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THIS APPENDIX provides technical results and proofs for the paper.

A.1. Technical Lemmas and Supplements

LEMMA 1: Define
c; =4/ |k(v)|dv.
Let Assumption 2 hold. Then the cumulants «,, of 5, — w, satisfy
(A1) |kpl <2"(m—D!(ctb)™" form>1
and its moments a,, = E(5}, — u,)™ satisfy
(A2) || < 22’”m!(cfb)’"’l form>1.
PROOF OF LEMMA 1: To find the cumulants of 5, — w;, we write

1 1
(A3) E,= / / ki (r,s)dW (r)dW (s),
0 0

where & (r, s) is defined by

1 1
ky(r, S)=kb(r—S)—/ kb(r—t)dt—/ kp(t—s8)dr
0 0

1 1
+/ / ky(t —7)dtdr.
o Jo

It can be shown that the cumulant generating function of 5, — w, is

—  n"
(A4) ln(b(t):ZKmW’

m=1

where k; =0 and for m > 2,

1 1/ m
(A.5) Km=2ml(m—1)!/ / (l_[kZ(TjaTj+l)> dry - dty,
0 0 \jo

1
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with 71 = 7,,,41.

Now
1 1/ m
/ / (HkZ(Tj,TjH)) dry ---dt,
0 0 \jz1

1 1
(A'6) S/ / |kZ(Tl9T2)kZ(723 73)"'k1>§(7m—157m)|
0 0

X |k2(7m, 7-1)|d7-1 e dTm

1 1
(A7) 52/ / lky (11, Tk (T2, T3) - - Ky (T, T) ATy -+ - dT
0 0
1
528up/ [k (71, T2) | dmy
) 0
1
X / |k2(7-25 7.3)]{:(7_3, T4) e kZ(Tmfla Tm)l dTZ e dTm
0
1
< 2sup/ ey (71, 72)] dmy
) 0
1 1
X sup/ |kZ(T2a T3)| dTZ e Sup/ [kZ(Tm—la Tm)] dTm—l
T3 0 Tm 0

1 m—1
(A.8) = 2<sup/ |k (7, 8)] dr) .
s 0

But

1 1
(A9) sup/ |k (r,s)|dr < 4sup/ lky(r — 8)|dr
K 0 s 0

1-s
=4 sup (/ lky(v)] dv)
s€[0,1] —s

< 4/00 |kp(v)| dv

oo

—_ *
= bc].

As a result,

1 1 m
(A.10) ‘/ / (HkZ(TjaTm)) dry---dt,
0 0 \jo

<2(cth)y",
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SO
(A1) |K,| <2™(m—1D)!(c;b)™ .

Note that the moments {«;} and cumulants {«;} satisfy the relationship

m! 1
B12) - an = Z (M --- (e mylmy! - - - my! 1_[ o

T jem

where the sum is taken over the elements

(A13) ’7T=[j1,...j],jz,...jz,...,jg,...,jg]
—_— —— —_—
my times my times my times

for some integer ¢, sequence {j;}-_, such that j, > j, > --- > j, and m =
i M
Combining the preceding formula with (A.11) gives

)™M )™ (o)™
mylm,! - -my!

(A14)  Ja| <2"mi(cib)y" "

m

<2"m!(c;b)" !,

where the last line follows because

o)™ ()™ (Je) ™ 1
A15 < _— 2m-
( ) Z Wtﬂmzl"'mz! _Zml'mz'me' = QED

aw w

LEMMA 2: Let Assumptions 2 and 3 hold. When T — oo for a fixed b, we have

1
(A16)  wpr =y + 0(?);
m!2"
(A17) Kpr=kKn+ 0{ ?(Cfb)mz}a
uniformly over m > 1;
m22m
(A18)  apr =E(spr — ppr)™ = + 0{ T(Cfb)m_z}

uniformly over m > 1.
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PROOF OF LEMMA 2: We first calculate uyr = (T w3) ' Trace(Qr Ar W, Ar).
Let W = ArW, Ar. Then the (i, j)th element of W,* is

(A.19) k,,<T T) k,,( T’)-%ék,,(ﬁ”)
() Ak (?

p=1 g=1

‘)
So
(AZO) Trace(_QTATI/V;,AT)

= Trace (2 W)

