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ONLINE APPENDIX

THIS ONLINE APPENDIX EXTENDS THE RESULTS of Di Tella and Sannikov (2021) to in-
corporate hidden investment, aggregate risk, and renegotiation. The case with no hidden
investment and price of aggregate risk 7 = 0 yields the expressions in the paper.

O.1. Setting With Aggregate Risk and Hidden Investment

We introduce aggregate risk and hidden investment into the baseline setting in the
paper. The observed return is

dR,=(r+mno+a—a)dt+odZ +5dZ, (0.1)

where Z and Z are independent Brownian motions that represents idiosyncratic and ag-
gregate risk. There is a complete financial market with equivalent martingale measure Q.
The risk-free rate is r, aggregate risk has market price 7, and idiosyncratic risk is not
priced. Capital has a loading o on idiosyncratic risk and ¢ on aggregate risk, so the excess
return on capital for the agent is «, as in the baseline.

The agent receives cumulative payments / from the principal and manages capital k&
for him. Payments I can be any semimartingale (it could be decreasing if the agent must
pay the principal). This nests the relevant case where the contract gives the agent only
what he will consume, that is, dI, = ¢, dt. As in the baseline setting, the agent can steal
from the principal at rate a, > 0 and decide when to consume ¢, > 0. He can invest his
hidden savings in the same way the principal would, not only in a risk-free asset, but also
in aggregate risk Z. In addition, the agent may be able to invest his hidden savings in his
private technology. His hidden savings follow the law of motion:

dh,=dI,+ (rh,+zh(a+78) + 2 ha7— &+ dka)dt+zh(cdZ+5dZ)+%hdZ,,

where z is the portfolio weight on his own private technology, and z the weight on aggre-
gate risk. While the agent can chose any position on aggregate risk, z, € R, for his hidden
private investment we consider two cases: (1) no hidden private investment, z, € H = {0},
and (2) hidden private investment, z, € H =R .%

Sebastian Di Tella: sditella@stanford.edu

Yuliy Sannikov: sannikov@gmail.com

22We can also study other cases where the agent may not be able to invest in aggregate risk, or only take
a positive position, which requires small modifications to the relevant incentive compatibility constraints. We
focus on the economically most relevant case, where the agent can always invest his hidden savings in the
market in the same way the principal would.
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The agent’s utility is

and the cost to the principal is

A contract C = (I, k, ¢, a, z, Z) specifies the contractible payments I and capital k, and
recommends the hidden action (¢, a, z, z), all contingent on the history of observed re-
turns R and the aggregate shock Z. After signing the contract the agent can choose a strat-
egy (¢, a, z, z) to maximize his utility (potentially different from the one recommended by
the principal). Given contract C, a strategy is feasible if (1) utility U;“** is finite, and (2)
hidden savings 4, > 0 always. Since the agent can secretly invest in his private technology,
we also impose the regularity condition (3) E€[ fooo e "(¢, + az,h,) dt] < oo. Let S(C) be
the set of feasible strategies given contract C.

Acontract C = (I, k, ¢, a, z, 2) is admissible if (1) (¢, a, z, z) is feasible given C, and (2)

EQ[/ e dlt:| < 00, ]EQ|:/ e‘”k,dtj| < 00, EQ[/ e‘”atkldt:| <o0. (0.2)
0 0 0

An admissible contract C = (1, k, ¢, a, z, Z) is incentive compatible if the agent’s optimal
feasible strategy given C is (¢, a, z, z), as recommended by the principal. Let IC be the
set of incentive compatible contracts. An incentive compatible contract is optimal if it
minimizes the principal’s cost

V= mcinJo(C) = EQ[/ e*”(dl, —(a— a,)k,) dtj|
0
st US>
C elC.

To incorporate aggregate risk into the setting, we need to slightly modify the parameter
restrictions. We assume throughout that

pord—y 1-y(m\’' |
— - >
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a<da
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Y
0O.2. No Stealing or Hidden Savings in the Optimal Contract
LEMMA O.1: It is without loss of generality to look only at contracts that induce no stealing
a =0, no hidden savings, h = 0, and no hidden investment, z =z = (.

REMARK: This lemma is also valid for the baseline setting without aggregate risk or
hidden investment.
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PROOF: Imagine the principal is offering contract C = (I, k, ¢, a, z, z) with associated
hidden savings /. Let k" = zh and k" = Zh be the agent’s absolute hidden positions in
his private technology and aggregate risk, respectively. We will show that we can offer
a new contract C' = (I', k', dI', 0,0, 0) under which it is optimal for the agent to choose
not to steal, no hidden savings, and no hidden investment, thatis, ¢’ =dl’,a=z=z=0.
The new contract has I, = fot ¢,ds and k' = k(R") + k" (to simplify notation, we suppress
dependence on Z).

If the agent now chooses ¢’ = dI’, a = z =z = 0, he gets hidden savings 4’ = 0 and
consumption ¢, so he gets the same utility as under the original contract and this strategy
is therefore feasible under the new contract. If instead he chooses a different feasible
strategy (¢, a’, z/, '), he gets the utility associated with ¢’. We will show that he could
achieve this utility under the original contract by picking consumption ¢, stealing dR —
dR“(R"), hidden investment in private technology k" (R“ )+ (k")', and hidden investment
in aggregate risk k"(R“) + (k")'. Since the strategy (&', @/, z/, Z') is feasible under the new
contract C', and (¢, a, z, z) feasible under the old contract C, then in order to ensure the
new strategy is feasible under the original contract we only need to show that hidden
savings remain nonnegative always

W = / D (AL (RU(RY)) — & di + bk, (R(R))(dR, — dR!(R"))
0

+ (KI'(R”) + (k")) dR, + (k" (R") + (k") )(mdt + d Z,)).

To show this is always nonnegative, we will show it is greater or equal to the sum of two
nonnegative terms. First, the hidden savings under the original contract, following the
original feasible strategy, had R“ been the true return

A= / s (dI,(R*(R")) — &(R”) dt + ¢k, (R*(R")) (dR! — dR!(R"))

+ ki (R") dRY + k! (R”) (1 + d 2,)) = 0.

Second, hidden savings under the new contract, following the feasible new strategy:
t
B, = / ¢ (& (RY) dt — & dt + (ki (R*(R¥)) + k"(R"))(dR, — dR")
0

+ (k") dR, + (k") (wdt +dZ,)) = 0.

If $ =1, then h, = A, + B, > 0. With ¢ < 1, we have h, > A, + B, > 0, because dR, —
de/ =a'dt >0 and k"(R”) > 0. This means that ¢ = ¢/, a = z =z = 0 is the agent’s
optimal choice under the new contract C’, since any other choice delivers an utility that
he could have obtained—but chose not to—under the original contract C.

We can now compute the principal’s cost under the new contract

Ji =2 [ [ era-ati(r)+ k) ar+ e”"J;n:|
0

n

:]EQ|:/T e*ri(dII(Ra) —(a— a[)kt(Ra) dt) i e”'n]Tn]
0
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—EQ[/ e"ak,(R)(1— ) dt]
0

n

- EQ[ [ ean(ry) ~aar+ ok (R)aar + kfadt)} L[ (I — )]
0

On the rhs, the first term is the cost under the original contract; the second term the
destruction produced by stealing under the original contract, which is nonnegative; and
the third term is EC[e~"™" h,.] > 0, where h is the agent’s hidden savings under the original
contract. To see this, write

dh, = h,rdt+dl,(R") — ¢ dt + k,(R")a, dt
+k'((a+me)dt+0dZ 4+ 5dZ) + kN (wdt +dZ,).
So
d(e"h)=e""dh,—re"h,dt
= e (dI,(R") — & dt + pk,(R")a, dt
+k'((a+ 7o) dt+0dZ,+5dZ) + k! (mdt +dZ)).

Now take expectations under , choosing the localizing process appropriately to get

n n

EC [ [ d(e‘”h,)} _ EQ[ [ e tan(r) ~adr+ ok (R)adr + kia dt)}
0 0
= ]EQ[e_rTnth — h()] > 0.
Given these inequalities, we can write
Jo—Jo <E9[e™ (J. — T )]

Because the original contract was admissible, lim,_, . EC[e~™"J.»] = 0. Since in addi-
tion the agent’s response was feasible, the new contract is also admissible, and we get
lim,,_, .. EC[e~ "] /»] = 0 as well. This shows the new contract is admissible, and the cost for
the principal is not greater than under the old contract. This completes the proof. Q.E.D.

We can then simplify the contract to C = (c, k), and say an admissible contract is incen-
tive compatible if the agent’s optimal strategy is (c, 0, 0, 0), or (¢, 0) for short.

