L 50 that the right hand side of (A.40)

a=1 (D) (exp(yDH—1)
is defined. Since we assume that k < & in (28) and k = [1 — "i) (y=r/0d-01-1% > % we have
K <K.
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Regardless of whether « is larger or smaller than 1, the condition in (A.43) is
satisfied if 0y < 0y and k < K, where

0x —((rg—rp)/x)(1—a)
prm— - 1
<0x)

(Ad4) w= - _ .
(1= a)b(T)(exp(xT) — 1)

Since Oy < 0y and k < K, the original plan, in which the consumer does not
buy any assets in the investment portfolio, is not optimal.

The proof of statement (i) is now complete.

Proof of statement (iii). The proof of statement (iii) follows the proof of state-
ment (ii).

The proof of Proposition 1 is now complete. Q.E.D.

To prepare for the proof of Proposition 2, we state and prove the following
lemma.

LEMMA 6: If C(¢;, 7)) < Xijs then, for sufficiently small 65 > 0, y*(¢;) = 0.

PROOF: Consider some path for ¢, X,, S,, y’(¢), and y®(1), t € [2;, £l
and let ¢, X?, S°, y*°(¢), and y*°(¢) denote the values of these variables
along this path. Suppose that C(t;, 7,) < X 2 and (contrary to what is to be
proved) that y*°(;) < 0, so that Lemma 4 implies that y*°(¢;) = 0. Con-
sider a deviation from y*’(#;) < 0 that reduces —y*(¢;) to zero so that X[j+
changes by y*°(£;)(1 — ;) + OXX?]_ and S,]_+ increases by —y*’(¢;) + BSS?]_.
Since under the deviation, le+ =X G = Xg > C(t;, 1)), it is feasible to main-
tain ¢, = ¢! for t; <t < t;;;, and we suppose that the consumer does so.
Also suppose that the consumer invests the additional assets in the invest-
ment portfolio in the riskless bond, which pays a rate of return r;. Thus, at
the next observation date #;,,, the transactions account will have changed by
AY = [y (1) (1 — ) + 6x X ?/_]e’“/ and the investment portfolio will have in-
creased by A% = [—y*0(¢;) + BsSg]e’fTI' > 0, relative to the original path. The
deviation at time ¢;;; depends on the direction of the transfer along the origi-
nal path at time #;,,

(i) If y*°(#;41) < 0, increase —y*(#;41) by (1 — 65)A%, which makes the value
of the investment portfolio under the deviation equal to the value under the
original path. Compared to the original path, the transactions account at time
t,, changes by £ = (1 — 6x)A* + (1 — ¢,)(1 — 65)A°. Using the definitions of
AS and AY implies

§ = [_ys’o(tj)](l - ws)[(l — Qs)erf"j — (1 _ GX)erLTf]
+(1- BX)GXX’OjerLTj +(1 =y - Hs)f)sSge’m,
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which in turn implies that limg,_,o & = [—y**(£;)1(1 — ;) [e"7 — (1 — Ox) e ] +
(1 — HX)OXX,O/_e’“f > 0.
(ii) If the consumer would not have transferred assets in either direction

between the investment portfolio and the transactions account at time List,
0 0

1 L1 1
“ = ’+>( >—
i1

then w; < x¥
Jj+1

= w;.
1 X? 1 . . . .
E ( );g )x(l’j is bounded above by a quantity that is ﬁnlte and F,/.-measurable.

J
First, the fact that w; < x?]_+1 < w, implies that —*
!+l

w; > 0. Second, Xtoj+1 =[(1- OX)X?]- — (1= )y (t)]et™ — C(t;, 7)€" 50

< wil, which is finite since

C(lj,T/‘)

x5 DA G))
that ’“ =[(1—6yx)—(1— l/fs)—’]e"“/ _

e't’, which is finite and F, -

/ ’/

measurable. Third, since —y* 0(t ) > 0, we know that S: > 0 [—y® 0(t )] > 0,
0

Xy
which implies that x[j = sﬂj is finite; it is also F,-measurable. Therefore,

s X9 . X0
i — L (1% is bounded above by - f“ )x?, which is the product of
S?j x(tJ/'+1 XV lj w1 / 4

three quantities that are finite and F, -measurable.
For sufficiently small 65 > 0, the alternative path sets y°(#;;,) equal to

S
—(1— 05)4° + 6580 = =SV (1~ 05)[~ 517" + O5[(1 — bs)e’r™ — 511},

‘-
JO J

which is negative because ys—o() > 0 and SS’J L is bounded above by an F -
measurable quantity. With y*(¢ +1) =—(1- BS)AS + OSS, " the value of the
investment portfolio on the alternative path equals the value on the hypoth-
esized optimal path. Compared to the hypothesized optimal path, the trans-
actions account at time t*l changes by & = (1 — 0x)AY — 6, X0 — (1 —
P)[—(1 — 65)AS + BSS?/_H]. Use the definitions of A* and AS to obtaln &=
(A= gy I = 65)e7 = (1= B)€" ™)+ 0x[(1 = ) X7 = X, T+
A-¢p - BS)HSS” 1T — (1 — ) 6sS? bt

Now use the fact that X(]’_+l =[(1- OX)X‘; —(1=gr)y**(t)]e™™ — C(t;, 7)) X
e'L"i to obtain (1 — OX)X?je’LT/ — X,OH] = (1 = )y (t)etm + C(t;, 7))et™,
substitute this expression into the expression for &,, and factor out S?j to obtain

£ = 1 —y*(t)) o
L= (_¢) SO [(1—65)eri —e't7i]

| A
ST iy 4 (1= ) (1= 090057 — (1= )65 5 }
]
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SO
i
0

St

limgg o & = S“{(l—lps)[‘y D\ err — ] 4 gy S

(iii) If y> O(tl+1) > 0, the dev1at10n depends on whether (1 — 65)A5 is larger
or smaller than y»°(¢;,). (a) If (1 — 05)A5 > y*O(t;11), set y*(t;11) = —(1 —
05)AS + y*°(t;41) < 0 and set y*(z;,1) = 0 so that the value of the investment
portfolio at time ¢, is the same for the deviation and for the orlgmal path.
Compared to the orlgmal path, the transactions account at time ¢/, changes
by £ = (1 — 0)A% + (1 — d)[(1 — B4 — ¥ (650)] + (1 + )y (111) =
(1—60x)AY + (1 — ) (1 — 05) A5 + (s + ;) y""(¢j11). Using the definitions of
A¥ and AS, rewrite & as & = (1— ) [—y*(£)][(1 — Os)er™ — (1 — Oy )e™7i ]+
(1= 0x) 05 X027 4 (1= h,) (1 — 05) 05Y €7 + (1, + 5)y"(1;11). Therefore,

Since is bounded above by a quantity that is F,-measurable and finite,

C(’/ 7)) ei} > 0.

9151210 §3 = (1 - ¢15)[_y570(tj)][erf»7j — (1 _ QX)erLTf]
+d- QX)OXX?jerLTj + (s + Y)Yy (141) > 0.

(b) If (1 — 05) A% < y»(#;11), set y (1) = Y (tj41) — (1 — 65) A% > 0 and set
¥*(t;+1) = 0 so that the value of the investment portfolio at time ¢, is the same
for the deviation and for the original path. Compared to the original path, the
transactions account at time t+l changes by &, = (1 — 0x)AY + (1 + ¢,)(1 —
65)AS. Using the definitions of A¥ and A®, rewrite &, as & = [—y*°(¢)1[(1 +
Y) (1= 05)e"r™ — (1= 0x) (1 — )€t ]+ (1 — 0x)0x X&' + (14 yo,)(1 —
05)0552_6’/’1'. Therefore, limy,_. & = [—ys’o(tj)][(l + e’ — (1 — 6x)(1 —
Poetil+ (1 — OX)OXX,“/e’“/‘ > 0.

(c) If (1 — 65)A%5 = y»O(4;41), set y°(tj1) = y*(t;y1) = 0. Compared to
the original path, the deviation increases St+ by AS + GSSt L W) =
OSS Tt fsAS = 05S,/ , > 0. Compared to the original path, the transactions
account at time ¢, changes by & = A + OXX,(’/_+l + (14 )y (L) = A* +
9XX2+1 + (14 ) (1 — 05)A5. Using the definitions of A¥ and A%, rewrite &5 as
&5 = =y (DI + ) (1 — 05)e™ — (1 — gr)er ]+ O X0er7 + 0, X | +
(1+ ) (1 — 65)05S7 €. Therefore, limgyo &5 = [—y* (DI + Pp)e™ —
(1—y)etmi]+ HXX,O/e’“/ + BXX,OM > 0.