= Z {'Y(’”l—rz)kb<;£ ’;)}

15"1 ,I‘zST

Trz

Yy v(hl)kb<r2+h1 ;ﬁ)

= 1hl 1- rn

B T—1T—-h 0 T h k r2+h1 r
= Z—le 21:;, y(hy) b( T)

=1 =1 hy Try 1

But

T—hy

a2y Y kb<’2 + r2>

)21

St SR

’)

rn=1 71=l+h1 p=1
T—hy T Ty
k() T k(2
rn=1 g=1 =1 p=1 g=1
T T
- X um("70) - r e
r=1 p=1 rn=1 g=1

+Z ZZkb(‘D q)+ka<h>+C(h1)

=1 p=1 g=1
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1 e r— h
:—TZZkb< >+ka< )+C(h1)
r=1 s=1
Lo h
-k <T2 ;)+T{kh(7l)—kb(0>}+0<hl>,

r2:1

where C(h;) is a function of 4, that satisfies |C (/)| < h;. Similarly,

T
a2 Y /2,,(’2;;“, ’%)

r=1-hy

T
Z <’2 r2)+T{kb(%>—kb(O)}+C(h1).

Therefore, Trace(27r A7 W, A7) is equal to

T-1

a2 Y y<h>2kb<” 2)41 X vili(7) - ko)

h=—T+1 ry=1 h=—T+1
+0(1)
=t ror
= > v(h)Zkb(z 2)
h=—T+1 rp=1
k(h/(bT)) = k(0)
T(bT)™1 h|7y(h o1
+T(bT) h:_2m| 17¥( ){ I GT }+ (1)
(i ror
= > y(h)Zkb(z 2)
h=—T+1 r=1

+T(BT) g, Y 1By (1+0(1)) +O(1).

h=—00

Using

T-1
(A24) > y(h)=w§<1+0<%)>
h=—T+1
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and
(A25) Zkb<r2 rz) /k*(r r)dr+0< )
r=1

we now have

(A.26) MbT—/ ky(r,rydr — (bT)~ gq<wT Z |h|"'y(h))(1+0(1))

h=—00
1
ol = ).
i (T)
By definition, u, = ES), = fol k;(r,r)dr and thus wyr = wp + O(T') as de-
sired.
We next approximate Trace[(£2; Ay W, Ar)™] for m > 1. The approach is

similar to the case m = 1 but notationally more complicated. Let r,,,,; = 71,
Famyr =1y, and h,, ., = h;. Then

(A27) Trace[(27 ArW, Ar)"]

Py T
Z HY(rzj 1—7”2,)kb< =l 2]+1>

s m1=1 j=1

T— ) T— rq T— m r +h
i T2j+2 j+1
> Y Y Y [Tro ()

125745 es P2 =1 hy=1=rp hy=1-r4 hm=1=rap, j=1

=1 rp=1  hy=1-Try=1—hy hn=1 ryy=1 hp=1-T ryy=1—hy,

1_[ Yk, (“’ D2 T M JTF Wit )

=I—|—II,

where

am (X3 Y )o(ETr v )

hy=1 ry=1 1=T ry=1—1y hn=1 ryy=1 hp=1=T ry=1—hy,

l_[v(h )kb(”f “’“)
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and

wm o (55 3 T) (Ess £)

hi=1 ry=1 h1=1-T ry=1-hy hin=1ry,=1 hin=1-T ry=1—hpm
1"[|y(h )|(

Here we have used

= (1 T+ hig ~ (1 Ny |71
L ) k(7 T)‘ o)

To show this, note that

(A31) _Zkb(w> Xh; ( —r2,+2)

—1XT:/€ P —Nji2 L0 |hj+1|
T b T T

r2j_r2j+2_hj+l _ Ny =" \| |hj+l|
() ()=o)
so that

= (1 P+ hig ~ (1 Njy2 P2 — hj
(A33) k,,<T Ll ) k,,(T T) k,,(—T
_ 142 |hj+1|
kb<—T )+O( T
~ (1 Ijyo |71l
=k J ] J .
(7:757) +o(5)
The first term (I) can be written as

SR 3535 3 LD 3B 3

(A.30)

and

(A.32)

SRR

=T ry,=1 hm=1rypy=T—hm+1 hm=1-T ry,=1
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oo (%)
DD znmﬁﬁwﬂk