0.3. Incentive Compatibility

Since the contract can depend on the history of aggregate shocks Z, so can his contin-
uation utility U%" and his consumption ¢. However, because the agent is not responsible
for aggregate shocks, incentive compatibility does not place any constraints on his expo-
sure to aggregate risk. On the other hand, since the agent can invest his hidden savings,
his Euler equation needs to be modified appropriately. The discounted marginal utility of
a hidden dollar must be a supermartingale under any feasible hidden investment strategy,
since otherwise the agent could save a dollar instead of consuming it, invest it in aggregate
risk and his private technology, and consume it later when the marginal utility is expected
to be higher.
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LEMMA O.2: If C = (c, k) is an incentive compatible contract, the agent’s continuation
utility U and consumption c satisfy the laws of motion

1-y
dUs° = (pr’O 16’_ )dt+A,adZ + 5 dZ, (0.3)
de, (r—p 1 w2 1 .
C_C= (FT’W%(U;) +¥( ) >dt+cr dZ,+5{dZ,+dL,, (04)
t

for some A, ", 0, ¢, and a weakly increasing processes L, such that

A > Pk, (0.5)

z(a—ofoy) <0 VzeH, (0.6)
LT

' == ;. (0.7)

PROOF: The proof of (0.3) and (0.5) are similar to Lemmas 1 and 2, where the dZ
term appears because the contract can depend on the history of aggregate shocks. For
(0.4), the proof is analogous to Lemma 2, but now we need the discounted marginal
utility

1
Y _ efur ptzs( oz+1'ra')+7r\237§ ZAU')Z zxo+zé)2dé+/0(zirr)dl‘+fu(zxa'+z§)dZ\ Cz —y (08)

to be a supermartingale for any investment strategy z, € R and z, € H. Using the Doob-
Meyer decomposition, the Martingale representation theorem, and Ito’s lemma, we can
write

dC, c c ~c 177
—=puidt+ofdZ,+6/dZ, +dL,.
c

t

Since the finite variation part of expression (O.8) must be nonincreasing, we get

(r —p—yu + %((1 +y)a) + %((1 + v)&f)2> dt
+ (z(a + 7o)+ 7wz —yoizo — yoi(zo + Z’)) dt —vydL, <0. (0.9)

Taking z = z = 0, which are always allowed, we obtain wlog the expression for u° in (O.4),
and L weakly increasing. Once we plug this into (0.9), and using that z, can be both
positive or negative, we get (0.7). Condition (O.6) is therefore necessary to ensure (0.9)
holds. Q.E.D.

The IC constraint (O.6) depends on whether the agent is allowed to have a hidden
investment in his own private technology. If hidden investment in the agent’s private
technology is not allowed, H = {0} so condition (O.6) drops out. If instead hidden in-
Vestment in the agent’s private technology is allowed, H =R, so condition (O.6) reduces

to oy >
oy’
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0.4. Change of Variables

We can still use the the state variables x and ¢. Their laws of motion are

dx, p—C7 oy 2 Y 2 x5
=4 (g —(o’)" ) dt “dZ *dZ 0.10
. (1_Y +2(0't)+2(0'[)) ‘ordZ + 57 dZ,, (0.10)
2
de, r—p p=¢7 (o) voo, THY o2
ét_< y -y 2 YT (=)
@) 1+
0L yarai Ty(&ff) dt+0idZ,+ 5 dZ,+dL,,
dL, >0 (O.11)

and the incentive compatibility constraints can be written

ol <& ¢k,o, (0.12)
z(a—(of+0)oy) <0 VzeH, (0.13)
~C ~ X m
4o =—. (0.14)
Y

As before, ¢ has an upper bound ¢,, which must be modified to take into account that it
is not incentive compatible to give the agent a perfectly safe consumption stream.

LEMMA O.3: For any incentive compatible contract C = (c, k), we have for all t

¢ <&, (0.15)

where ), is given by

P =max<p—r(1—’y) _ 1—’y(0_x)2_ 1_y(z)2)1v
Ly y 2 2 \y (0.16)

s.t. z(a—o-"(ry)SO VzeH.

x Y
ol

If ever ¢, = ¢y, then the continuation contract satisfies ¢,.; = ¢, and k, = o for all future

times t + s, and x, follows the law of motion (O.10), where o* is the optimizing choice in
(0.16) and * = > Let Uy, be the cost of this continuation contract:

& — —&lo*

by = g0’
- Al—y 2
P ¥y (T
Ty 2 )+2(7)

Ifin addition o and ¢ are bounded, we have

1
1—-y

o0
~ p _sep=rd=y) 1=y cy2 1=y (52
¢ S]Ef|:/ Pl e b e C Rt AL ds:| ’ (0.17)
t
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with equality if L, = 0 always, where P is an equivalent measure such that Z, — fot (1—-y)oids
and Z, — fol(l —y)oidsare P-mar‘tingales.

. . : N 1y L A
PROOF: The same reasoning as in Lemma 3 yields ¢, < (%1”) =7 . For any ¢ between
R 1yl .. . R . 5 s .
¢n and (%17)) =7, preventing ¢, from crossing above ¢ requires o° = ¢ = 0 at that point
and u¢ < 0. But ¢ = 6° = 0 implies the drift of ¢, is
Al 2 -2
r—p_p=&7 (o)  (5))

oY 1—y+2 2

My =

If ever ¢, > ¢y, the drift is strictly positive for any o and &7 satisfying (0.13) and (O.14),
so we must have ¢, < ¢, at all times, and if ever ¢, = ¢, it must remain absorbed there
forever. Using the IC constraint (O.12) and the law of motion of x, we obtain ¢} and

o) in the continuation contract, and from (0O.12) we get k.. The cost of the continuation

contract with ¢, = ¢, and k for all future times ¢ + s can be obtained from the
HJB equation with 0¢ = ¢ = u = 0 or simply applying the formula (0.32) for the cost
of stationary contracts at ¢ = ¢;,.

For (0O.17), the same reasoning as in Lemma 3 gives us

J
1

o0
N ~ —r(l—y) 1— -y, ~ -Y
¢ <Ef [/ o IO - Y (06 - 152 (66)) du dsi| ’
t

with equality if L, = 0 always, where P is an equivalent measure such that Z, — fol(l —
y)otds and Z, — fot(l — ¥)&¢ ds are P-martingales. Q.E.D.

The upper bound ¢, restricts the principal’s ability to promise safety in the future. Even
if the agent cannot invest his hidden savings in his private technology, H = {0}, he can
still invest in aggregate risk. In this case, the maximizing choice is ¢¢ = 0 and we get

& = (%1‘” — 1‘Ty(g)z)ﬁ. Notice that if 77 = 0 this boils down to expression (14) in the
baseline setting without aggregate risk or hidden investment. If the agent can also invest
his hidden savings in his own private technology, H = R, then the maximizing choice is
o= and & = (S _ Lr (e L3 (1T s Jower.

We call any admissible contract locally incentive compatible if ¢, < ¢, and (0.11)—-(0.14)
hold. Notice that equation (O.10) follows automatically from the definition of x,.

We can build a locally incentive compatible contract from processes x > 0 and ¢ > 0
satisfying (0.10), (O.11), (O.13), and (O.14), with o7 > 0 and ¢, < ¢;,. Define the contract
(c,k) by ¢, =¢x, >0 and k, = x,07¢/ /(¢po) > 0. Then, under technical conditions the

xt

contract (c, k) is admissible as defined in Section 2 and delivers utility U’ = under

good behavior. It is locally incentive compatible by definition.

LEMMA O.4: Let x > 0 and ¢ > 0 be stochastic processes satisfying (0.10), (O.11),
(0.13), and (0.14), bounded volatilities o* > 0 and &*, and with ¢ bounded away from
zero and above by ).

Then the contract C=(c,k)with ¢, =¢ x x,>0and k, = 07¢] /(¢po) x x, > 0 deliv-

xz

ers utility U™" =
therefore, locally mcentzve compatible if and only if E9[ f e "x,dt] < 0.

lf the agent follows strategy (c,0). The contract C is admissible and,
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PROOF: The proof is analogous to Lemma 4 in the main body of the paper. First, we

1—
show the contract delivers utility % < oo if the agent follows strategy (c,0). Let Y, =

1-y
X

1= > and using the law of motion of x, (16), we get

dY =Y.~ w(ui‘ - 3o - %(&;‘)2) di

1—y
C
pYi— f,y

+Y,(1—vy)o'dZ,+Y.(1—vy)o dZ,. (0.18)

Integrating we obtain

n 1—y
S

Y, = E|:/ e"”lc— ds+e " Y,n]
0

for an increasing sequence of bounded stopping times with 7 — oo a.s. Take the limit
n — 00, using the monotone convergence theorem on the first term to get

e} 1—y
Y, = IE[ / e*f“lcS— dsj| + lim E[e™"" Yo ].
0

_ ")/ n— 00

c,0
UO

We will now show that the last term is zero,

lim E[e™""Y,.] =0.
Since o* and ¢* are bounded and ¢ bounded away from zero and above by ¢,, u* is
bounded too, and so is therefore the growth rate, (1 — y)(uf — %(07)* — %(57)%), and
volatilities, (1 — y)o; and (1 — y)a;, of Y, in (O.18). Furthermore, the growth rate of Y,
in (0.18), is bounded away below p,

1-7v) (,uf — %(a'f)z — %(&ff) —p=—¢"7< max{—éliy, —5,1,7y} <0,

where ¢ is a lower bound on ¢é,. We then get that lim,_,, E[e """ Y,.] = 0 and, therefore,
XY . . ¢ =
U’ =Y, = 1= < 00. The same reasoning yields U, 0= fT; < oo for all ¢.
Now we show that the resulting contract C is admissible if and only if E€[ fooc e x,dt] <

oo. To show sufficiency, notice that since ¢ is bounded above by ¢, and o* bounded, we

can write
[0} = —rt A &Xéz [0} = —rt
E e (¢, +k,)dt| <2max;q Cp, E e "x,dt| < oo,
0 bo 0

where ¢* is an upper bound on o). For necessity, since ¢, is bounded away from zero,

¢ =¢>0,
oo > E¢ |:/ e "¢, dt:| > ¢ x B¢ |:/ e”xfdt:|.
0 0
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Since the contract is admissible and satisfies (0.11)—(0.14), and ¢, < ¢, it is locally incen-
tive compatible. QE.D.