To summarize, we have shown that along all possible branches, the deviation
leads to an unchanged or increased value of Stl_++ . and an increased value of
X i (because §;,i=1, 2,3, 4,5, have positive limits for 5 approaching 0) for
sufficiently small 65 > 0. Therefore, the hypothesized optimal path could not
have been optimal. Therefore, the optimal value of y*(¢;) = 0. Q.E.D.
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PROOF OF PROPOSITION 2: Consider some path for ¢,, X,, S;, y°(¢), and
Y1), t € [t;,t;1], and let ¢?, X7, S?, y*O(¢), and y*(¢) denote the values
of these variables along this path. Suppose that x,, < w, and (contrary to
what is to be proved) X 2 41 > 0. Since « > 0, the consumer will not con-
tinuously observe the value of the investment portfolio. That is, 7; > 0. If
X, < w; on an observation date #;, then Proposition 1 implies that optimal
y*(t;) < 0. Since X0 = X° — (1 = ¢yt — OXX,O/, we have —y™'(t;) =

HRlXD - XD+ 0x X1 = 2EIX) = €l 7)) + €1, ) = X) 4+ 6 X, Then

use the fact that e L X ? = X [0_+ C(t;, 7;) and Lemma 6 (which implies that
J

since y*(;) <0, C(tj, 7,) > XO) to deduce that —y*°(¢;) = L[e"LTfXO +

(C(tj, 7)) — X,O/_) + HXXf’j] > 1_1 "LT/XO+l > 0. We will show that there ex1sts
a deviation from this choice that increases the consumer’s expected lifetime
utility and, hence, X ?jﬂ > ( cannot be optimal.
—C(tj i)
Consider a deviation in which the consumer reduces —y*(¢;) by =
L7 x0
1_1; and invests this amount in the riskless bond in the investment port-

folio. With this deviation, the value of the investment portfolio at time ¢, will
X0

exceed its value under the original policy by ’“ ~e"7~1)7% and the transactions
account will have a zero balance at time ¢,;.

The deviation from the original path at time ., depends on whether, and
in which direction, the consumer would transfer assets between the transac-
tions account and the investment portfolio under the original path at that time.
First, consider the case in which y*°(#;,;) < 0 so that the consumer transfers
assets from the investment portfolio to the transactions account at time #;,,. In

this case, the consumer can increase —y*(f;1) by (1 — 65) 2~ ’“ et~ which

leaves the value of the investment portfolio at time ¢/, equal to its Value on
the original path. Compared to the original path, this deviation will change
the balance in the transactions account at time fj++1 by —(1 — 0x)X ?]_H + (1 -
Hs)XtOjﬂe(’/'*’L)Tf =[(1 — 5)er )7 — (1 — GX)]X,OH] , which is positive for suf-
ficiently small 65 > 0. Therefore, the deviation dominates the original path in
this case when 65 > 0 is sufficiently small.

Second, consider the case in which the consumer would not make any trans-
fers between the investment portfolio and the transactions account at time
t;y1 under the original policy. Since the consumer does not make any trans-

fers at time ¢4, if the original path were optimal, Proposition 1 implies that
0 0

X0 X9 .
0 < w; < - < w,, which implies that St = “U*L 1p this case, under the

1

deviation, the consumer sets —y*(#;,) = (1 — 65) 2= ’“ e(’f T %S?jﬂ.There-
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fore, —y*(tj41) > [1 95 e(’f T _ "3 ]X b which is positive for sufficiently small
s > 0. (Proposmon 1 states that w1 > (0 for all admissible values of 65 > 0,
including 65 = 0, so that hmgg_,o =0.) W1th this transfer, the value of as-

sets in the investment portfolio at time ¢ 1, will be the same under the de-
viation as under the original path. Compared to the original path, this de-
viation w111 increase the balance in the transactlons account at time ¢, by
—X0 = (= )y () = = X0+ (1= ) XD 7717 — (1= 1) 080 | =
[ - 0s)e(’f‘“”f l]Xt+1 - (1 — ,)0s8) | = ((1 — 05)e"r T — 1 — (1 —

) Z—Sl)X ?;+1’ which is positive for sufficiently small 65 > 0. Therefore, the devi-

ation dominates the original path in this case when 65 > 0 is sufficiently small.

Third, consider the case in which y”°(#;,,) > 0 so that the consumer trans-
fers assets from the transactions account to the investment portfolio at time
tipg. If y 0(t]+1) > (1 — 65) 72 ’“ e(’f 07, the deviation reduces y°(t;,;) by
1-6 ) e(’f "7 and sets y*(;;1) = 0, which will leave the value of the
1nvestment portfoho at time ¢/, under the deviation equal to its value on
the original path. Compared to the original path, this deviation will increase

the balance in the transactions account at time ¢/, by —(1 — 6x)X, t+1

(1+ l,lfb)(l _ HS) /+1 el — [(1— 6 )l+‘//b et (1- OX)]XtOjH’ which
is positive for sufﬁc1ently small 65 > 0. Therefore, the deviation dominates

the original path in this case when 65 > 0 is sufficiently small. If y*°(#;,,) <
0

(1 — 6 )he(’f’“”/‘, the deviation sets y’(f;,1) = 0 and sets —y*(f;1) =
(1 — 05) 2~ ’“ el ”’O(tm) > 0, which will leave the value of the in-
vestment portfoho at time ¢, under the deviation equal to its value on the
original path. Compared to the original path, this deviation will increase the
: ti, by —(1 — 6X)X?j+l + 1+
Y G) + (1= Pol(1 = 05) T 1T — (1)) = [(1 = B)er T2

(1 - 01X t+1 + (¥ + ¢5)y*(t;41), which is positive for sufficiently small
0s > 0. Therefore, the deviation dominates the original path in this case when

balance in the transactions account at time ¢

05 is sufficiently small. Finally, if y*°(z;,) = (1 — 65) 72~ f“ e"r~)7  the devia-
tion sets y*(#1) = y (t i+1) = 0. Compared to the 0r1g1nal path, the deviation

0

X;
changes St+ by - /“ —eTTL BSS, L W) = ’;‘ eVrrT 4 (-)SSO -

(1—65)2~ ’“ ~elTT = S?+1 + 055 f“ ~e777 > 0. Compared to the original
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path, the deviation changes X+ by C+0xX X? LA+ )y (L) =

~(1= 00X+ (14 ) (1 — ) 721 e<’f T = [(1 Os) oyrer T — (1~
0x)]1X ’0/+1’ Wthh is positive for sufﬁ01ently small 65 > 0.

We have shown that the deviation path dominates the original path; hence it
cannot be optimal for X, to be positive. Since the optimal value of X, , =0,
we have Xy, = 0< wy, Wthh implies Xijpy = 0 and so on, ad infinitum. Q E.D.

PROOF OF LEMMA 2: Lemma 11 states that the optimal value of ¢; is
positive. Since 7; > 0 as a consequence of the information cost, there ex-
ists some & > 0 such that between any two consecutive observation dates,
t; and tiy = t; + 7, Pr{e”tTR(t;, 1)) > Z—f} > 8. Therefore, since x, , =

- X4+ =C@j,7j) o X+ X4
X, T k 120 T k
Gt — LY <D= <  (where the final

S‘, R(t/ 7j) Sﬁ R(tj,7) S + —TL TJR(I ) T -rL TJR(

mequahty follows from Corollary 1), then Pr{x,,, < wl} > 6 Let # > t; be

the first observation date at which x, < ;. Then by Williams (1991, p. 233)
Pr{ty < oo} =1and E{t;} < o0. Q.E.D.

PROOF OF PROPOSITION 3: Lemma 2 states that eventually, with probabil-
ity 1, x,, < o, on an observation date. Proposition 2 implies that when this
event occurs, x,, , = 0 on the next observation date and on all subsequent ob-
servation dates, provided that 65 > 0 is sufficiently small. Since the optimal
value of 7; is simply a function of x,, 7; will be constant when x, becomes
constant. QE.D.

PROPOSITION 5: Let T*(tj,t) = ftt dY’*(t) <0 denote the cumulative transfer
]
process from the investment portfolio to the transactions account from time t; to
time t € [t;, t;,1], and let T*(t;, 1) = ft’ dY"’(t) > 0 denote the cumulative transfer
]

process from the transactions account to the investment portfolio from time t
to time t € [t;, tj11]. We define automatic transfers as F,,-measurable functions
T:(tj,t) and T"(t;, t) that satisfy three requirements: (i) T*(t;, t) is nonincreasing
in t, (i) T°(t;, t) is nondecreasing in t, and (iii) given T°(t;, t) and T*(t;, t), along
with the F,;-measurable path of consumption from t; to t;,1, X, > 0 and S, > 0 for
any path of P,. If the consumer can utilize automatic transfers and 0x = 65 =0,
then the stochastic process for x,, is eventually, with probability 1, absorbed at zero
and the time between consecutive observations is constant.

To prepare for the proof of Proposition 5, we first introduce some notation
and then prove three ancillary lemmas.