T hy,r hmsrom J=1

Wherezh ) 1soneofthethreech01ceszh S1T Dyt Z ryy=T—h;+1> OF
7 ]

- Zh:l_T Zrzle, and ) __ is the summation over all p0351ble combinations of
Qhyry " 2hpry,)- The 3™ summands in (A.34) can be divided into two
groups: the first group consists of the summands all of whose r indices run
from 1 to T and the second group consists of the rest. It is obvious that the first
group can be written as

(i)t}

h j=1

The dominating terms (in terms of the order of magnitude) in the second group
are of the forms

T-1 T-1

£ Sl

h1=1-T =1 hp:17T}’2p_ —hp+1 hin=1-T ry,,=1 j=1

or

D I IS 9 W MO CRES

h T rn=1 hp=1-T rp,=1 hin=1-T ry,,=1 j=1

Il
"

These are the summands with only one r index not running from 1 to 7. Both
T-1 T-1 T m
[Tivpnn, ]

of the above terms are bounded by
1y Njy2
kb = ]
T T
h1=1-T r,=1 hp=1-T hin=1-T ry,,=1 j=1 J#p

T " m=1
s{supz_kb(%,;‘)} (;wuftm) (;|y(h,,>||hp|),

using the same approach as in (A.6). Approximating the sum by an integral
and noting that the second group contains (m — 1) terms, all of which are
of the same order of magnitude as the above typical dominating terms, we
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conclude that the second group is O[2mT ™ 2(c;b)™ 2] uniformly over m. As a
consequence,

(A35) 1= (Zn'y(h )) Z: 7 (r—;f, rz;:ﬂ)} +O{2mT’”*2(c1kb)m72}

h j=1

uniformly over m.
The second term (II) is easily shown to be o(2mT™*(c;b)"~*) uniformly
over m. Therefore,

(A.36) Trace[ (27 ArW, Ar)™]

:<Zy(h)> Z{/E,,(r;f r2;2>}+0{2mT'"—2(c7b)’"‘2}
h r

and

(A37)  Kpr=2""(m— DT " (w}) " Trace[(Qr Ar W, Ar)"]
~ (1 Iy 2m
:2’”‘1(m—1)!{T_mZkb<%, 2;2>+0[ (ctby™ 2“

= 2" (m — 1)

1/[ 2m
X {/l_[/(; kZ(Tja Tj+1)d7jd7'j+l+0|: T2 (cikb)mz}}
j=1

mi2"
:Km—I—O{ T2 (ctb)™ 2}

uniformly over m.
Finally, we consider «,, 7. Note that a; r = E(syr — wpr) =0 and

(A38) ays= Z m! ! mk]_[K,T,

(D™ (a)yme - (i)™ mylmy! - - e

where the summation ) _ is defined in (A.12). Combining the preceding for-
mula with (A.17) gives

m—2 m!
(A.39) amr—am+0{—<ﬁ”> me—m}
m'22m

:am+O{T( *b)m 2}
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uniformly over m, where the last line follows because ) ! < 2m,

T mylmyl--my!

Q.E.D.

LEMMA 3: Let Assumptions 2 and 3 hold. If b — 0 and T — oo such that
bT — oo, then

oo

1
(A.40) MbTZ/ ki (r, r)dr—(bT)-ng<w;2 Z |h|q'y(h))(1—|—o(1))
0

h=—00
1
+0(T>,
1 1 1
(A.41) K2,T=2/ / (k;;(r,s))zdrds(l—i—o(l))+O<T);
0 0
form=3and 4,

(A42) Kpr=0bB""+ 0(%).

PROOF OF LEMMA 3: We have proved (A.40) in the proof of Lemma 2
because equation (A.26) holds for both fixed b and decreasing b. It remains
to consider «,, r for m =2, 3, and 4. We first consider k, r = 2T*2(w;4) X
Trace[(2r Ar W, A7)?]. As a first step, we have

(A.43)  Trace[(2r AW, Ar)*]

= Z {@(;{ ?)k (r—;ar—;>}7(”1—r2)’)’(”3—7’4)

T1,12,73,74

3 UIERSS HERSS]

= - hy=1-14

X ’)’(hl)')’(hz)