0.5. Sufficient Conditions for Global Incentive Compatibility

Incentive compatible contracts are locally incentive compatible. Here, we provide suf-
ficient conditions for a locally incentive compatible contract to be incentive compatible.
We can extend Theorem 1 to verify global incentive compatibility.

THEOREM O.1: Let C = (¢, k) be locally incentive compatible contract with ¢ bounded
away for zero and bounded volatilities o*, 6*, o and &°. Suppose that the contract satisfies
the following property:

o, <0.

Then for any feasible strategy (¢, a, z, z), with associated hidden savings h, we have the fol-
lowing upper bound on the agent’s utility, after any history:

1-y
b0z 3 h
UEent < (1 + ) U
Xt

In particular, since hy = 0, for any feasible strategy Uy** < U, and the contract C is there-
fore incentive compatible.

PROOF: Focus on the simple case with dL, = 0; the proof can be easily generalized for
dL, > 0. Following the same steps as in the proof of Theorem 1, we obtain

¢,a )_Cliy
<U‘ = >
7" ~1—y T =l-y =1y
=E/ [/ P — Cu du —I—/ d<e””—x” ) +er (Uﬁn" _ K >:|,
‘ I—vy ‘ I—vy I—vy

where X, = x, + h,¢, 7, and ¢, = ¢,/X,. The first two terms can be written

T ~1—y T =1-y
Ej‘[/ et Cu du—l—/ d(e’”‘—x” )]
t I—vy t 1—vy

P o *él—y_p_ ) i ) y . y
=[E¢ puy—y|l ¥ = X _ R
=E [/t e %, ( [y St Ty xuz(cru) XuZ( ))du} (0.19)

_ P—C " Y, 2 Y a2
tuf = (P ) + () - T
+ &7 (rhe + zeh(a + ) + Zhm + ¢, — & + dkiay)

Al—
A c —pP Y x\2 x _¢ Y ~ x X ~.C
i (o= =y = L) - vt - 1(o1) — 7o+ yofa)

— h Y yo z,0 — h6Yyo{ (2,0 + Z,),
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=1

X X A ¢ A
,O’t == O-Z X — h,C[ 7’}/0} + htct yZ[O’,

X0 =07 — h Tyt + hé (2,6 + 2.

Following the proof of Theorem 1, we can write the integrand as the sum of four parts
y_p_ .y 2y, .2 ~
ﬁxu + X, puh— xuz(a") - xui(ojf) = A,a,+B,+C,+ C,.

A, and B, are unchanged and we know they are nonpositive:

o R
A p A .
A, =c "k, — x,; + h, ¢ yof <0,

Al—y Al—y “1—y
—¢ . . .. . Y — _CTY —
B, = x,p— + ¢V (rhy +Cx, — X))+ hS p—T— y—p + xt”—p <0.
I—vy I-vy I—vy
C, needs to be modified to account for hidden investment, and the new term C’, collects
the terms dealing with aggregate risk,

C, = x,%(o-tx)z + htét_y(zta — ’y()'[éZ,(T — %(0';‘)2 —y a'f()'t) — it%(of‘)z,

A— o é A— X A— x ¢ 1 = X
C = %(x,(aj‘)z +2h,¢; yz,(; - o a) — hé& (o, )2 — hé&; " 2yo) ol — )_C—(xtat )2)
t
Notice that we included the z,/,« term here. We will include 7 (z,h,0 + Z:h,) In C,.
Expand (x,07)%

A [e2 ¢ A A ¢
C— %(Xt(o_tx)z n 2htct72t<; - a’fO’) — htcfy(oyx)z — ¢ 2yo) oy

Lo,

-

—(32(0) 4 (h& (20 = y07))" + 200 hi (@10 - yo-f))).
t

Take the 1/x, out of the parenthesis:

| —

(xf(o-f)z + h,é;’xt(af)z + 2xthtéﬂzt<% - o-fa) + 2(ht6t7)zz,(g - a’fo’)

Y
=1
t 2 y

=1

t

C

— x b7 (07) = (hé) (7)) = xih 2y0r ot — (hé) 2y0 d
_ (xf(o-;‘)2 + (htét—y(zto- — yo-f))z + ZX,Ufhlét—V(z,o- — ya’f))).

Cancel some terms:

1 . N N 5 A
C, = %)_C_t <2x,htct‘yzt(% — Ufo) + 2(h,ct‘“/)zz[<% — af0> — (htct‘y)z(aj‘)2

- (h,é;7)22y0'fa'f — (hé;(zi0 — 'ya'f))2 - 2x,0'fh,6t7210').
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And group the remaining ones to form a square:

(hé)’

€ =20 () + (vt~ 20) 4207 (30 ~ 20)
t
Y 1 n o Y ¢ AL « x ¢
+ Ef, <2x,htc, yZ,(; — (0’, + 0',)0') + Z(htc, y)zzz(; - (Ut + O-I)O-)>’
&) : 1 NI :
C=-3—% L o2 + (vt — 20))' + = (5 + &) ez (o = y(0f + 0f) o).
t t
Rearrange
hé) . :
6= 3N gt (o~ 20)) (o 4 ) 0.
t

where the last inequality uses the IC constraint for hidden investment (O.13).
The term C, collects the terms dealing with aggregate risk:

C’, = x,%(&;‘)z n h,éty((zt(r +z)m — y&f(z,(r +2z)— %(5—;‘)2 _ 5 ~;) — )_c,%(&f)z.

This term is the same as C, except that a/o is replaced with 7 and z,o is replaced with
z,6 + z,, and all the volatilities are with respect to the aggregate shock. The same steps as
above therefore lead to
A_y\2
~ Y (h,ct 7)

Co= =g (3 4 (0! — (2 + 2+ e (2,6 + 2 (m — y (67 + 7)) <0,
t

where the last inequality follows from the IC constraint for hidden investment in aggre-
gate risk (0.14).

The rest of the proof dealing with the terminal term follows the same steps as in Theo-
rem 1 using Lemma O.14. Q.E.D.

0.6. The Solution to the Relaxed Problem Gives the Optimal Contract

The relaxed problem minimizes cost within the class of locally incentive compatible con-
tracts, and we call a solution to the relaxed problem a relaxed optimal contract. As in the
baseline setting, the relaxed optimal contract is in fact globally incentive compatible and,
therefore, an optimal contract. The solution to the relaxed problem can be character-
ized with the same HJB equation as in the case without hidden investment, appropriately
extended to incorporate aggregate risk and the new incentive compatibility constraints:

_ pl=r
0= min c—rv—ac’¢a+v<p ¢ +Z(0'X)2+z(6"‘)2—776"‘>

o¥, gt 5%, 5t 1-— Y 2 2
2 2
L (r—p p=&7 () ce Ity oo (09)
+vc< S T 1o, T +(1+y)oto’ + 5 (o) + 5
1 A 0 A
+ (14756 + %(&C) - aw) + %52((06)2 +(59)%), (0.20)

subject to o* > 0 and (0.13) and (0O.14).
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Using (0O.14) to eliminate &¢, and taking FOC for *, we obtain

This is the first best exposure to aggregate risk. The principal and the agent do not have
any conflict about aggregate risk, and the principal cannot use it to relax the moral hazard
problem, so they implement the first best aggregate risk sharing.”

The FOC for o* and o¢ depend on whether the agent can invest his hidden savings in his
private technology. Without hidden investment, the FOCs are the same as in the baseline.
With hidden investment, the IC constraint (O.13) could be binding in some region of the
state space. The shape of the contract, however, is the same as in the baseline without
hidden investment.

It is useful to define

— el :
A(é,9)=miné - aw% —rb+ ﬁ(% +2(c") - %(%) ) (0.21)

The HIB equation when ¢ = 9" = 0 and (0.13) is not binding is A(¢, v) = 0.