Define F*(t,z;r) to be the (negative of the) future value, as of time z,
of transfers from the investment portfolio to the transactions account from
time ¢ until, but not including, time z. The future value is computed us-
ing the discount rate r. Formally, F*(t, z; r) = lim, -, ftx e'* v dY*(v), where
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dY*(v) <0 denotes the increments of the cumulative transfer from the invest-
ment portfolio to the transactions account (so that F*(¢, z; 0) = T(¢, z)). We
use the notation F*(t, t*; r) to capture potential lump-sum transfers at time
t (F(t,t*;r) =lim,, F*(¢, z; r), which equals y*(¢) using the notation in the
baseline version of the model with transfers confined to observation dates).
Similarly, F°(t, z, r) is the future value, as of time z, of transfers from the trans-
actions account to the investment portfolio from time ¢ until, but not includ-
ing, time z (so that F®(¢, z; 0) = T°(t, z)). The notation F’(¢,t*; r) captures
lump-sum transfers from the transactions account to the investment account
at time ¢. Finally, FVC(t, z) = flz ¢,V dv is the future value, as of time z,
of consumption from time ¢ to z, compounded at the rate ;.
We next prove the three ancillary lemmas.

LEMMA 7: Along an optimal path that includes the possibility of automatic
transfers, if Ox = 0s =0and if X, > 0 forall t € [t;, t;1], then F*(t;, tj11, 1) =0.

PROOF: Assume otherwise, that is, suppose that for an optimal path, X? > 0
for all ¢ € [¢;, t;11] and yet F"U(tj, tiy1,72) < 0. Now consider the following
deviation: Do not transfer any assets from the investment portfolio to the
transactions account until the next observation time, f;;;, or until the trans-
actions account under this deviation reaches a nonpositive balance, whichever
comes first. Formally, denote this time as #* = min{¢,,;, inf{¢: X, < 0}}, where

X , 1s the balance in the transactions account under this deviation. We next
argue that 7* # ¢; and hence that #* > ;. We proceed by contradiction. Sup-

pose, contrary to what is to be proved, that t* = ¢;, so that 0 > X,+. Since
~ ~ ]

() Xpo =X, = (L= gF (1, 1 :r) = (L + )P (85, 175 71), (i) X, > 0,

and (iii) F*(¢;, tj-*; r.) cannot be positive under any circumstance, then X,+

J

can be nonpositive only if F*°(t;, ¢ r,) > 0. But if the original path is op-

timal, then F*°(¢;, ¢ ;r.) > 0 and Lemma 4 imply that F*°(¢;, t/;r.) = 0.

Since X7, = X, — (1 = ) F*°(t;, tf s 7) — (L + ) FP0(t), £]5 1), the fact that
J

PR Jo b

F*O(t;, tf; 1) = 0 implies that 0 < Xtoj =X, — (L4 o) F'(t, 6] 1) < )F(V',}f,

125
which contradicts 0 > X + above. Therefore, t* > ;.
J

Also, by construction, t* < t;;; and F*°(t;,t*,r,) < 0.°° To complete the
construction of the deviation, suppose that between ¢; and ¢* the consumer

To show that F*0(¢;, t*,r,) < 0, we proceed in steps: First, we show that F*°(¢;, r**,r.) <
0 by distinguishing two cases: (i) if #* = 41, then F*%(z;,¢*,r;) < 0 by assumption, and
(ii) if #* < tj44, then X+ < 0. Note that if F*Ot;, v+, 1) were zero, and hence equal to
Ff(tj, r**,r;) under the deviation, then X? = X, forall t e [4, r*"]. But X? > 0 for all ¢ €
[¢, tj+1], which is inconsistent with )~(ﬁ+ < 0. Having established that FS’O(t,-, T, r.) <0, we next
show that F*°(¢;, t*,r.) < 0. Suppose otherwise, that is, suppose that F*0(¢;, t*,r;) = 0 so that
FO®t, 0%, 1) = FO(¢*, %, rp). Since F*O(t;, %, 1) < 0, it follows that F*O(¢*, r**,r.) < 0.
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invests the funds she would have transferred into the transactions account
in riskless bonds in the investment portfolio. At time ¢*, the consumer sets
Fs(t*, 0, r) = FO(t", t%, rp) + F*O(t;, t*, r;) < 0. From #** to ¢, the con-
sumer simply follows the same transfer and consumption policies she would
have followed under the original path.

Under this deviation, the consumption process does not change between ¢,
and ¢* or between ** and ¢;,, so that consumption is unchanged in [f;, t;.].
Moreover, at time #**, the investment portfolio has the same value as un-
der the original path, and since the consumer follows the same transfer poli-
cies from #** onward, the investment portfolio at ¢;,, is the same under the
deviation as under the original path. The transactions account changes by
(1= gF>°(t;, t*, 1) — F'(t;, t*, 1)1 > 0 at **. Since the consumer follows
the same transfer policies from #** onward, the deviation increases the trans-
actions account at time #;,, relative to the original path by (1 — i,)e“+17") x
[F(t;, t*, 1) — F°(t;, t*, r;)] > 0. Hence, the original path could not have
been optimal. Q.E.D.

LEMMA 8: Along an optimal path that includes the possibility of automatic
transfers, let t = inf{t > t;: X, = 0}. If 0x = 05 =0, then X, =0 forall t > 1.

PROOF: Suppose that there are no transactions costs (¢, = ¢y, = 0). In that
case, the consumer can move freely and instantaneously between the invest-
ment portfolio and the transactions account. The allocation between the in-
vestment portfolio and the transactions account is part of an asset allocation
problem with three assets: risky equity, riskless bonds paying r;, and riskless liq-
uid assets paying r, < ry. In the absence of the requirement X, > 0, there would
be an arbitrage opportunity that would send the holding of riskless bonds in
the investment portfolio to infinity and the holding of the liquid assets in the
transactions account to minus infinity. Given the requirement X, > 0 and the
ability to undertake costless transfers between X, and S, the consumer would
immediately set X, = 0, and then would keep X, at zero forever by setting
F’(t,00)=0and ftz dT* = — ftz ¢, ds so that F*(¢t, z,r,) = — FVC(t, z) for any
z > t; in words, the consumer would transfer infinitesimal amounts from S, to
X, as needed to finance instantaneous consumption. Any allocation to risk-
less bonds would take place exclusively inside the investment portfolio and on
observation dates, the consumer would simply adjust the consumption rate.

Now introduce transactions costs so that ¢, + i, > 0. We will prove that,
also in this case, it is optimal to keep X, =0 for ¢ > 7. Let ¢;*, X;*, and S*
denote values of ¢,, X,, and S, along an optimal path for ¢, + ¢, > 0 and
t > t. Now consider the case with ¢, = ¢, = 0, and let ¢}, FVC"(), F**(), and

But then F?O(¢, £+, 1) = 050 Xy = Xpe — (1 — ) Fo(t5, 75 71) — (1 ) FO (%, 3 1) =
X — (L= g )Fs (5, %5 m) — (L4 g ) FOO(e5, 0545 r)) > X = X? > 0. So under the deviation,
X, is positive both at time #* and at time #**, which contradicts the definition of #*.
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F?() denote the values of ¢,, FVC(), F*(), and F?() in this case. In this case,
setting ¢/ TC** is feasible. To see this, simply set ¢} df *, and keep
the observatlon dates, the allocations within the investment portfoho and the
transfers between the investment portfolio and the transactions account un-
changed. Clearly the path of S; does not change, so to show feasibility, it suf-
fices to show that the path of X is nonnegative. To that end, note that for
arbitrary ¢; and ¢, and any feasible consumption and transfer policies, the
dynamics of X, for ¢ > # are characterized by

(A45) X, =—FVC(1, ) — (1= y)F°(T, t;r) — A+ ) F' (1, t:rp).
For the optimal path associated with i, + i, > 0, we have
(A46) X[ =—FVC" (1, 1) = (1 = ) F™ (L, t;r.) — A+ ) F™ (L, t; 1p).

For the alternative path, which has ¢, = ¢, = 0, we have FVC'(7,t) =
ﬁFVC**(?a t)7 Fs*(fv ta rL) = Fs**(i7 t’ rL)7 and Fb*(?s t’ rL) = Fb**(f’ t, rL)’
which implies

(A4T) X'=-—

(27 t) - FS**(;, t, rL) _Fh**(;, t, rL)'

Dividing (A.46) by 1 — i, recognizing that t‘ii > 1 when ¢, + ¢, > 0, and
then using (A.47) yields

Ad X = it
( 8) 1_’#5 t 1_¢S ( b )
P ) - 5 s ‘prb**(t tir1)
1 _ _ _
(A.49) S - (T,0) — F™ (1, t;r) — F™ (1, ;1)
(A.50) =X

Since the original path was feasible with X;* > 0, (A.48) implies that X*

ﬁX ;¥ > 0 for all 7. Therefore, it is feasible to set ¢/ = = w ——c* when 1//5 =

¥, = 0. Accordingly, letting V;"’“"’b) denote the time-f value function of the
consumer when the transactions costs parameters are i, and ¢,, we ob-
tain - w = SV < OO orequivalently, V" < (1 — ) V%% In
words, (1 — )1~ “V;O " provides an upper bound to V;"’S ’») Next observe that
when ¢, + i, > 0, the policy that sets ¢ = (1 — ¢,)c;, F** (1, t;r.) =0, and
F*(t,t;r) = F*(t,t;r,) = —FVC™(t, 1;) for all t > ¢ keeps X, = 0 for all
t > 1, is feasible, and delivers welfare equal to (1 — (ps)““V?(O’O). That is, for
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s + ¥, > 0, this policy attains the upper bound (1 — lps)““V;(O’O) and hence is
optimal. Q.E.D.