-(Zr+r y)(zzex 3

1 =1 =1-Tr=1-n 1 =1 hy=1-T ry=1-hy

i +h +h
{kb(’; r4—T2>kb(r_;, ”ZT1> }V(hl)Y(hz)

=L+5L+5L+1,,
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where
T—1 T—1 T—hy T—hy
= (r nt+hy\- (o nth
I = ZZZ{kb<TaT>kb<Ta T >}7’(h1)7(h2),
hi=1hy=1 rn=1 =1
T—1T—hy 0 T
~ 1) I’4+h2 ~ Iy rz+]’l1
n=2 3 33 R(F A e(F )]
h1=1 ry=1 hy=1-T ry=1—hy
x y(hi)y(hy),
0 T  T—h; T—hy
= (1 nt+hy\: (1 nth
re 3 S S R(E )RR )]
h1:17T}’2:17h] r2:1 r4:1
X ’Y(hl)ﬂ)/(hZ)y
and

x y(h)y(hy).

We now consider each term in turn. Using equation (A.33), we have

~(n nth\ - (nn bl h,|
s ko(7.57) =h(7. ) +o(5F)

and

~ (ry r+h ~ (T I blh|
a9 B0 ) (5 2) o),

It follows from (A.44) and (A.45) that

T-1T-1T-1T-1

" ha\ 7 h
(A46) I=) ZZZ{kb(r—Tz iTz)kb(’_; HT1> }y(hl)v(hz)
h

1=1hy=1rp=1ry=1

T-1 7-1
+O(Z Z[T(|h1| + |ha]) + |h1h2|]|’}’(h1)')’(h2)|>

h1:1 /12:1

~ h\ -~ h
= Z Z kb(r—;,m-; 2>kb(r_;,r2—; 1)}7(h1)7(h2)
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T-1 T-1 T-1 T-1 B p 7 5 r
~S XY u(5 5o (5 7 ) frvan + or)
T—1 T—1 T—1 T—1
—|—O{ ZZ &(’%’%) (b(|h1|;‘|h2|))
hi=1hy=1r=1 =1

Following the same procedure, we can show that

T-1 T

0 T
(A47) L= ZZ > {kb(rz r“) (r; T>}Y(h1)’)’(h2)+0(T),
1

=1r=1hy=1-T ry=

T

(A48) I = Z ZZT: i{’%(“ r“) (T T)}V(hl)Y(hz)-i‘O(T),

=1=T ry=1 ry=1 rq
and
0 T 0 T
a9 1= 3 Y 3 Y75 )5 ) removin
h=1=T ry=1 hy=1-T ry=1
+ O(T).

As a consequence,

2/ T-1 2
(A.50) Trace[(QTATVI/,,AT)2]:Z{/E,,<’2 ’4)} ( y(h1)> +O(T)
h=1-T

2,1y

and

(A51) ko =2T *(w7") Trace[ (27 ArW, Ar)?]
1 1
=2/ / (ki (r, S))Zdrds(1+o(1))+0<l>_
0o Jo T

The proof for «,, 7 for m =3 and 4 is essentially the same except that we use
Lemma 1 to obtain the first term O(b™!). The details are omitted. O.E.D.
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A.2. Proofs of the Main Results

PROOF OF THEOREM 1: Using the independence between W (1) and 5, we
have

(A52)  Fs(z)=Pl|W(1)+8)E,"?| <z} = E(G5(*E))).
Taking a fourth-order Taylor expansion of G5(z*5}) around u,z? yields
(A53)  Gs(2’Ep) = Gs(mz’) + 5 (G,/(/-Lbz )2 (&) — )’
+ E(G}ﬁ’(p«bzz)zﬁ)(ﬂb — mp)’
1 ~ Vrd
+ 57 (G (72" (B — )’
where [, lies on the line segment between w, and 5,. Taking expectation on

both sides of the equation and using the fact that |G\” (f1,z2)z%| < C for some
constant C, we have

1 -
(A54) EGs(2°Ep) = Gs(upz®) + EGg(szz)E(Eb — )’z

1
+ gGg/(MbZZ)a326 + O(lay))

as b — 0, where the O(-) term holds uniformly over z € R*.
In view of Lemma 1, we have

(A55)  a|=01"), |as| <lagl* =0b"*) =o0(b?).
As a consequence,
(A56) Fs(z2)=P{l{W () +8)5,"*| <z}