THEOREM O.2: The relaxed problem has the following properties:

1. The cost function ¥(¢) has a flat portion on (0, ¢) and a strictly increasing C* por-
tion on (1, Cy), for some ¢, € (0, ¢,). The HIB equation (0.20) holds with equality in
¢ € (¢, Cp). For ¢ < ¢, we have v(¢) = 0(¢;) = v; and the HIB holds as an inequality,
A(é, 'l,}[) > 0.

2. At ¢, we have v'(¢;) =0, (¢) > 0, and A(¢;, v;) = 0. The cost function satisfies
ﬁ(é) < 67f0rall ce [61, 6;,), with ﬁ(éh) = ﬁh.

3. The state variables x, and ¢, follow the laws of motion (0.10) and (O.11) with bounded
o >0,0° <0, 0= *, and ¢ =0 forall t >0, and dL, =0 always, so the Euler
equation holds as an equality. The state ¢, starts at ¢, = ¢, with u§ > 0 and ¢ = &, =0,
and immediately moves into the interior of the domain never reaching either boundary,
that is, ¢; € (G, &) forall t > 0.

4. Without hidden investment, the optimal contract in the relaxed problem does not have a
stationary distribution:

1 t
;/ lse,—a(é)ds > 1 as.Ve>0,
0

but P{¢; — ¢} = 0. With hidden investment, the optimal contract in the relaxed problem
has a stationary distribution with density proportional to

".1/\ AeXp< dez>7
ag‘(c)c (0(2)2)

which spikes near ¢, that is, m(¢) — oo as ¢ — ¢.

m(c) =

B1f the agent did not have access to hidden investment in aggregate risk, and the agent’s private technology
is exposed to aggregate risk o # 0, then the principal could potentially use the agent’s exposure to aggregate
risk to relax the moral hazard problem.
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5. Since the relaxed optimal contract satisfies the sufficient condition in Theorem O.1, it is
incentive compatible and, therefore, an optimal contract.

PROOF: The proof is similar to Theorem 2, except we use the more general definition
of A(¢, v) in (O.21), which once we optimize over ¢* can be written

1\ ¢o —ér o1
A@ D) =é—ri— 227 +f;(” < “)

2 vy 11—y 24y

Notice we already know from the FOCs that ¢* = 7r/y and ¢ = 0.

Part (1) and part (2) go through without modifications.

In Part (3), the proof that A(¢;, v(¢;)) = 0 requires that we consider the possibility that
the hidden investment constraint is binding as we approach ¢;. Since the right-hand side
of the HJB can only be greater if the hidden investment constraint is binding, we get that
A(¢, v(¢)) <0. But we know that A(¢, v(¢;)) > 0 for ¢ < ¢; from Lemma O.11, and since
A is continuous in ¢, we get that A(¢;, 9(¢;)) =0, as desired.

Part 4 goes through with natural modifications. The first-order ODE has the natural
modification

-y, o dw (T = () (0"‘)2 B
e—rf—o* +f< - +§(0')—§7)+f< =y T2 )_0,

A, 1)

-3 4 . . . . . .
where we are fixing 0 =0 and 0" = - 1;—’4). This is consistent with the hidden investment

constraint because ¢ > v, from Lemma O.15. The rest of the proof goes though and we
get v'/(¢;) > 0.
Part (5 ) and (6) go though with appropriate modifications, noticing that o*(¢;) = 0 and

7
o (¢) =% satlsfy the hidden investment constraint because v; < ¢/, from Lemma O.15.

The proof that 0(¢) < ¢” for ¢ € (¢, €;) is unchanged, except replacing ¢, with ¢, where
appropriate. We only need to check that o°(¢) <0 and o*(¢) > 0 for all ¢ € (¢, ¢;) in the
case where the hidden investment constraint is binding. In that case o = = — ¢, and

the FOC for o yields

+A//A2 «@

. ¢<T oy _ @&

o= //2> ’
y(v—vc)—i-vc oy

which implies o < 0. To see this inequality, use d < ¢” to write
b0 <1,

and use 7' > 0 to get
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Finally, divide throughout by y(0 — 0/¢) + 9”"¢? which must be strictly positive (second-
order condition for optimality)

NP
&Y — ,U//CZ_
@ po Yo .

yo  y(0-0¢)+0"¢ B

Part (7) is unchanged for the behavior near ¢;. For ¢, we need to consider two cases.
Without hidden investment, Lemma O.17 shows that

pie~ (dy —6(14+y)7)E, e,
e~ —v22(1 + 7)6,;7/263/2,

and the same analysis as in Theorem 2 shows that ¢, is inaccessible. With hidden invest-
ment, the IC constraint will be binding near the upper boundary. Lemma O.17 shows

that
i 1/ a \? y 2A R
,uc%(n—Z)E — ) | +——) (& —¢) <0,
oy I-nm

A A o Y A~ ~
ocr —| — (¢h —©),
oy)1-n

for some 7 € (0, 1). We can compute the scale function

¢ 2 1
S(é):/ exp(— _—'L;A dz)dy:

o Cc,—Z

~ a2
(& -8,

C2a)5%+ 1

where o = (n — 2)%(%/)2(&)2 <0and %= (%)%ﬁ)z, so that 2u/0°=n —2 < —1.
So S(¢,) = oo, which means that ¢, is inaccessible and nonattracting (P{¢, — ¢,} = 0).

For Part (8), without hidden investment the proof is unchanged. For the case with hid-
den investment, for the behavior near ¢, we must compute the speed measure

1 ‘om 1
2. A a2 OXP 2 dz |.
g (¢, —¢) o C,—z
Using the approximation,

in 1 aeN( v V. .
pe~n=2)= — —— ) (& —0¢) <0,
2\ oy 1-7
Ué@%—(i) Y (¢ —0),
oy/1l-n

m(c¢) =

we get that near ¢,

M)~ (& — &)
(_)_2 h )
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where —,— —2=2-—mn—2=—m < 0. This means that m(¢) — oo as ¢ — ¢,. But the
integral of m(c) is

M(é):[ci(ch—z) ”dz—Li(ch—c)l n
o 1—n

which is finite as ¢ — ¢,. Since ¢ is an entrance boundary, we have a stationary distribu-
tion,

. m(c)
Y(c)= e
f m(z)dz
¢
with a spike near ¢;,.
Part (9) uses the more general Theorem O.1. Q.E.D.

For a given solution to the HIB equation, we can identify controls * and o as func-
tions of ¢, and use those to build a candidate optimal contract C*. Specifically, let x* and ¢*
be the solutions to (0.10) and (O.11) with ¢ = o* (&), 0 = ¢°(¢¥) and dL, = 0, start-
ing from initial values xj = ((1 — y)uo)ﬁ and 60 = ¢;. We then construct the candidate
contract C* = (c¢*, k*) with ¢* = ¢*x* and k* = o (;:x .

THEOREM O.3: Let 0(¢) : [¢;, ¢,] — [0y, Dy,] be a strictly increasing C? solution to the HIB
equation (0.20) for some ¢, € (0, ¢,), such that U, = 0(¢;) € (0, 0,1, V' (6) =0,07(¢;) > 0and
V(&) = Dy, Assume that for ¢ < ¢; the HIB equation holds as an inequality, A(c 1) > 0,and
that v(¢) < ¢ for ¢ € [&1, ¢;]. Then:

1. For any locally incentive compatible contract C = (c, k) that delivers at least utility u,

to the agent, we have 0(¢)((1 — y)uo)ﬁ < Jy(O).

2. Let C* be a candidate optimal contract generated by the policy functions of the HIB as

described above. If C* is admissible, then C* is an optimal contract with cost Jo(C*) =

DE) (1 — y)up) .

PROOF: The proof is very similar to Theorem 3, except we use the more general
Lemma O.4 and Theorem O.2. QE.D.

The following lemma is useful to ensure the existence of an optimal contract.

LEMMA O.5: When y > 1/2, if a < %\/%1‘” — 1‘77(5)2 then v > ¢]/2 > 0. When
Y172 if a < $oy 20— y) [FU2 — 51(2)2 then = (1 - y)(29) T3¢ > 0.

PROOF: For the case y > 1/2, we will show that v, = ¢] /2 is a lower bound on the cost
function. To do this, it is sufficient to show that A(¢, 9;) > 0 for any ¢ € (0, &),

2
P o
v4, =&y \¢o

A, 0)=¢c+ 1
(¢, 0y) =y 2 oy

>+ 24t —

Al— Altya—y 5%

Ch 'ych - Cl Y 1 A2y Al-2y Ch c 1+ Yy =y 3

- — = [oylty — ),
> T 7€ > y T+ y
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where y =¢/¢, € (0, 1). Since y*¥ < y'*? the expression in parenthesis is greater or equal
to
W -y
1—y°
Here, we have three powers of y, and the middle coefficient is always negative, while the

outside coefficients are positive (this is true both if y < 1 and y > 1). Moreover, the sum
of the coefficients is 0 and the weighted sum (with weights equal to the powers) is

Y+

y -1

1—vy

1+v+ =0.