LEMMA 9: Along an optimal path that includes the possibility of automatic
transfers, if Ox = 05 =0 and if F°(t;, tj,1; 1) <0, then optimal Xy, = 0.

PROOF: Lemma 7 implies that if F*(¢;,¢1;r,) <0, then f =inf{r > ¢;: X, =
0} < t;41. Then Lemma 8 implies that X, = 0 for all ¢ > 7, so that in particular,
X1 =0. Q.E.D.

PROOF OF PROPOSITION 5: The arguments of Lemma 2, appropriately ad-
justed for automatic transfers, imply that if, along an optimal path, x, be-
comes smaller than some number 2, > 0 on some observation date #;, then
C(t), tj11) > X, which requires F*(¢;, £j,1572) < 0. Accordingly Lemma 9 im-
plies X, = 0, which implies x, = 0 for all 7 > #;,, (by Lemma 8) so that, in
particular, X = Oforall k >1.

Next we argue that eventually, with probability 1, there will exist some
k > 1, such that x, , < (2;,. We start by observing that in the presence of
automatic transfers, X,  is th—rneasurable.37 Lemmas 7 and 8 imply that
as long as X,J.+1 > 0, it follows that F*(t;, t;.1; ) = 0, which, together with
the fact that consumption and transfers from the transactions account to the
investment account are both nonnegative, implies that X g = e’LTfX,/. and
h erLT/th — JLT
Sty = SyRpT) T U R
gives logx,  <logx, + r.7; — logR(y;, 7;). Taking expectations as of time
t; gives E, logxtj+1 < logxtj + T — E, log R(t;, ;). We next observe that
—E, logR(tj, 7;) < maxy,co1{—E, logR(¢;, 7))} = —ry7;.” Accordingly, log x,,
is bounded above by a random walk with drift r, — r,, which is strictly neg-
ative. Since a random walk with negative drift eventually, with probability 1,
becomes smaller than any finite number (and in particular log {2,) with proba-
bility 1, there will exist a k, such that Xy < £2,. Therefore, as discussed above,
Xifon = Oforalln>1.

Since the optimal value of 7; is simply a function of x,, and since x,, eventu-
ally, with probability 1, becomes constant (namely, zero), the inattention inter-
vals 7; will eventually become constant with probability 1. Q.E.D.

S,j+1 > S,jR(tj, 7;). Accordingly, Xy = 5 Taking logs

¥Since any transfers from the investment portfolio must be F, 3 -measurable, and feasible, these
transfers will not be financed from the risky holdings in the investment portfolio.
;/2[75,] log R(1j,7})]
(0))?
— e'7771?} > 0. Hence the maximum value of —E, logR(t;, 7j) for ¢; € [0,1] is

*®Note that —E,logR(t;,7;) is a convex function of ¢;, since

PI
Eylmn = U8
attained either when ¢; =0, or when ¢; = 1. When ¢; =0, —E, log R(#;, 7;) = —r/7;, whereas

when ¢; =1, —E, log R(tj, 7j) = —(u — %)7/. Given the maintained assumption (u — %) > ry,
it follows that maxd,je[o,l]{—E,] log R(¢j, 7))} = —rf7j.
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The following lemma proves that although x, is eventually absorbed at zero
with probability 1, this absorption need not occur immediately.

LEMMA 10: Suppose that we allow automatic transfers, 6x = 05 =0, and x,, is

sufficiently large. Then optimal X > 0 so that x, is not immediately absorbed at
zero.

PROOF: Let X! be the value of X, along the hypothesized optimal path, and
suppose, contrary to what is to be proved, that X[O_+ = 0, which implies that
J

0

X
b,0 + _ t; 5,0 _ FVC(t;,1)
F (tl’ tj ,rL) = 1+l/!/b and F* (tl’ t, rL)— — 1_1;5

that %e(’f ~)7" = 1 and note that for 0 < 7** < 7*, any dollar transferred from
the transactions account to the investment portfolio at time ¢;, invested in the
riskless bond, and then transferred back to the transactions account at time
t; + 7 will be worth less at time #; + 7* than a dollar simply left in the trans-
actions account from ¢; to ¢; + 7. Now let 7°** be a positive number less than
min{z;,; — t;, 7} that is small enough that e """ FVC(t;, t; + ) < X 2 Con-
) . X0 —e LT BVC(1j, 4744
sider an alternative path that sets F* (¢, tj*, rp) =1 — > 0 and
does not change any other transfers from the transactions account to the in-

. —rp T FVC(t;, 17+
vestment portfolio so that F(#;, ¢, 0) = F*°(¢;,1,0) — * 1+¢(,,tl ST for t >

t7. In addition, the alternative path sets F*(¢;, t; + 7, r,) = 0 and then main-
tains F*(t;+ 7, t,r,) = F*'(t;+ 7, t,ry) for all ¢ € (t; + 7, t;;1). Suppose
that any changes in the size of the investment portfolio affect only the amount
invested in riskless bonds. Relative to the originally hypothesized optimal

. s _ FertEE FVC(tj,tj+7'***)
path, the alternative path changes S, .« by A = —e/™ e™"t" — e

FO(t;, t; + 7, ry), where the first term reflects the reduction in A aris-
ing from the reduced transfer into the investment portfolio at time #; and
the second term reflects the fact that the consumer does not need to trans-
fer assets from the investment portfolio to the transactions account to finance
the original path of consumption until #; + 7. Relative to the originally hy-
pothesized optimal path, the alternative path changes X, by AY =1+
)< i i\f/f:f’t"“***)]erLT*** + (1= ) F(t;, ;4 7, r.), where the first term
reflects the increase in X P that arises from the reduction in the transfer out
of the transactions account at time #; and the second term reflects the reduction
in transfers into the transactions account between ¢; and ¢; 4+ 7. Use the fact
that —F*0(t;, t;+ 7, rp) = —=F*'(4;, t; + 7, 1) = “— 27 t0 obtain A5 >
Aokok FVC(?_:(;/:T ) FVC(;];[:I;:T ) _ [—:—Z}ie(’f*“)f*** + 1] FVC(;/;[{/;:T ) 0
since 7 > 7*. Observe that AX = FVC(¢;, t; + ) + (1 — ¢ ) F*O(¢;, t; +
7, r.) = 0. Since A5 > 0 and A* = 0, the original path could not be optimal.

Therefore, optimal X > 0. Q.E.D.

for ¢ > t;. Define 7 such

_er/T** e LT
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PROPOSITION 6: Define V' (0, S,j; ;) as the value function for a given value
of the transactions cost parameter {r; on observation date t; when (X,,,S,,) =
0, S,/.), and define () as the optimal return value of Xt for Xy, < 0. Suppose

that Os is sufficiently small that for any admissible value of ¢, if x,, < w, on
observation date t;, then on all subsequent observation dates x, , = 0. Then the
following statements hold:
(1) V(0,8 ¢s) = (1 — ) *V(0, S,;; 0).
(ii) The optimal observation dates t, = t; + (k — j)7* for k > j are invariant
fo Y.
(Hl) m () = (1 — ) m(0).

PROOF: Suppose that ¢y, = 0 and let {S;“}iffo be the path of S, under the
optimal policy starting from observation date #; when the consumer observes
X,; =0 and S, = S,*/_ . Let 7* be the constant optimal interval of time be-
tween consecutive observations so that observation date #, = t; 4+ (k — j)7* for
k > j. For any observation date f, > ¢;, the transactions account balance will be
X, =0, and immediately after each observation date, the transactions account
balance will be X, = X;‘k+ = Wl(O)Sl*Z' Since 0= X; = e’”*(Xl*k+ — C(ty, ™)),
we have C(t;, %) = Xt*;.

Now let ¢, take an arbitrary admissible value and suppose that the consumer
continues to observe the value of the investment portfolio on dates # = ¢; +
(k — j)r* for k > j and maintains the same path of §,, that is, that S, = §; for
t > t;. Since the consumer will make the same transfers out of the investment
portfolio as in the initial case with ¢, = 0, a feasible path of the transaction
account balance immediately after each observation date would be X p=>0-
P )X [*; , which supports a feasible path of consumption C(#, ) = (1 — ;) X [*;
Therefore, V(0, S5 ) = (1 =)'V (0, S,;; 0).