= Gs(upz’) + E(Gg(uhzz)Z“)az + o(b%)

uniformly over z € z € R*, where

1 1 pt
(A57) Mb=EEb=/ k’;(r,r)dr:l—/ / ky(r —s)drds
0 0o Jo

and

1 1 2 1 1
(A.58) a2=2(/ f kb(r—s)drds> +2/ / ki(r—s)drds
0 0 0 0
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1 1 1
— 4/ / / ky(r — p)ky(r —q)drdpdag.
0 Jo 0
We proceed to develop an asymptotic expansion of w, and a, as b — 0. Let

(AS9) K= % /oo k(x)exp(—iix)dx,

ICZ(A)zi/ k*(x)exp(—ilx) dx.
27 J_o
Then

(A.60) k(x):/oolCl()\)eXp(i)\x)d)\, kz(x):/ Ko (A) exp(idx) dA.

For the integral that appears in both u, and a,, we have

1 1
(A.61) / f ky(r —s)drds

/lcl(/\)// <’A(r )drdsd)\
e[ ()6 [ ()0
=[G ((1-o(5)) + (0(3)) )
=b/_:/c1()\)b(5h?)zd)\

KA =K 0) (AN
=27Tblcl(0)+4b2/ocT<Sln E) d/\,

where the last equality holds because

-2
(o] A (o]
(A.62) / (%) (sm %) dA:Z/ x~2sin’ x dx = 2.

Now,

e} 2
e [TEOEO (Y,
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RN =K (AN
[ () )

1 [ Ki(A) = Ki(0)
+§/wT‘”‘

1 (A = K (0) 1
__E/_N(T)(cosg)\)d/\

1 [ Ki(A) = Ki(0)
+§/wT‘”

1) = K (0)
_E/w(T)dHo(l)

15

as b — 0, where we have used the Riemann—Lebesgue lemma. In view of the

symmetry of k(x), IC;(A) =

(A.63) lead to

1 1
(A.64) / / ky(r —s)drds
0 Jo

Similarly,

=2mbKC,(0) + 2b> /

—00

°°(/C1()\) - /C1(0)> dA

/\2

= 27bK, (0) + b2 — //k( )ded/\

=27bK,(0) — bZ/ k(x)|x|dx.

= bc, + b’c; + o(b?).

1 1
(A.65) / / ki(r —s)drds =bc, + b*cy + o(b*).
o Jo

Next,

1
(A.66) / ky(r —s)ds
0

L o252 ol -2

Lok (A5

s)

oo

ﬁ f:’; k(x)cos(Ax) dx and, therefore, (A.61) and
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o[l ff5 ) ()

= b[ IC(xb);({sin(x(r —1)) —sin(xr)}) dx,

SO

1 1 1
(A.67) /f/kb(r—p)kb(r—q)drdpdq
0 0 0

1 0 ’
s / [/ K(xml({sin(x(r—l))—sin(x’)})dx} o
2

_ b21C2(0)/ (/ —sin(x(r —1))dx — /oo %sin(xr) dx) dr

:b2/c2(0)/ (/ SN = 1) g~ 1y
0 -0 x(r— 1)

o9 1 2
— / —sin(xr) dx r) dr
—oo XT

2
—bZICZ(O)/ ( / —sm(y)dy) dr =cb’.

Combining (A.64), (A.65), and (A.67) yields
(A.68) w,=1—bc, —b*c; +o(b?)

and

(A.69) @, =2bc,+ b*(c; — 2cf) + o(b?).

Now
(A70)  Fs(z) = Gs(mpz’) + %(Gg(ﬂb22)24)a2 + o(b?)
= G5(2%) — G3(2})2°bc; — Gy(22)2°b*cs + %Gg(zz)z“csz
+ Gi(2%)z*be, + %Gg(z2)z4b2(c4 —2¢?)
+ %Gg/(zz)zﬁ(—bcl)(Zbcz) + o(b%)

= G5(2*) + [a2Gy(2*)z* — |Gy(2*)Z%]b
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/ 2N\ L2 1 1" 2N o4 2 "e 2 6 2
—| G5(z7)z°¢c; — EGS(Z )z'(cq — ¢7) + Gy (z2°)2°cic2 | b

+o(b?)

uniformly over z € R*, where the uniformity holds because |Gj(z*)z?| < C,

|G(2%)z*| < C, and |G}(z*)z°| < C for some constant C. This completes the

proof of the theorem. Q.E.D.
PROOF OF COROLLARY 2: Using a power series expansion, we have

(A71)  Fy(zap) = D(22,) +[D"(2 )z, — aD'(z. )z, ,1b

1
_ (D’(zib)zibq — ED”(Zi,b)Zi,b(Q —cd)
+ D’”(zib)zz’bclcz) b* + o(b?)