Hence, by Jensen’s inequality, the expression is positive.
For the case y < 1/2, we will show that v, = (1 — )¢, is a lower bound, where ¢,, is

defined by 2y¢,” = ¢1-7. We have
2
o @
o

ve, =7y
A A N A h
A(c,v)=c+u 1 BT
-y Uy
1¢é2¢l

A~ A,y Al_,y Al_,y m
>é4an(enr/2—¢ )_5 =
m

1
_ A~ A Al_’y/\;y "2’)”\1—27
=C+Cy/2—¢C Cn— 57

= (%"(1 + (¢/En)") — A‘V@;) (1= (&/én)).

If ¢/¢, < 1,then ¢'77¢7 < ¢7¢-Y < ¢, and, therefore, the expression is positive. If ¢/¢,, >
1, then ¢'77¢Y > ¢v¢!~ > ¢, and also the expression is positive. This completes the proof.
Q.E.D.

O.7. Benchmark Contracts and Autarky Limit

We can extend the benchmark contracts in Section 3 to incorporate aggregate risk. In
addition, we can find conditions under which the gains from trade are exhausted and the
optimal contract coincides with autarky, as mentioned in Section 4 in the paper.

Without Hidden Savings

The optimal contract without hidden savings is characterized by the HIB equation:

_ ol
o, = min &- 0"‘57% + ﬁ,,(% +2(") +2(5") - 6”‘77), (0.22)

where v,(x) = ¥,x is the principal’s cost function. The FOC are

e — (0.23)
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2

1=19,67 + 9,93 (o), (0.24)
G =", (0.25)
Y

The optimal contract exists only if y < 1/2 and only if « is sufficiently low; otherwise, the
principal’s value function becomes infinite.

The inverse Euler equation says that e"~?’¢/ is a Q-martingale. If the contract has
constant ¢, it requires

(@)= 2
* = 0.26
N CEE ©29

where

2\
&, = <L1_7) — (- y)l (Z) > (0.27)
Y 2\y

coincides with ¢, without hidden investment.

LEMMA O.6: The optimal contract without hidden savings satisfies the inverse Euler equa-
tion, that is, e"~P'c] is a Q-martingale, and myopic optimization over o*, that is, (0.23).
The marginal cost of utility is lower than the inverse of the marginal utility of consumption,
v, < C).

PROOF: Myopic optimization follows from the FOC (0.23), and 9, < ¢} from FOC
(0.24). Given stationarity, the inverse Euler equation is equivalent to

x_r_p _ 1 2 1"){2
o _—V +(1 y)z((r) +(1+'y)2((r).

Using the FOC for ¢, we can write
— T =¢— (o) (0.28)

Plug into the HIB (0.22) along with the FOC for ¢*, (0.23), to obtain

2
s n (oY Loz ap = ()
rv_c—(a)vy+2(0)vy+v T oy~
Divide by v and use (O.28), to obtain
-2 N2
oy = (w —(1- 7)(0‘_)) _ ﬂ(l —2y)(1—). (0.29)
0% 2 2
And now compute p*:
Al—y
x_p_c z x\2 Z ~ x\2
r= 1_,y +2(0-) +2(O-)
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After some algebra, we obtain the inverse Euler equation

2

x_r_p _ 1 x\2 1~x
i = + (1 y)z(a) +(1+7)2(a'). Q.E.D.

Stationary Contracts and the Myopic Contract

X

Stationary contracts have a constant ¢ and are obtained by setting 0 = 5° =0, 7 =

/vy, and o* to satisfy
A=y _ al=y
o = of (&) =2, (6)170 (0.30)
-7

so that u¢ =0 in (17). To ensure admissibility, we must restrict

2 ey
¢ 8, Eau(—7> T <a, (031)
1+vy

r

so that u* — = < r. Theorem O.1 is general enough to ensure that stationary contracts

are globally incentive compatible. The HJB equation (21) yields the cost of the stationary
contract,

A
c———C"0;(C)
bo

0,(¢) = o . (0.32)
p—c’ 2
2r—p— (1+’)’)14+')’(7T/’)’)
-
A special stationary contract corresponds to myopic optimization,
"(E) =
0 (C)) = —— ,
T y(0E)E b))
which yields
A Al—y 1 o 2 1 2 %
CP:<ch _(1—’)’)§<—) —(1—)’)5(77/7)) ;
véo (0.33)
o= b,=0
" oydo’ e

The best stationary contract minimizes the cost, ¢, = argmingc, ¢, U;(¢) and v, = 9,(¢,).

LEMMA O.7: For any ¢ € (C,, C1], the corresponding stationary contract is globally incen-
tive compatible and has cost 0,(¢) given by (0.32). Since stationary contracts are incentive
compatible, we have 1(¢) < ,(¢).

The myopic stationary contract is an incentive compatible stationary contract correspond-
ing to C,, and the marginal cost of utility is equal to the inverse of the marginal utility of
consumption, 0,(¢,) = 6;. The best stationary contract is less risky for the agent, that is, we
have ¢, < ¢, < ¢, and o (C,) < o, For all ¢ € (C,, C1), the marginal cost of utility is below
the inverse of the marginal utility of consumption 1,(¢) < ¢”, and we depart from myopic

optimization, o} (C) < m
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PROOF: First, using a < &, we can verify that 0 < ¢, < ¢,, regardless of whether
the agent can invest in his hidden savings. Second, 0,(¢) > 0 for all ¢ € (¢,, ¢,) from
Lemma O.8. The same argument as in Theorem O.3 shows that 9,(¢) from (0.32) is
the cost corresponding to the stationary contract with ¢ and o* given by (0.30), as long
as the contract is indeed admissible and delivers utility u, to the agent. We can check
that u* <r+ ”72 for the stationary contract if and only if ¢ > ¢,. In this case, we can use
Lemma O.4 to show that the stationary contract is admissible and delivers utility u, to
the agent if ¢ > ¢,. Since the contract satisfies (O.10), (0.11), and (O.12), and (O.14) by
construction, we only need to check that (O.13) holds, too. It is easy to see this is the case
because ¢ < ¢,. Theorem O.1 then ensures that it is incentive compatible.

The myopic stationary contract has ¢ = ¢, given by (0.33). Lemma O.16 ensures that
¢, € (C,, €4] and, therefore, by the argument above, it is an incentive compatible contract.
The best stationary contract has ¢, > ¢, > ¢, from part 1) of Lemma O.16. From (0.30), it
follows that o) > o (¢,). Part 2) of Lemma O.16 shows that 9,(¢) < ¢” for all ¢ € (¢,, ¢y),
with equality at ¢, and ¢,. Therefore,

a «
< .
ypo  y(0,(O)¢¢)o

Q.E.D.

o, () <o, =

LEMMA O.8: The cost function of stationary contracts 05(¢) defined by (0.32) is strictly
positive for all ¢ € (¢,, ¢,]if and only if o < a.

PROOF: We need to check the numerator in (0.32), since the denominator is positive
forall ¢ > ¢,:

(p—r(l—v) _ 1—y<z)z)@w 4
R . 2
el1- 22 e Y Y .

o -y
The rest of the proof consists of evaluating this expression at ¢ = ¢, and showing it is
non-positive iff the bound is violated, since the expression is increasing in ¢. We get ¢
times

1_iLV§/f:il (p—ﬂl—v)_l—v<z>31
po "2y 2

Y Y

So if @ > & the numerator is nonpositive, and if a < a then it is strictly positive. This
completes the proof. Q.E.D.

LEMMA O.9: If the agent has access to hidden investment, H =R, and ¢ = 1, the optimal
contract is the myopic stationary contract characterized in (0.33).

PROOF: The myopic stationary contract is both admissible and incentive compatible by
Lemma O.7. Since in this case

A . p—r(l—y) l1—y/a\ 1—y/m\
Cy,=0C, = — R —_ | —
e % 2 \yo 2 \y/) )’
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we can use the same verification argument as in Theorem O.3, using the flat value function
v(¢) =, for all ¢ € (0, ¢,). For the argument to go through, it must be the case that the
HJB holds as an inequality for all ¢ < ¢,

A@, D) =¢—rb, —

1\ ¢o - 1At
11¢o —HA),,(;p ¢ —7T>>0.

2 D,y 1—-y 27y

This is true because v, = ¢7, and from Lemma O.16 we know that d, A(¢,, ¢}) < 0. From
Lemma 0.13, we know that A(¢, D) is positive near 0 and either has one root in ¢ if
¥ > 1/2, or is convex with at most two roots if ¢ < 1/2. This means that A(¢, ¢}) > 0 for
all ¢ € (0,¢),). Q.E.D.

O.8. Renegotiation

Here, we provide technical details for Section 5 of the paper. This section is consistent
with the presence of aggregate risk and hidden investment introduced in Section 4 and
the Online Appendix.