A similar argument, starting with an arbitrary admissible value of i less
than 1, implies (0, S, ; 0) > (ﬁ)l‘“V(O, S,: ). Therefore, (0, S5 ) >
(1 — g)'=1(0, Si50) = V(0,S,; ), which implies V(0,S,; ;) = (1 —
PV (0, S:;50) (statement (i)). We showed that by maintaining the same
observation dates when i is positive as when ¢, = 0 allows a path of con-
sumption that achieves V'(0, S;; ¢,) > (1 — PV (0, S, 0) =V(0,S8,; ).
Similarly, by maintaining the same observation dates when ; = 0 as when
s is positive allows a path of consumption that achieves V'(0,S,;0) >
(ﬁ)“”V(O, S,j; ¥,) =V(0, S,j; 0). Therefore, we have proven statement (ii).
For any observation date 7 > ¢, Xpr = (). Therefore, m () = % =
(A=) X*, &
Tk = (1 — ;)7 (0), which proves statement (iii). O.E.D.
k
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PROOF OF PROPOSITION 4: At each observation date #; the consumer
chooses the share ¢; of the investment portfolio to allocate to equity to max-
imize E V(X St/+1)} subject to the constraints 0 < ¢; < 1. Using (2) and

412
(3), we can write the Lagrangian for this constrained maximization as

P
P,
+ SjStjfrﬁbj + VjSt]f(l — ¢j),

(AS1) L= Et,-{V(Xt,-w o; St,-* +(1- ¢j)erfrfS:j.+> }

where 6,S,/_+ > 0 is the Lagrange multiplier on the constraint ¢; > 0 and
v]-Stj_+ > 0 is the Lagrange multiplier on the constraint ¢; < 1. Differentiating

the Lagrangian in (A.51) with respect to ¢;, setting the derivative equal to
zero, and then dividing both sides by S,]_+ yields

P

Ui

P,
(A52) Etj {I/S(Xtﬂl , Stj+])<ﬂ _ erf-Tj)} =v;— 51‘.

Next, we prove the following lemma.
LEMMA 11: We have ¢; > 0and 6, =0.

PROOF: We proceed by contradiction. Suppose that ¢; = 0, which implies
that v; = 0 and that S, is known at time #;. Therefore, (A.52) can be writ-

Pr.
ten as Vs(X,,,, S, ) E, (4=

J P,].
cause V(X a1 S,j ) > 0 and, by assumption, the expected equity premium,

—€'f")} = —8; <0, which is a contradiction be-

E,}.{(P;i'—*1 — €'}, is positive. Therefore, ¢; must be positive, which implies
t

6;=0. Q.E.D.

To replace the marginal valuation of the investment portfolio V(X a1 S,j )

by a function of the marginal utility of consumption, first use the definition of
the marginal rate of substitution m(x,,,) to obtain

(A53)  Vi(X,,

j+12

S[j+l ) = m(xl‘/‘+1 )VX(XI‘/‘+1 bl S[H»l )‘
Then use the envelope theorem to obtain
(A‘54) VX(X’/+1’ S’/+1) = [1 - (l{yb(t,+1)>0) + l(ys(t/+1)<0])0X]
x (1= (1 —a)kb(1j:))U'(C(tj11, Tj51)),

which implies that Vi (X, +17Stj .,), the increase in expected lifetime utility

made possible by a $1 increase in X 11> €quals the increase in utility that would
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accompany an increase of 1 — (l{yb(tj+1)>0} + I(YS(,/.H)<0})0X dollars in C(#j41, Tj41).
That is, if the consumer transfers assets between the investment portfolio

and the transactions account at time #;,;, a $1 increase in X et would allow

C(tj+1, Tj41) to increase by 1 — 0y dollars; otherwise, C(#;,1, 7;41) can increase
by $1. Differentiate (16) with respect to C(t;, 7;) and use (**) in footnote 18 to
obtain

(ASS) U/(C(tj, ’Tj)) = C;ra.
J
Substitute (A.54) into (A.53) and use (A.55) to obtain
(A‘56) Vg(th+1 9 Stj+1) = m(xlj_H )[1 - (l{yl’(tj+1)>0} + l{yj(lj+1)<0))0)(]
x(1-1- a)Kb(THl))Ct_{l.
J

Substituting the right hand side of (A.56) for Vs (X,
Lemma 11 to set 6; = 0 yields

Si;,,) in (A.52) and using

Lip12

(A57) Elj {m(x1j+1 )[1 - (l(yb(l/+1)>0} + l{ys(1j+1)<0))0X]

—a Pt' T
X (1 —(1- oz)Kb(TjH))clj++1 (ﬁ —e'r 1)} =v;.

In standard models without information costs and transfer costs, and without
the constraints 0 < ¢; < 1, the corresponding Euler equation, which is widely
used in financial economics, is

Py
(A.58) E,{CS“(F‘ - e’f(“))} =0 for s>t

t

In general, the Euler equation in the presence of information costs and trans-
actions costs in (A.57) differs from the standard Euler equation in (A.58) in
five ways: (i) the Euler equation in (A.57) contains the Lagrange multiplier on
the constraint ¢; < 1, but this Lagrange multiplier does not appear in the stan-
dard Euler equation; (ii) the Euler equation in (A.57) contains the marginal
rate of substitution m(x,,,), which is a random variable, but this marginal
rate of substitution is absent (or implicitly equal to a constant) in the stan-
dard Euler equation®; (iii) the Euler equation in (A.57) contains the term
1-— (l{yb(t}_+l)>0} + Lpecep1<0)) Oxs which reflects the additional fixed transfer cost

associated with having an additional dollar in the transactions account; (iv) the

31f assets could be transferred without any resource costs (i.€., if Ox = 05 = i, = i, = 0), then
m(x,) = 1 at all observation dates and, hence, can be eliminated from (A.57).
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Euler equation in (A.57) contains the term 1 — (1 — a)kb(7;), which reflects
the utility cost of the next observation; and (v) in the presence of information
costs, the Euler equation holds only for rates of return between observation
dates, whereas the Euler equation in the standard case holds for rates of re-
turn between any arbitrary pair of dates because all dates are observation dates
in the standard case. We show that in the long run, in an interesting special
case, the first four of these differences disappear. Before showing this result,
we prove the following lemma.

LEMMA 12: Suppose that 65 is sufficiently small in the sense described in the
proof of Proposition 2. If x,, < wy, then (i) ¢; < 1if a > ”;z'f and (ii) ¢; =1if

u—ry
U'2 :

o=

PROOF: Proposition 2 implies that if X, <, then Xy = 0. The opti-
mal value of ¢;, 0 < ¢; < 1, maximizes E{V(X,,, S,Hl)} = ﬁE,j{S}/jv(O)},
Pritr:

which is equivalent to maximizing ¢(¢;; o) = ﬁE,f{[qu — + (1 — ¢)) x
t

e'17i'=*}. Define a* such that arg maxy ¢(¢;;a*) =1 and note that ¢'(1;
a*)=0.
Differentiating the definition of ¢(¢;; @) with respect to ¢; and setting ¢; =

1 yields
, P\ P\ ®
QD(I;a):E[j{< étj]) }_ef/E[]:< étjl) }.

Privr: . .
Use the fact that % is log normal to obtain
J

o'(1;a) = eXp|:(1 —a) <,u — %a02> Tj:|

1
— e exp|:—a<,u, + E(—a — 1)02) q-]-j|.

Further rearrangement yields

’ 1 2
o'(1;a) =exp| | —ap+715— Ea(l —a)o” |7
x [exp((n — rp)7;) — exp(ac’r;)],
which implies that

o' (1; ) § 0 as a%a* =(pn—rp)/o’.
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Differentiate ¢(¢;; a) twice with respect to ¢; to obtain

P —a—1 P 2
" T rET T reT;
¢ (d’j;a):—aEtj{((f)j P +(1—¢j)€f/> (P——ef/) }
ti ti

] J

<0,

which implies that ¢(¢;; @) is concave. If « > o*, then ¢'(1; a) < 0, so the con-
cavity of ¢(¢;; a) implies that the optimal value of ¢; is less than 1 and the La-
grange multiplier on the constraint ¢; < 1isv; =0.If @ < &*, then ¢'(1; @) > 0,
so the concavity of ¢(¢;; a) implies that the optimal value of ¢; equals 1. If
a < o, the Lagrange multiplier on the constraint ¢; <1is v; > 0. Q.E.D.

Suppose that 65 is sufficiently small so that in the long run, the stochas-
tic process for x,, is absorbed at zero. Lemma 12 implies that if the coeffi-
cient of relative risk aversion « exceeds ”;;f , then in the long run, the con-
straint ¢; < 1 does not bind and, hence, v; = 0. In this case, the first of the
five differences between the Euler equation in (A.57) and the standard Eu-

ler equation disappears. In addition, in the long run, x,, = 0 on each obser-

vation date f;, so (i) m(x,) = (1 — ) 11::; on each observation date, (ii) the
consumer sells assets from the investment portfolio on each observation date

so 1 — (l{ytb sy + Ly 1<°’)0X =1 — 6x on each observation date, and (iii)
j+1 j+

the time between consecutive observations is constant so 1 — (1 — a)kb(7j41)
is constant. Using the fact that »; = 0 and dividing both sides of (A.57) by
(1 —=¢)(1—05)(1 = (1 —a)xb(7j41)) proves Proposition 4. O.E.D.