1
=D(z2)+ D' (z)(z2, — 7)) + ED”(zi)(zih —22)?
+[eD"(22)z} — e1D'(22)Z21b
+ (D" (22)z} +2¢,D"(22)z2 — D" (22)z2 — 1 D' (22)]
X (zi’h — zi)b
1
— (D/(zi)zig — ED”(zﬁ)zi(q — )+ D/”(Z'(f()zftclcz)b2
+o(b?),
that is,
1
(A72) D'(z2)(zl,—z2) + ED”(zg)(zib —2z2)?
+[eD"(22)z} — ;D' (22)Z21b
+[eD"(22)z +2¢,D"(22)z2 — e/D"(22) 22 — ¢, D' (22)]
X [(zi,b —z2)]b
1
_ (D’(zi)zfxq - ED”(zi)zi((,u — )+ D’”(zi)zgclcz) b*+ o(b*)
=0.
Let
(A73)  z2,=2z.+kib+ kb + o(b?).
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Then

(A.74)  [e:D"(22)zL — ;D' (22)221b + D' (22) kb
— <D’(zi)zic3 — %D”(zi)zﬁ(q — )+ D’//(zi)zgcm) b?
+ D" (22)z +2¢,D"(22)z2 — D" (22) 22 — 1 D' (22) 1k 1 b*
+ %D”(zf,)ksz + D'(z2)k1b + o(b*) = 0.

This implies that

1
(A75) k= D2 )[c ,D'(22)z) — ¢;D'(22)22]
and
1
(A76) k,= —m |:— (D/(zi)ziq — ED”(zi)zi(a; — cf) + D”’(zi)zgclc2>
+ (czD”/(zi)zi + 2c2D”(zi)zfI - ch”(zi)zi
1
—aD'(22)k, + zD”(zﬁ)k%]
Now
_1/26—2/2 J_ o 3/2\/_ 2
A.77 D’ = D e’ 2e7%7),
(A7) (2) T3 (2) = 4\/_ ——(—V2z )
1
(A78) D" (z)= N (3zv2e % + 2222 + 3/ 2e771%),
Tz
and thus
D" (z?%) 1 D”’(zz) 1
A. z3 — (22
(A.79) D 423( ), D " 4z L2277 + 24 +3).
Hence

1 1
(ASO) kl = (Cl + §C2> Zi + zCzZi

and

1 3 3 1
(A81) kg = (56’% + §C1C2 + 16C2 + 3+ 46'4>Z2
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1 3 9 1 5 1
—+ (—Ecl 4+ zClcz + EC% + ZC4>Zi + <1—6C§)Zg — (1—6C§>Z§
as desired.

It follows from z., = z. + kib + k,b* + o(b*) that

Lkib+hkb 1K

2
2 z2 8 z4 )+O(b)

1k 1k 1 k?
=z, + Ez—lb+ (——2 - ——'>b2+0(b2)

=z, + k3b + k4b* + o(b?),

(A82)  z,p =24 (1 +

where

1 1 1
(A83) k'; = 5 |:<C1 + ECz) Zy + 56223j|

and

1 1 5 1 1
(A84) k4: (§C3+§C4+§C1C2+§C12+EC§>ZO(

+ ! +1 +5 + 7c2 z3+1c225 1(:227
—= =G+ s+ 5= = - == .
AT gUT AT 354 )% T g0% T 35 %%

Q.E.D.