We say that an incentive compatible contract C = (c, k) is renegotiation-proof (RP) if

oo € argmin E€ [/ e"(c—k,a)dt+ e”x,@i|,
T 0

where ¥ = inf U(w, t). The optimal contract with hidden savings is not renegotiation proof,
because after any history v, > 1, = v, so the principal is always tempted to “start over.” In
fact, it is easy to see that RP contracts must have a constant 0,. The converse it also true.

LEMMA O.10: An incentive compatible contract C is renegotiation proof if and only if the
continuation cost v is constant.

PROOF: If ever 0, > 0, then renegotiating at that point is better than never renegotiat-
ing and obtaining ¥. In the other direction, if 9 is constant, any stopping time 7 yields the
same value to the principal, so 7 = oo is an optimal choice. Q.E.D.

Stationary contracts have a constant v, because ¢ is constant. However, those contracts
were built using dL, = 0. There are other contracts with a constant ¢ that use dL, > 0, that
is, the drift of ¢ would be negative without d,. In addition, there could be nonstationary
contracts with a constant cost 9(¢) for all ¢ in the domain. The next lemma shows they are
all worse than the best stationary contract C,, with cost ¥, = ming ¢, 0s(¢).

THEOREM O.4: The optimal renegotiation-proof contract is the optimal stationary con-
tract C, with cost ,.

PROOF: Since the optimal stationary contract is incentive compatible and has a con-
stant 9, we only need to show that any incentive compatible contract with constant v has
v > 9,. This is clearly true for all stationary contracts as defined in Lemma O.7 with ag-
gregate risk.
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There could also be stationary contracts with a constant ¢ but dL, > 0. For these con-
tracts, the drift u° < 0 in the absence of dL,. Consider the optimization problem

Al—y 2
A A N (p—C Y 2y (m
0=min¢ —rv— o'¢?"— P - 472
! C—rv ac¢a+v( 1= +2(0') 2(‘)/))

Al—y 2
r—p p-—=¢C 1 : 1 (m
.t — —(o* -{—] =<0.
i Y l—y +2(0)+2<7>_

If the constraint is binding, we get the stationary contracts with dL, =0, so v = 9. We

want to show that it must be binding. Toward contradiction, if the constraint is not bind-
AY

ing we have o* = in%) and, therefore, we have A(¢, 0) = 0, where A is defined as in

Lemma O.13. If ¥ < 9,, then v < 9, because the myopic stationary contract is incentive
compatible (¢, < ¢, for any valid hidden investment). Then Lemma O.15 ensures that

"7" e Ay Ho )+ 1z )2 > 0, which violates the constraint. This means that 9 > 9,.

Finally, if we have a nonstatlonary contract with a constant v < v,, the domain of ¢
must have an upper bound ¢ < ¢, because otherwise they would have a lower cost than
the optimal contract near ¢,, and this cannot be for an IC contract. For the upper bound
¢, we must have ¢ = 0 and u¢ < 0. But this is the same situation with stationary contracts
with dL, > 0, and we know their cost is above v,. O.E.D.

REMARK: It is possible that ¢, = ¢, if the agent can invest his hidden savings and ¢ is
close enough to 1. In the special case with hidden investment and ¢ = 1, we have ¢, =
Cp = Cy, as shown in Lemma O.9.

0.9. Intermediate Results

LEMMA O.11: The cost function v is flat on (0, ¢;), 0(¢) = 0(¢;), and the HIB equation
holds as an inequality in that region, A(¢, v(¢)) > 0. For ¢ € (¢, ¢,), the cost function is C?,
strictly increasing with ¥'(¢) > 0, and satisfies the HIB equation. At ¢;, we have the smooth
pasting condition v'(¢;) =0

PROOF: Denote 0 the true cost function. We will use f to denote test functions, and
sometimes use f, f/, and f” to denote its value and derivatives at a point ¢. Because
the dL, > 0 term in the law of motion of ¢, allows it to go up at any time, ¥ must be non-
decreasing and it can have a flat region (0, ¢;) where ¢, would jump up to ¢, so 0(¢) = (&)
forall ¢ € (0, ¢;). ¢ > 0 because ¢ = 0 requires not giving the agent any capital, so it is just
delaying the start of the contract, which is not optimal because p > r(1 — 7).

Recall the HIB equation, for a generic test function f,

l 2
_ et LI
0= Ugér(lrcc if - o +f< —y +2( ) 2y>
(T (@) (a)‘)2 147y, .o
s oot T 0)
+ f—éz((aé)z). (0.34)



22 S. DITELLA AND Y. SANNIKOV

If the agent has access to hidden investment, the minimization is subject to the constraint
o+ 0 > a/(ovy). Notice we already plugged in 6* = /7y and ¢ = 0. Recall ¢, is defined
in (0.27).

Before going into the proof, let us review a few facts. A C? function f is called a super-
solution of (0O.34) if instead of equality, it satisfies the inequality

0> min...

a¥, o¢

For a supersolution f, if it is possible to attain points ¢~ and ¢* at cost less than or equal
to f(¢7) and f(¢*), respectively, then the contract that satisfies the inequality above at-
tains any point ¢ € [¢7, ¢*] with a cost of less or equal to f(¢), as long as the contract is
admissible.

A C? subsolution satisfies

0<min...

If the cost of attaining points ¢~ and ¢* is greater than or equal to f(¢) and f(¢"), then
the cost of attaining ¢ € [¢7, ¢T] is greater than f(¢). We call functions strict super and
subsolutions if the corresponding inequality is strict. If f is locally a strict supersolution,
then a perturbation of f, for example, a small translation or rotation, is also locally a
strict supersolution (and a similar statement holds for strict subsolutions). We will use
super and subsolutions as test functions around the true cost ¥ to prove properties of ¥
(such as differentiability).

Next fact, equation (O.34) implies a value of f” only for some triples (¢, f, f'). Let us
elaborate. Let us write the HIB equation for deterministic contracts, in which we must
choose ¢ =0, as

A(e, f, f) =0, (0.35)
where
Al—y 2
e £ Y eming — oo @ (P Y2 LT
A(c,f,f)_r(glzlgc 0c¢a+f( 7= +2( ) 27) f
L (ET @) (o)
—|—fc< = + > >,

subject to o* > a/(¢ o) if the agent has access to hidden investment.
Notice that A(¢, f, f') is concave in f’ as the minimum of linear functions, and that 4
goes to —oo as f’ goes to oo or —yf/c. For f' € (—vyf/¢, 00), the optimal choice of o* is

Ay @ 1

T

if the hidden investment constraint is not binding, and when this leads to

(O_x>2 B (&)1 — &
2 1—y
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the hidden investment constraint is not binding (because ¢ < ¢;) and function A, £ )
achieves its maximum in variable f’, because then

As(e, f, f) =0.

Thus, we have

When max; A(e, f, f) > 0, then the equation A(e, f, ) =0 has two roots fL and
fR > fL, in the range f' = (—vyf/¢, c0). Then at point (¢, f) it is possible to solve the
deterministic equation as a first-order ODE with slopes f'(¢) = fL and fR The former so-
lution has positive drift at ¢, points on the solution to the left of ¢ are attainable if (¢, f)
is attainable. The latter solution has negative drift at ¢, and points on the solution to the
right of ¢ are attainable if (¢, f) is attainable. When max, /Al(é, f, /) =0, we can say that
f~£ = f;; is the unique root.

In fact, max, /Al(é, f, ) > 0 if and only if f < 0,(¢) on (¢,, ¢,) and if and only if f >
05(¢) on (0, ¢,). Recall that ¢, is defined in (O.31), and recall that the curve f = 9,(¢) is
defined by

172

+%("x)2— 57) —rf =0,

C -7

c—o-c“/d) +f(

1—vy

For ¢ € (¢,, ¢,), we have % 2(0%)* — %”72 < r, hence maxy A, f, f) > 0if and only
_15177 (o) - “T > r, hence max; A&, f, f) = 0 if and only

if f > ¥,(¢). We have max, A, f,fH=0 1f and only if f = 9,(¢).
Whenever maxy 121(6’, £, f)>0,if f' € (fz,f:;) and f’ > 0, equation (0.34) implies
a unique value of f”, and can be solved locally as a second-order ordinary differential
equation (ODE). To see this, notice that with f” = oo, the right-hand side becomes equal

to A(¢, f, f") > 0, and is increasing in f”. As f" — —y(f — f'é)é~ “;T;,f from above,
the objective function diverges to —oo if the hidden investment constraint is not bind-
ing as we approach the limit. If the hidden investment constraint is binding, then as
f" — —y(f — f'é)¢7! the objective function diverges to —oo if y(f — f/é)éaiy <
if not, then it means we hit the o* > 0 constraint and we must set ¢ = /(o) and
the objective function diverges to —oo as f” — —oo. So we have a unique f” that solves
(0.34). The equation is locally Lipschitz-continuous, as long as we stay in the region where
max; 121(8, 0(¢), f) > 0, which implies all the usual properties (existence, uniqueness, and
continuity in initial conditions).

if f <,(¢). For¢ <¢,, 2
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Notice that also if maxy /21(6, f, f) <0, and f' > 0, then any C? function is locally a
strict supersolution, no matter how high f” is. Indeed, if we set o¢ = 0 and minimize over
o*, we get the inequality > in equation (O.34), and we can make the inequality strict using
a®. Also, for any triple (¢, f, f') with f" > 0, a sufficiently concave C? function is locally a
strict supersolution.