APPENDIX B: BASIC PROPERTIES OF THE OPTIMIZATION PROBLEM AND
THE VALUE FUNCTION

The goal of this section is to establish some basic properties of the opti-
mization problem that we consider in the paper. Specifically, we show that the
value function V' (X, i Sf/) is finite, homogeneous of degree 1 — «, continuous,
and satisfies the Bellman equation (20). Moreover, we show that there exist
policies that attain the supremum on the right hand side of (20) and that these
policies are optimal. The main result is formulated in Proposition 7. In prepa-
ration for Proposition 7, we state and prove four lemmas.

LEMMA 13: Let a; = {C(tj, 7)), ¥y°(8;), Y°(t;), d;, 7;} denote a strategy that is
feasible given X, and S,,, and let

o] 1 0
L{(ajzl ,,,,, o) = Et/. {/ 1 actlwe*Mut;) dt — ZA(E', T[)e*l)(tH“Ti*t]’)
tj -

i=j
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.....

Then V (X, 5 Si;) satisfies (20).

PROOF: First, we observe that —oo < V' (X, ;5 8;) < 00. To see this, we note
first that there exist policies that are feasible and lead to a finite U/ (a;_;, ).
For instance, setting 7, = oo, y,(¢;) = —[1 — 0518, and C(#;,00) = X+ =

J

(1 — 0x)X,+(1 — ¢)(1 — 65)S,, implies the discounted utility -x X,
7

where y = 229" > (. Accordingly, the value function is bounded below. Fur-
thermore, the value function is bounded above by the value function that can
be attained if we remove all transactions and observations costs (k = 05 = 0y =
s = ¢, = 0). But by removing all these frictions, the problem becomes iden-
tical to the standard, continuous-time Merton (1971) problem with portfolio
weights restricted to ¢ € [0, 1]. Since that problem has a finite value function
(as long as (7) holds), we conclude that the value function is bounded above
and, hence, is finite.*’

From this point on, the proof mimics closely the proof given in Stokey and
Lucas (1989, Theorem 4.2). We observe that the definition of V' (X, S;) im-
plies that

(B.1)  V(X,,S8,) =U(a,...c) foralla; .

.....

and that for (arbitrarily small) 6 > 0, there exists some strategy a,_; _« such
that

(B'2) Z/{(ajzl,...,oo) Z V(tha Stj) - 8-
(If (B.2) were not true, then we must have

V(th,St/-)= sup u(ajzl oo)<V(th,Stj)_89

.....

j=1,...,00

which is absurd.) Now, take & > 0. To show that V' (X, §,) satisfies (20), we
will show that

(B3) V(X,,S,) =[1—(1—a)kb(r)] x U(C(t;, 1))
+ €7prEt/.{V(€rLT’. (Xl]-%— — C(tj, Tj)), R(tj, Tj)S,}-_*—)}
“For a detailed analysis of the infinite-horizon version of Merton’s problem and the condition

for its value function to be finite, see, for example, the monograph Karatzas and Shreve (1998,
p. 149).
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for all a; and that there exists a; such that for any (arbitrarily small) & > 0,
(B4)  V(X,,S,) <[1—(1—a)kb(r)]x U(C(t;, 1))

+e"E {V (e (Xt]_+ —C(t;, 7)), R(t;, Tj)S[]ﬁ-)} +e&

To show (B.3), note that by (B.2) there exists a policy sequence a’ = a’
such that U/ (a

/
t t/+l

‘. ) =V(Xy ho S, ) £. Moreover, using the deﬁnltlon of
+1° ¢
U(C(t, 1)) 1mphes the existence of a pohcy Cie( - such that ——[1 — (1 —

a)kb(T))] x f,’ ’(C)l “e7rdt > [1 — (1 — a)kb(1))] x U(C( 7)) — 5
Accordlngly,

V(th7 Stj) = u(a;}"}ﬂ’“-)

1

T e
- {[1_<1_a),<b(7;.)]/ (c))~ept ’/)dt}
—

+e PIEU@), )

JISELIETPER

> [1—(l—a)Kb( )

] x )
+awngwu' amﬁ»Rw¢wm—6W§
>[1-(1—a)xb(r )] )

( )

+5W%W“”X ~ Cll ) Ry )S3)
]

Since & > 0 was arbitrary, we obtain (B.3). To show (B.4), choose ¢ > 0 and
take a policy a), , 1 such that V' (X, S,)) <U(a, , 1 ) + &. Accordingly
e e

(BS5)  V(X,,S)<U(,, )+e

[AVASN
1 [j+7—} l1-a
R {[1_<1_a>,<b( N[ @ ep<fwdt}

+ e_pT}E,jU(a;/_ ;o )te

< [1 -1 —O()Kb(’T/-)] X U(C( i }))
+e "TJE V( ’LTJ( - C(tj,T])) R(t T’) ! )—i—s.

720

Q.E.D.
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Lemma 13 shows that the value function satisfies (20). The next lemma
shows that the reverse conclusion holds, subject to two additional conditions.

LEMMA 14: If V(X > Sy;) satisfies (20) with the supremunm on the right hand
side of (20) attained for some policy, and if lim, _, { f”kE,jV(X w>Sy) =0 for
all (X ;28,) € Ri and for all feasible a;_, . ~,then V =V and the policy that
attains the supremum on the right hand side of (20) is an optimal policy for the
intertemporal optimization problem.

PROOF: The proof closely follows Stokey and Lucas (1989), so we give a
brief sketch of some minor adaptations that are required so as to deal with the
specifics of our setup. Iterating on (20) implies that if we adopt any feasible
policy tuple a;, we obtain

(B6)  V(X,,8)=E, > [1—(1—ab(r)]e " U(C(t;, 7))

Sy,,) foranyk>j.

k+12

4 e E, DX,

Now if the feasible policy a; involves a finite number of observations (so
that 7,,; = 00), then (B.6) shows that V(X S,) is an upper bound to the
payoff of a; since I7(X V(X ; T = 00) > U(ak+1), where

L 412 tk+1) — 412 tk+1’
V(XS 7j =00) is the maximized value of the right hand side of (20)
restricted by 7,1 = co and U (a,1) denotes the payoff from following the strat-
egy a1 for #;; onward. If the feasible policy involves an infinite number of ob-
servations, then taking #,; — oo and using lim,, .., e~*%+! E,/V(th+1 3 Su) =
0, we once again conclude that I’/\(X ;554) provides an upper bound to the
payoff from following a,_; .. Furthermore, the inequality in (B.6) becomes
an equality for the policy that attains the maximum on the right hand side
of (20). Accordingly, that policy is optimal and V(X i S, ) is the value func-
tion. O.E.D.

The next lemma shows that the value function is homogeneous of degree
1—a.

LEMMA 15: Letting x, = %’, the value function satisfies (21).

PROOF: Consider an optimal policy ail, _ associated with the initial state

variables (X lA, S;“) Now suppose that we consider the initial state variables

(X 1) and, addltlonally, we assume that x;* 5= x} Construct a policy a -

.....

as follows. For all j =1,...,00, let T] = Tj‘-4 and qﬁf = JA, and also let
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CP(y, 1) = 1 CA(t,, ), YR () = SAybA(t ), and y*#(t;) = SAyYA(t) Us-
ing (4), (5), and (19), and the fact that pohcy A is feasible, it is stralghtforward
to verify that pohcy B is feasible and implies a consumption process that is
equal to ¢ = C’ for all ¢ € (¢, tj1], all ¢;, and all realizations of uncertainty.

Accordingly, V(X D=V, D=V = (S;;ﬁV(th, 5.
J

Similarly, consider a path that is optimal for (X f , 1). Repeating the same
arguments as above, the policy defined by 7/ = 77, ¢/ = ¢7, C4(1;, 7/') =
SACB( t, ), Yo () = SA y»B(t;), and y*4(t; ) = SA SB(t ) is fea81b1e starting
from (X ’;‘ S’;‘), assuming always that xj = xlj Moreover this policy implies
that ¢! = S;’cfg for all ¢ € (¢, t;11], all ¢;, and all realizations of uncertainty.
Accordingly, V(X4,S4) > (S“‘)1 P (X * 3 1) = (S“‘)1 ”‘V(x 1).

tj 2

Now letting v(x,) = 1 - a)V(x, .

h o T
= V(x 1) > = X

VXA, S DT =V, DSH' < VXS] yields
(21). Q.E.D.

In preparation for the main proposition, we also introduce the norm

B7)  Ifll= max  |f(X,,S)].

X;,Si€RY st Xi+Si=1

We let B denote the set of functions that map R — R, if a < 1 (respectively,
R: — R_ if @ > 1) that are homogeneous of degree 1 — a and bounded in
the norm defined in (B.7). Similarly, we let H denote the set of functions that
belong in B and additionally are continuous. Finally, define the operator T
applied to function f as

(B.8) Tf= sup {[1-A—-a)xb(r)]U(Ct, 7))
Cltj, 7)),y 1), y5 (1), ¢,7;

+ e“”fEt,- [f(ij+1 ’ Sfj+1)]}'

The next proposition contains our main result.