PROOF OF COROLLARY 3: For notational convenience, let

(A.85) p(z2)= <c1 + %)zﬁ + (%)zﬁ,

and then z; , = z2 4+ p"(2})b + o(b). We have
(A86) 1—EG,(z2,5,)
=1-Gs(z+ p(z2)b)
—{e:Gy(Z2 + pV(2)b)[22 + bp ' (22))}b
+a{Gy(Z2 4+ pP(22)b) (22 + pV(22)b)}b + o(b)
=1-Gs(22) — Gy(22) pP(22)b — [,G{(22)z} — 1 Gy (22)Z2]b
+ o(b)

=1-Gs(z2) — Gg(zi)[(cl + %)zi + (%)Zi}b
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—[6G(22) 2} — 1G(22)Z21b + o(b)
=1-Gs(z2) — G;(zi)[(c, + %)zi + <%>z§]b
— G232} — a1Gy(22)Z2]b + o(b)
—1-Gy(22) - (%G;(zg)zg + oG+ %G;(;ﬁyﬁ)b
+o(b)

1 1
=1-Gs(22) — c2<§Gg(z§)z§ + G2z} + EG;(;zi)zi)ia + o(b).

Note that
o) (62/2)1 2 Zj—l/Ze—z/Z
A87) G, = r_~ -
( ) o(2) ; j! ¢ L(j+1/2)2i+172
and
[} (82/2)j 2 ) 1\ 1 ijl/Zefz/Z
A88) Gl(z)= =7 /2 _ -\ &
(A88)  Gy(2) ; T 17 2) 2T+ 12200
1 Zi=1/2p-2/2
C2T(G+ 1/2>2f+1/2>
(52/2) s ZiT12e=2
G/ /2 L
( ) (z )+120: T(j+1/2)2172 2
1 1
so that

(AB9)  SGL D7+ GHEIZ + 3 Gy(2 = 2Ko(2D)

and

(A90) 1—-EG5(22,5) =1—Gs(2)) — 22,K5(22)b + o(b),

completing the proof of the corollary. QE.D.
PROOF OF THEOREM 4: It follows from Lemma 3 that when b — 0,

(A91) oy = Kz,TzszZ(l +0(1)) +O(T_1),
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Q37 = K3 7= Ob*) +O0(T™),
Q4T = K4r+ 3K§)T =00 +O(T™),

and

h=—00

(A92)  ppr = — (BT) g, (wT2 > Ihl"v(h)> (1+o0(1)+0(T™).

Thus, as b — 0,

(A93)  Frs(2) = P{INT(B — By)/ sl < z}
= E{Gs(Z*spr)} + O(T ™)

1
= Gs(mprz®) + EGg(MbTZZ)Z4a2,T + o(b)

1
= Gs(porz") + 3 Gi(ppr 22" (2be2) + 0(b) + O(T ™)
= Gs(mp2’) + Gy(mp2) 2 (ot — p) + b, Gy (upz*) 2"
+o(b) +O(T™)
uniformly over z € R*, using (A.91) and (A.92), but
(A94)  Gs(upz®) = Gs(2) + G5(25) 2% (up — 1) + 0(b)
= G5(z*) — be,Gy(2%)2* + o(b)
uniformly over z € R* and

(A95)  Gi(mwpz®)Z* (wpr — wp)
= (G4(2*) + O(b))Z*

h=—00

x {—&(mf 3 |h|"v<h)><bT)‘f<1 +o(1) +0(T™)

= —gq<wT2 > Ihlqv(h)) G3(2)22(bT) (14 0(1))

h=—00
+o(b)+O0(T™)
uniformly over z € R*. So
(A96) Frs(z) = G5(2*) + (Gl (upz?) 2 — ¢ Gy(22) 2D
— 8,d,rGy(2H)Z2(bT) "+ o(b+ (bT) ) + O(T™)
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uniformly over z € R*, as desired. Q.E.D.

PROOF OF COROLLARY 5: (a) Using Theorem 4, we have, as b + 1/T +
1/(bT) — 0,

(A97)  Fro(zap)

=D(z},) +[eD"(z. )z, — D' (2] )22 )b

— 84dyrD'(2,)22 ,(bT) "+ O(T™") + o(b+ (bT)™")

= Fo(2ap) — 8¢dgrD' (22 )22 ,(bT) "+ O(T™") + 0o(b+ (bT)™)

=1—a—g,dsD(22)Z2(bT) ™+ O(T™") +o(b+ (bT)™),
SO
(A98) 1 —Fr(zap) —a=gudyrD'(22)z,(bT) "+ O(T™") + o(b+ (bT)™).