Now, let us prove some regularity properties of function v. First, left and right deriva-
tives ¥’ (¢) and v/, (¢) exist. If not, for example, if

.00 —0(6) . V(¢) — (Cy)
lim inf AA <limsup ————
n—é cC—Cy ¢ C—Cy

for some sequence {¢,} converging to ¢ from below, then we can take a local strict super-
solution f with f(¢) =v(¢) and f'(¢) between these two bounds. Points (¢,, 9(¢,)) above
f for sufficiently large n can be improved upon by a contract based on the solution f.

Second, we have v (¢) < v/, (¢). If not, that is, ¥’ (¢) > ¥/_(¢), then a local supersolution
fwith f(¢) =0(¢) and f'(¢) = (V_(¢) +7, (¢))/2 can be used to improve upon the optimal
contract with value 0(¢). Indeed, if we slightly lower f(¢) = 0(¢) — €, the solution is still
a local strict supersolution that goes above v on both sides of ¢, and the corresponding
contract has cost less than or equal to 9(¢) — € at ¢.

Third, we have max; A(¢, 0(¢), f') > 0. For ¢ € (¢,, ¢;), this follows immediately be-
cause D(¢) < 0,(¢), because stationary contracts provide an upper bound on the cost func-
tion from the optimal contract. For ¢ € (0, ¢,), the argument is a bit more involved. Con-
sider the time-varying version of the HIB equations with choices o¢ = 0 and

A Nl— Al—
(cu) V_C Y

x— [
(o 1_y

b

which satisfies the hidden investment constraint for all ¢ < ¢,

p—Cr

1 2
E+é—aw%+f< +%(0")2——1)—rf=0.

For ¢ € (0, ¢,) and f < 0,(¢), this equation implies Jf J¢ > 0, that is, this choice of controls
leads to f drifting straight up. This means that if 9(¢) < 9,(¢) on (0, ¢,), this contract
allows us to achieve lower cost.

Fourth, let us show that max, A(¢, (¢), f') > 0 everywhere, that is, 0(¢) # ¥,(¢). At
any point ¢ € (¢,, ¢,), when /(¢) < 0 then the principal can get a better value than 9,(¢)
by switching to the optimal stationary contract slightly above ¢. At any point ¢ € (0, ¢,),
when 9/(¢) < 0, if it were the case that 0(¢) = 9,(¢), then the principal could achieve v(¢)
at ¢ — €, 50 U(C — €) < U(¢) < U,(¢ — €), which we know cannot be. When ¢ € (¢,, ¢,) and
v.(¢) > 0, we can conclude that 0(¢) < 9,(¢) by the following argument. Any C* function
which satisfies f(¢) = 0,(¢), f'(¢) = 0.(¢) > 0, including those that go above 9, in the
neighborhood of ¢, is locally a strict supersolution. Hence, 9,(¢) — € is locally attainable
for sufficiently small e.

The following lemma is helpful to deal with the remaining cases (recall ¢, is defined in
(0.33) as the myopic stationary contract).

LEMMA O.12: When A(¢, f) <0 andf < c:V, then 1213(6,]”, 0) > 0. Hence, for any ¢ €
(¢,,¢y) and any ¢ € (0, ¢,), at (¢, 0,(C)), f; = fr>0.
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PROOF: We have

R M-y _ a1y x\2
A3<é,f,0>=(c — + ) )

Since A(¢, f) <0, it means that

Y
’y 2 A Y(éu)l Y — él—y ~, 1
o) zers L o=
2( ) l—vy povf
Toward a contradiction, suppose ,213(6, f,0) <0. Then
A=y _ al-y )2
@)= (oY)
1—vy - 2
éu 1-y 617')/ ) éu l—y _ ley R
vf()izfz(ax)zzwrfy( ) = f[f>&,
1—vy 2 1—vy

a contradiction.
Now, we have A(¢, v,(¢)) < 0 and v,(¢) < ¢” for any ¢ € (0, ¢,) U (Cp, Cy), so at those
points we have f; = f; > 0. Q.E.D.

It follows from the lemma that starting from the minimum of v, on (&, ¢;) to the left,
we can solve the equation (0.35) with slope f; > 0 (locally) with nonnegative drift. This
solution is attainable,* hence ¥ must be at the level of this solution or below, but 0 < f; <
v <9, <1,(¢) =0, which contradicts this. So v is below 9, everywhere on ¢ € (¢, Cs),
including at the minimum of ;.

Now, let us rule out the possibility that f = 9(¢) = 0,(¢) on the increasing portion of
¥, (including the local maximum) in the range (0, ¢,). Then A5(¢, f, f; = fz) = 0. Hence,
for

The value of

o 1—vy 2y
>0,0(e)
& — @) (o)
A u 0,
(= ) -
<0,0(e)

24This solution corresponds to a deterministic contract, in which é converges slowly to the minimum of 9y,
as the drift gets closer and closer to 0.
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on the order of €2. Hence, we can satisfy this equation by setting f” slightly lower than ﬁ
For that choice of o*, we get a deterministic contract with positive drift near ¢, and the
curve that corresponds to this contract is an upper bound on v. Likewise, by choosing

1—vy

we get a contract with slope slightly higher than fR These contracts allow us to achieve
values below ¥, (which is 1mp0551b1e) unless fL fR = 0,(¢). In the latter case, letting
€ — 0,we find that ¥/ = fL = fR Now, any C? function which satisfies f(c) =10,(6), f'(¢) =
v.(¢) > 0, including those that go above v in the neighborhood of ¢, is locally a strict
supersolution. Hence, 9,(¢) — € is locally attainable for sufficiently small €, a contradiction.
We conclude that max; A2, 9(8), f)>0forall ¢ € (0, ¢c,).
Now, at any ¢, the slope ¥/, cannot be steeper than f;;, or else we can improve upon the
cost function 9 to the right of ¢ through a deterministic solution with slope f:; that passes

through (¢, 0(¢)). Likewise, the slope 0" cannot be less than ﬂ and cannot be negative.
We already showed that v < 9/,. The inequality cannot be strict, or else the equation
(0.34) is solvable as a second-order ODE at ¢ with f(¢) = 0(¢) + € and slope f'(¢) =

(V. +0,)/2e( fL, fR), for sufficiently small e. Because this is a subsolution, this implies
that cost v(c) at ¢ is unattainable. To sum up, the derivative ¥’ exists and must be in the
interval [ fL, fR] and nonnegatwe

Now, let us show that ¥’ € ( fL, fR) whenever ¢ > 0. Otherwise, any C? test function f
with f =7, f' =19 and arbitrarily large f” is locally a strict supersolution. Suppose ' = f5,
then the solution of (O.35) with this initial condition to the right of ¢ is weakly above v and
has finite second derivative. The test function f goes strictly above the solution of (0.35)
to the right of ¢, assuming f” is large enough. We can rotate the test function clockwise
slightly, it remains a supersolution that goes below v and then above to the right of ¢.
When it goes below, those points are attainable, hence we can improve upon the cost
function v, a contradiction.

Since ¥ € (f], f¢), if V" > 0, we can solve (O.34) locally with initial conditions (¢, v, V).
If the solution f does not coincide with v locally, if it goes above, then we can rotate it
slightly to find points below ¥ that are attainable. If it goes below, then likewise we can
rotate it slightly to find points above ¥ that are unattainable. Hence, the tangent solution
of (0.34) must coincide with v locally.

To sum up, whenever v' > 0, the cost function v satisfies the HJB equation (O.34) as a
second-order ODE.

Now, whenever also A(¢, v(¢)) < 0 we know that v(¢) < ¢, and we can rule out the
possibility that 7' = 0 because otherwise f; > 0 and we can improve upon v using the

solution of the deterministic equation (0O.35) with slope f, > 0 at (¢, ?) (and positive
drift). To see that A(¢, ¥(¢)) < 0 implies ¥(¢) < ¢”, use Lemma 0.16, and notice that
9(¢) > ¢” can only occur for ¢ < ¢, because ¥(¢) < 9,(¢) < ¢” for ¢ > ¢,. For ¢ <¢,, we
know A(¢ — 8, ¢?) > 0 for any & € [0, ¢]. So A(¢, ¥(¢)) < 0 implies ¥(¢) < ¢7.

We also know that if ¥/(¢) > 0 for some ¢ € (0, ¢,), then ¥/'(¢’) > 0 and the HIB holds for
all ¢ € (¢, ¢,). To see why, if 7'(¢) > 0 then 9 is C? and the HJB holds in a neighborhood
of ¢. We must always have

Ve(l+y)+0"¢*>0.
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Otherwise, we can set o = 0 and ¢ arbitrarily large, satisfying the hidden investment
constraint and getting an arbitrarily negative value on the left-hand side of the HIB. Re-
arrange to get

V> —e (14 ).