PROPOSITION 7: The operator Tf maps 'H into 'H and has a fixed point in 'H,
which is the value function V. Moreover, for f =V, there exist policies that attain
the optimum on the right hand side of (B.8) and these policies are optimal.

PROOF: First, we prove that 7f maps H into H. Using the definition of
U(C(t;, 7;)) and inspection of (B.8), it is immediate that if f is homogeneous of



OPTIMAL INATTENTION TO THE STOCK MARKET 37

degree 1 — « (so that it can be expressed as ﬁ (X, +S,)1*“f(%,)), thensois Tf.
Next we observe that if f is bounded in the norm (B.7), so is Tf. In the case
a > 1, the result is immediate, since 7'f is bounded above by zero and below by
the feasible policy that sets 7, = oo, y,(¢;) = —[1 — 05]S,j, and C(t;,00) = X,/_+,
which implies the discounted utility U = (= (X,, + §,)'*x“[(1 — 0x)%, +
(1 — ) = 65)(1 — X,)]', where x = L9 (). Clearly, this feasible
policy is bounded in the norm (B.7), and thus 7f is bounded in the norm
(B.7). In the case where a < 1, we note that U still provides a lower bound.
To derive an upper bound, let I/(7;) = [1 — (1 — a)kb(7))] x [h(7})]%, define
G= supTPOl (7;), and observe that the assumptions of Lemma 1 imply that
G is finite."! In turn, this implies that [1 — (1 — a)xb(7;)] x U(C(t;, 7})) =
[1— (1 —a)kb(7)] x = [A(T)1IC(1;, 7)™ < - G X, + S,]'~* is bounded
in the norm (B.7). Moreover, |le " E, f(X,,, S, )|l < [If(Xi, S,) |l is bounded
in the norm (B.7), since f is bounded in the norm (B.7). Accordingly, Tf is
bounded in the norm (B.7) for both @ < 1 and « > 1. Finally, Tf maps contin-
uous functions to continuous functions. (To see this, note that the right hand
side of (B.8) can be expressed as the maximum of three functions, namely the
maximal value conditional on y* > 0, conditional on y* < 0, and conditional
on y* = y* = 0. Each of these functions is continuous by a version of the the-
orem of the maximum (see in particular Alvarez and Stokey (1998)*?), and
hence so is the maximum of the three functions.) We conclude that Tf maps
H into H.

To show that Tf has a fixed point in H, we adapt the arguments in
Alvarez and Stokey (1998). Specifically, we distinguish two cases, depending
on whether a < 1 or @ > 1. The case a < 1 allows a relatively straightforward
proof based on a contraction mapping argument. The case « > 1 requires a dif-
ferent set of arguments. It is useful to note that the proof that we develop for
the case @ > 1 would provide an alternate proof (with obvious modifications)
for the case o < 1, but the reverse is not true.

We start with the case « < 1. For this case, we start by proving the following
implication of assumption (7).

LEMMA 16: For all 7; > 0 and all ¢; € [0, 1], assumption (7) implies that

(B9) e "E,{[R(t, )] “}<1.

4o see this, note that [(7}) is continuous, limwo [(7)) <0, and limn_)oc (7)) = X% < 00.
“INotice in particular that Tf is always bounded below by U for any f € H.
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PROOF: To simplify notation, we fix some ¢; and #;,,, and for any ¢ € [¢;, t;,1],
welet R, =R(t;,t —t) = d)j,f_[ + (1 — ¢;)er""7. Applying Ito’s lemma gives
t

P P
(B.10) dR,= d)jP—l/.Ldt + (1= ¢p))er " Prpdt + d),-P—’adz,.
j lj
. g . o $;(Pi/Pry) .
Dividing both sides of (B.10) by R, and letting 7, = T 8ives

$j(Pr/Piy)+(1=¢j)e

R
(B.11) c; d =mpdt+ (1 =7)rpdt +7o0dz,.

t

The unique solution of the linear stochastic differential equation (B.11) for
t € [t;, t;11] subject to the initial condition R,}. = R(t;,0) =1 is given by

(B12) R, = ef,;1m7<1/2>f%02+<17a)rf1dr+f,’/_ modz

Using (B.12) and recalling that R, | = R(¢;, t;11 — t;) = R(t;, 7;), we obtain

(B.13) e E{[R(t;, )] "}

il _ ikl
_ E{efpfﬁ(]fa){./ti [Fep—(1/2)77 o +(177n)rf]dt+./,/. m(rdzr}}

In 1 t; 1
<maxE {efpnmfa)(f,j’* [#t#*(l/z)ﬂtzﬁzﬂlfm)rﬂd“rfrl-ﬁ mrrdzt}}.

In light of (B.11) and (B.12), the maximization problem in (B.13) is identi-
cal to the Merton-type problem of maximizing maxx, e‘PTfE{R}/;‘]’} subject to
the constant-investment-opportunity-set dynamics (B.11), which has the well

known constant rebalancing solution , = m= % Substituting this solution
into (B.13), letting

1 -\’
Vz(l—a)[rf—kﬁ(ﬂa f) i|,

and utilizing properties of the log-normal distribution gives

t &
,p7j+(lfa){.[[]_/+] [77-{,(},*(]/2)71'[20'24»(]*W;)rf]a'Hj/,jH’l ﬂ—,ua'zt}} . e(,,,p)Tj <1

(B.14) max E{e

me[0,1]

Combining (B.14) with (B.13) and noting that ¢;, 7; are arbitrary implies
(B.9). Q.E.D.
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X — and observe that x, =

We next define X, = a5 =5 p

we obtain that

1 S, \'
V(Xt/'a S,/-) = ﬁ(Xz + Sz)l_a<X —GI—S ) v(x,)
- t t

1 ~ X
=1 +8)' (1~ xt)”’v< = )

1-—7Xx,

1 ~
=—(X + St)l_av*(xt),
1—-«a

where v*(X,) = (1 — 35,)1‘“1)(%
In that case, we obtain that

+ S,
B.15) E,|erm( i
( ) zj{e I< Xt/_|_St/ ) }

e X — C(t, 7)) + R(t;, )8+ \ 1=
“afer(— )|
ij +Sfj

Xﬁ +Sﬁ 1=
< </—

J T E LTI R l“, . 1_"’ I—a ,
ij-f'St,-) € l]{(e Xeb + (tj, 7))( xtf)) }

where the inequality follows from C(¢;, 7;) > 0 and the definition of %,j+. Next
we show that

(B.16) e E, {(e X, + R(t;, 7))(1 - ft;))l_a}

< max e "V E, {R(t;, 7))'}.
¢;€l0,1]

To see why (B.16) holds, note that for any ¢, € [0, 1] and fz}f € [0, 1], we obtain

"“ff+ +R( s Tjs &) X (1—ft+) =€'”U7t++(¢j%+(1—¢j)) X (1—fz+) <
b;(1-% e) S (L= ¢)(1=F ) +T0)e = ¢,(1-X t+> (= ¢(1—
xt;))e'm = R( ,Ti (1 — x;)) Therefore E, (e’“fx]_+ +R( T ) (1 —
fﬁ))ka =< Ezj(R(tj, T ¢i(1— fﬁr)))ka = maXy, e, 1]Ezj{R(tj, T_/)lfa}-

X1++Sl+

Using (B.16) inside (B.15), noting that <1, and using (B.9), im-

Sy
plies that E, {e™"" (=" f“ ’“ ') < 1. Suppose next that we choose some (ar-

bitrarily small) & > 0 and we confine attention to choices 7; > ¢. (Also de-
fine 7@ to equal T subject to 7; > £.) Then we obtain that there exists
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B < 1 such that e*"E, R(t;, 7))'™* < B.® Therefore, for any constant 7 and
any function f € H, the operator T satisfies the “discounting” property
TOf + (X, +8,)") < Tf 4+ np(X, + S,)'~*. Furthermore, the op-
erator T'® satisfies the monotonicity property f < g = T®f < T®g. Ac-
cordingly, the operator T is a contraction by Lemma 1 in Alvarez and
Stokey (1998) (Boyd’s lemma) and possesses a unique fixed point V). Since
this fixed point is in H (so that, in particular, TV® is bounded below and
above in the norm (B.7) and continuous), it implies that the supremum on
the right hand side of (B.8) is attained. Furthermore, the fixed point V)
is in H and hence in B. But note that for any function f € B, we ob-

i i —pt 1 —pt l—a fXi,S4)
tain 0 <lim, e ”’(Et,f(X S,)=lim, e "kEt/.(th—l-Slk) ”‘W <

(X, +S) NIl x lim,, . € ”’kE,](X"‘ i £)!=* = 0. Accordingly, by Lemma 14,
17® is the value function subject to the addltlonal constraint 7; > &.