(b) Plugging zZ , into
(A99)  Frs(2) = Gs(2%) +[Gs(wz") 2" — c1Gy(2°)2*1b
— 84drGy(2) 22 (bT) " + o{b+ (bT) "} + O(T™")

yields
(A.100) P( M 2 > z;ib)
o
=1-Gs(z},) — G2z, — 1Gy(22 )z ,1b
+ 8,d;rGy(z2 ) z2 ,(bT) 1+ O(T™") + o(b+ (bT)™")
=1- Gg(Zi) — CzZiKg(Zi)b
+ 8,dgrGy(22)z2(bT) "+ O(T™") + o(b + (bT) ™),
where the last equality follows as in the proof of Corollary 3. Q.E.D.

PROOF OF THEOREM 6: First, since D(-) is a bounded function, we have
(A.101) P{IW(DHE,"?| <z}
= lim ED(Z?E)IE, — m| < B}

B—oo

. = 1 Jt e
= lim E Z %D(m)(p«bzz)(:’b — )" 2" |5, — ol < B}
m:] :
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B—oo

=1
= lim 3 — D" (2 ern 2" HIZp — ol < B),
m=1 ’

where the last line follows because the infinite sum Y>> LD (u,z?)a,,z*"

m=1 m!
converges uniformly to D(z°5,) when |5, — u,| < B. Uniformity holds be-
cause D(-) is infinitely differentiable with bounded derivatives.
Since D(z?) decays exponentially as z2 — oo, there exists a constant C such

that |D" (u,2%)z2"| < C for all m. Using this and Lemma 1, we have

m=1

1 > 1 *1 B
(A.102) Z%D( (2,2 < CZ%MJ SCZ%szm!(c}‘b)m !
m=1 m=1

= C(c;b)™ ) (4cib)" < oo,
m=1

provided that b < 1/(4c;). As a consequence, the operation limg_.,, can be
moved inside the summation sign in (A.101), giving

e’} 1 .,
(A103) P{IW(DE,"* | <z}=>" %D( "(wp2P)a, 2,
m=1 :

when b < 1/(4c}).

Second, it follows from
(A.104) Frs(z) = P{INT(B — Bo)/@s| < z} = E{G5(Zspr)} + O(T ),
that, when ¢ = 0, we have
(A105) P{INT(B — Bo)/ @l <z} = E{D(Zspr)} + O(T 7).
But

oo 1 -
(A106) E{D(2*sy)} =) — D" (yrz) 2™,
m=1

where the right hand side converges to E{D(z*s,r)} uniformly over T because
22mm!
Q7 = Qi + O{ T(Cfb)mz}

uniformly over m by Lemma 2, |D(m) (mpr2*)z*™| < C for some constant C, and
thus

- 1 C - 2m * m—2
sczﬁmmwﬁ 2*"(ctb)

m=1

~ 1
(m) 2 2m
E —D" (mprz7) o rz
m!

m=1

<0
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when b < 1/(4c}). Therefore,

1 m 1
< Z} = Z %D( )(IJ«bTZZ)CYm,Tzzm + 0(7)
m=1

(A.107) P{‘ﬁBTBO
wp

uniformly over z € R*.
It follows from (A.103) and (A.107) that

(A‘108) |FT,0(Z) - FO(Z)|

:|P{‘ﬁﬁfﬁ
wp

< z} —-P{Iw()E, " <z}

=1 =1
(m) 2 2, (m) 2 2
> — D" (psrz e, 12" = Y — D" (22"
m! m!
m=1 m=1

~o(z)
~o(7)

= 1 (m) m = 1 (m) m
Z —‘D (I«LbZz)CYm,T?«'2 - Z —,D (,U«bZZ)CYmZ2
—m! = m!

uniformly over z € R, where the second equality holds because

(m) (m+1)

D" (wprz®) = D" (wpz®) + O(D"" (wp2*) 2%/ T)

uniformly over z € R and

< oQ.

=1

Z (m+1) 2 2m+2
—D (/.,LhZ )am,TZ mn
m!

m=1

Therefore,

[e%s) 1 "
(A109) [Fro(2) = Fo(2) = |3 — D" (uy2") (et 7 — ) 2"

m=1

1 1
= 0{ 7 ZzZM(c;b)m—z} + 0(7>
m=1

()

uniformly over z € R* as desired. QE.D.
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