Next consider a sequence of g, > 0 such that lim,_ ., &, = 0. The associ-
ated sequence V¢ (X ;555;) is a nondecreasing sequence of functions, which

is bounded above by V' (X ;»5;;). Hence this sequence of functions converges
pointwise to a limit V' = lim,, ,V"*¥. The completeness of H implies that
V € H. Moreover, V =lim,, o V@ =lim, ., T® V@ = TV, where the last
equality follows upon applying the theorem of the maximum to

g

lim sup [1- A =akb(p]U(C(Y, 7))

8k*>0C([j’Tj)ayb(tj),ys(tj)’d’jﬂjzé‘k
+ e_ijE'/‘j {V(Ek)(X’jH ’ Stj+1)}
and observing that the monotone convergence theorem implies that

lim,, o E, {V (X, Sy = Eth(X ). Accordingly, V' € H is a fixed

point of (B.8). And since V' € H (so that, in particular, it is continuous and
bounded in the norm (B.7)), it satisfies the rest of the requirements* of

j+17? li+12 f+1

“The fact that there exists such B follows from the fact that e *"E,R(t;, )" <
SUP, ~-0.0,e0.1€ "7 Ey R(Y, )7 = MaX, 2 000,6;e0.11 €77 E R(2j, 7;)' 7. TO see why the supre-
mum is attained, we note that a continuous function on a closed set attains its maximum,
so that on any set [g, 7], the function e"”JEtI.R(t,-,Tj)I*“ attains a maximum. Moreover,
since lim, o e *E, R(t;, 7;)'™ = 0, there exists 7 and 7 > 7 such that e’P;JEtJR(t/,?)P“ >
e " E, R(t;, )'~ for all 7 > 7. Accordingly, we can confine attention to closed sets of 7. Finally,
by (Bg), maX‘—jz?>(]’¢J€[[)’1] 8_pT’E,jR(tj, ’Tj)lia <1.

“We note that even if we remove the requirement that 7; > e, it is still the case that
lim, . e "*E, (X‘k +st £ )!=* = 0. Indeed, the proof of Lemma 16 implies that

_ f . 2 1- . _ —
lim E[] e Pk (d)ke, ™4 (1 - d)]_)e(ﬂ 0.50° )7k+¢731k) « < lim e—P=t) — ).
oo tj—00



OPTIMAL INATTENTION TO THE STOCK MARKET 41

Lemma 14 and, hence, is the value function. Moreover, the policies that at-
tain the maximum on the right hand side of (B.8) are optimal.

We next consider the case a > 1. In this case a contraction mapping argu-
ment does not necessarily apply (see, e.g., Alvarez and Stokey (1998)) and
hence we need to take a more direct approach. The value function V' satis-
fies (B.8) by Lemma 13. Hence, it is a fixed point of (B.8). So it suffices to
show that V' € ‘H. By Lemma 14, IV is homogeneous of degree 1 — a. Also
by the arguments given as part of the proof of Lemma 13, V' is bounded
above by zero and below by the (homogeneous of degree 1 — «) function
(X F S = 0:0F, + (1= ¢,)(1 = 0)(1 = X,)1'*, which corre-
sponds to the feasible policy 7, = oo, y,(t;) = —[1 — HS]S,J,, and C(tj, 00) = X,/_+.
Accordingly, V' € B.

We next show that V' is continuous. To that end we start by introduc-
ing some notation. Let W,}. = (X i S,}.) denote a two-dimensional vector with
X and S, its two elements. We also let IW,lla = maX(X S,}) and let a; =
{C(t;, 7)), Y0 (1)), y* (1)), b, 7;} denote some optlmal pollcles starting from W
We next show that for “any 7 > 0, there exists A > 0, such that ||, — W, la < A
implies V' (W,,) < V(W ) — n. To see this, fix n > 0. We next show that it is
possible to choose &> 0 8>0,5 <0,y" >0 so that

(B.17) [1—(1—a)kb(r)] x |U(C(t;, 7)) — U(C(t, 7))|

<3 forall W, =W, ], <8,

where 6( ,Tj) = ,+ —e7i(1 - e)X,

L1

(B18) S =(1—8)S,,

and
B19) [1-(—-&)"|E, Y  [1-U—-akb(r)]e " |U(C(H, 7))
i=j+1,...,00
n
< —=.
2

To show that it is possible to find such &, §, * <0,5” > 0, we start by ob-
serving that it is clearly possible to find sufficiently small ¢ > 0 that satisfies
(B.19). To show the existence of § > 0,3° < 0,5” > 0 satisfying (B.17) and
(B.18), we distinguish three cases, namely (i) y* = y* =0, (ii) y* < 0, and
(iii) y* > 0. (Because of Lemma 4, it is never optimal to set y* < 0 and si-
multaneously y® > 0.) If y* = 0 and y® = 0, then setting 3° = 0, * = 0 implies

Xy +8y,

Hence, using (B.15) and (B.16), it follows that lim,, _,, e™** E, ( X, 75,

)l a—(.
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that )? + = =X 4 ,.’S‘} = :S"\t In turn, for any ¢ > 0, there exists sufficiently small
8(e) > 0 so that for all S with |S S| < 8(&), condition (B.18) holds, since

Stj+ — St/+ = S, S, Moreover, for a sufficiently small & > 0, there exists 5(8)

so that condition (B.17) holds for |X g — Xl < 6 (&). Accordingly, there exists

sufficiently small ¢ and sufficiently small 6(&) < min(8(&), 8(¢)) such that con-
ditions (B.17), (B.18), and (B.19) hold. Next suppose that y* < 0. In that case,
set =y = —y* + sSt]_+ — (1= 05)[S,, — S,,], and note that for (sufficiently small)
e>0and 5(8), we obtain that —y® > 0 as long as |§ =8, < 5(8) By construc-
tion, this choice of —)* satisfies constraint (B.18) wrth equahty Furthermore,
for this choice of —)* and sufficiently small & > 0, there exists 5 (e) < 5 (&) such
that for all || W, — W, |ls < 8(e), condition (B.17) also holds. Finally, if 3 > 0,
then set y» = y» — sStj+ — (1= 05)LS, — :9\,]]. Once again observe that for (suf-
ficiently small) ¢ > 0 and (&), we obtain that y? >0 and X > 0 as long as

1w, — W,j la < g(s). Additionally, this choice of 3 satisfies constraint (B.18)
with equality. Furthermore, for this choice of y* and sufficiently small & > 0,
there exists 5(8) < 5(8) such that for all || Wi, — le la < g(s), condition (B.17)
holds.

From this point onward, the proof follows from Alvarez and Stokey (1998,
p- 177) and we repeat their argument for completeness. Specifically choose
£>0,8>0,7<0,5">0s0 that conditions (B.17), (B.18), and (B.19) hold,
and take some W with || W W ll« < 6. Consider the following policy a,_;
with initial condltlons Wt Set 7 = 71, ; = ¢, for all j> 1. Furthermore
at ¢; choose j?s < 0,3” > 0 consistent with (B.17), (B.18), and (B.19), and
set C( ,Tj) = X+ — e 7%(1 — £)X,,,. From t;,, onward, set * = (1 — &)y’,
Y =(1- )b, and C(t k> Tivk) = (1 — &)C(tjyx, Tj1) for all k > 1. By con-
struction, this policy satisfies W, > (1 — €)W, and, hence, it is feasible. Fur-
thermore, we obtain

VW) U, a0
<[1— (1 —a)b(r)] x |U(Ct;, 7)) — U(C(t;, 7))

+]1—(1—e)
x E, [1— —a)kb(r)]e "= |U(C(t;, )|
i=j+1,...,00
<.

Accordingly, V(W) =UW,; ajz,..0) = V(W) — 1

,,,,,
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By similar arguments, letting a@; = {E(IJ-, ), Y (1), Y (1)), @,ﬁ-\j} denote an
optimal policy starting from W, and reversing the roles of (W,,a;) and
(W,.,a;) in (B 17)-(B.19) 1mphes the existence of small enough 6, > 0, such

that for all W} with W, — W Il < 81, we also obtain VW, = V(I/K ) —
We conclude that there exists small enough A = min{9, &} 'such that for all
IW,, =W, Ila < A, we obtain |V (W,) =V (W,)| < n, proving the continuity of .
Since, as we showed above, V' € H and there always exists a choice (namely
T =00, y(t;) = —[1 — GS]S,I.) that provides a lower bound to the expression
inside curly brackets in (B.8), it follows that the supremum in (B.8) is attained
when f = V. Furthermore, Theorem 4.5 in Stokey and Lucas (1989) implies
that the policy that maximizes the right hand side of (B.8) for f =V is opti-
mal. QO.E.D.

REMARK 1: We note that since the value function is unique, an implication
of Lemma 14 and Proposition 7 is that 7 is the unique fixed point of 7 in ‘H
satisfying the condition lim, _, ., e*f”kE,jV(X 0> S) =0
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