Use Gronwall’s inequality to get

A A ¢ _ 1 ~ A A
(&) =0 (¢) x ele ~ Ay o W e (8,¢)),

and, therefore, v satisfies the HIB in (¢, ¢,).

It follows that ¥’ could be zero only in (0, ¢;], where A(¢, v(¢)) > 0 and the HIB there-
fore holds only as an inequality, but the derivative o' must become strictly positive before
A(¢,0(¢)) <0,s0 ¢ =inf{¢:v'(¢) > 0} € (0, ¢,). Once ¥'(¢) > 0, it remains strictly posi-
tive and the HIB holds for all ¢ € (¢, ¢;). Since we know there are no kinks, we have the
smooth pasting condition 7'(¢;) =0 at ¢;. O.E.D.

LEMMA O.13: Define the function

(5:)

1\ o v g2

A Dy =é—rp—snbo) L g(pC T 1T
2 vy 1—vy 2y

n R a R R i oy gL
Forany v € (0, (¢,)"), we have A(c; 0) > 0 for ¢ near 0, where ¢, = (%1” - 177(7)2) =,
In addition, if y > 1 then A(&; 0) has at most one root in [0, ¢,]. If instead y < 5, A(¢; 0) is
convex and has at most two roots.

PROOF: First, for y < 1 limg_ ¢ A(¢; D) = v (=42 — 1_TV(%)Z) > 0. For vy > 1,

1-y Y
lims_, g A(C; D) = oo.
For y > 1/2, to show that A(¢; v) has at most one root in [0, ¢,] for any v € (0, V),
we will show that A4,(¢;0) =0 = A(¢; 0) > 0 for all ¢ < ¢,. Compute the derivative
(dropping the arguments to avoid clutter)

So

Plug this into the formula for A4 to get

A N 2 A
R R Ap—cly Ficad « D
A=c-rm+tr—mm — — — | — =—

1—vy 20y \ po 2y’

1—-y A2

p—C 1 . v
A=¢c—rv+v ——(c—ve)— - —
" I—vy 27( ) 2y
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B(¢, D) is convex in ¢ because 1 — 3y < 0 for vy > %, so it is minimized in ¢ when B’ = 0:

2v—1
3y—1

=0¢77, (0.36)

and it is strictly decreasing before this point. Now we have two possible cases.
CASE 1: The minimum of B is achieved for ¢ > ¢,, so in the relevant range, it is mini-
mized at ¢;,. So let us plug in ¢, into B(¢, v):

A

2yB(é,, 0) = 2y — Dé, + %((p —r(1=y)2y+ A =3y)(E)"7) — o7’

b (p—r(1—7v)
1—vy Y

) 1 \° .,
—m(l—}}’)i(l—’)’)(;) —vm
=<2y—1>eu+a(w)u—zw

1 7w\ . (1=3y 2y
—(1—- -
2 7)<7> v<1—7+1—7)

(p—r(yl—v))>

=Q2y—-Dé,+ 2y’ + (1 =3y))

1 2
=<2y—1)éu+a< (1—2v)—§<1—v>($> H(1—2y)

2
— 2y 1)(@ - ﬁ(w _La- y><3> )) >0,
04 2 04

and the inequality is strict if D < (¢,)”. So A(¢, v) = B(¢, ) > B(é,, D) > 0 for any ¢ < ¢,.
CASE 2: If the minimum is achieved for ¢,, € [0, ¢,), it must be that y > 1/2. Then
plugging in (0.36) into B:

2yv—1,. 2y—1 ¢, p—r(l—y) b7’

B(¢,v) > ' — ——
(c,v) > 2y C 2y 1_y+v 1=y 2y
1-2y é, p—r(l—y) b7’
= +’U [
2 11—y 1—vy 2y

A 2
:1—27 Com +2’y—1éy(p—r(1—'y)_11>’

2 1—y 3y—17" 1—vy 2y

and dividing throughout by 2y — 1 > 0,

B(é,f))> 1 &, é (p—r(l—y) 17r2>
1—y 2y )
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@'

and multiplying by ¢, > 0 and using cl'lj% <95

b

B(¢,0), ., 1()"? 1 (p—r(l—vy) 17°
7> —= + _
2y—1" 21—y 3y-1 1—vy 2y

p—r(l—vy) 1 <w>2>< 1 1 ¥ )
= 7——1— — —_—
( Y 2( V) Y 21—v+(37—1)(1—7)

p—r(l—y) 1 m\*\ 1-=3y+2y
(oo ()
4 2 y/) ) 1=y)@y-1)2

_(pmrd-—y 1w\ 1
_( y e ”<y>><3y—1>2>0'

So A(¢; v) > B(¢,v) > 0forall ¢ € [0, ¢,].
For the case with y < %, the second derivative of A is

2
1
Al = 5067 — 2y — 1)@272<¢i) 250
1)

o

So A(¢; v) is strictly convex and so can have at most two roots. Q.E.D.

LEMMA O.14: Assume there are some constants A;, Ay, A3, and a constant Ay > 0 such
that for any feasible strategy (¢, a, z, Z) there is a nonnegative process N with

dN, < (A + Ay + A3 5Y)N, = M) dt + oV N,dZ¢ + G¥N, d Z,,

for some locally bounded processes o and o, which can depend on the strategy. Then for
a given T > 0, there is a constant As > 0 such that for any feasible strategy (¢, a, z, Z),

T ~1—y 1y
E¢ |:/ e_pZCI— dt:| < )\5 NO .
0 I—vy I—vy

PROOF: First, define 7, as the solution to the SDE

dn, = (M + Ao + 036N, — &) dt + o¥n,dZ¢ + 5 n,dZ,,
and ng = 2. It follows that n, > Y > 0. Now define [ as
Ag Ay

dg 5
—g = —/\1 dt— /\2 de - )\3 dZt, (0 = 19

g

and
t
n, 2/ {Cods + {in,.
0

We can check that 7, is a local martingale under P*. Since ¢, > 0 and n, > 0, it follows that

AT TMAT
E |:/ gsEs dS:| < E“ |:/ gsas ds + ng/\TnTmAT:| =ny,
0 0
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where {7} reduces the stochastic integral and has lim,,_. ., 7 = oo a.s. Taking m — oo
and using the monotone convergence theorem, we obtain

T
E* |:/ LCs ds] < ny.
0

Now we want to maximize E*[ fo e P — ’ d t] subject to this budget constraint. Notice that

a appears both in the budget constralnt and objective function, but does not affect the
law of motion of ¢ under P*, so we can ignore it since we are choosing ¢. The candidate
solution ¢ has

—pt _—
€ Pct‘}':gt“,

where p > 0 is the Lagrange multiplier and is chosen so that the budget constraint holds
with equality. For any ¢ that satisfies the budget constraint, we have

T 5177 T ley
E“ |;/ e Pt dt} <E* / e“”(’— +¢77 (6 — c,)) dt]
0 1—vy L Jo I—vy
r prT clfy T
=[E* / e Pt dt:| + uE* [f (¢ — c[)dt:|
LJo -y 0

r T cl—y
<E* / e dti|.
0 1—vy

. _1 _py. . . . -y
Now since ¢, = ({,u) 7e 7" it follows a geometric Brownian motion so E¢[ fOT e C’— d t]

is finite. Because of homothetic preferences, we know that E¢[ fo e P— C’ dt] =

1—y
As 1\1/0_7 for some constant As > 0. Q.E.D.

n 177 . ~ ~
COROLLARY: For y > 1, lim,_, . Ef[e " %] = 0 for any feasible strategy (¢, a, z, Z).

PROOF: The continuation utility at any stopping time 7 < oo has

™+T El—y
¢ _ _n n
Uf;,“:]Ejn[f e Pt )—lf dt+e ' )UfniT}
T

n -7

+T ~1—y 1—y
<[, / e S gr | < A No
R I—y |17 "1-=v

So at t =0 we get

. L c=r W s ™ sy N1 Y
Uy“ =E* |:/ e""—c’ dt+e " U;,’,“] <E* [/ e P L G dt+e """ As :|
0 I—vy 0 I—vy 1—y

Take limits n — oo and use the monotone convergence theorem on the first term on the
n oy
right-hand side to get 0 > lim, ., E[e ™" 121 > 0. Q.E.D.
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A A &Y »
LEMMA O.15: Let & € (0,¢,) and 3, < 9,. If 0 =6° =0, 0" = —yﬁ and &* = m/y,
and A(¢, ;) =0, where

A

&a\?

A A A oa 1<$_) (p—¢7 1w’

A, 0)=¢—1r————-—+0—m —=—),
2 vy

then v, < ¢] and
Al—y

2
e _p=d7 1o
M= 5 1=y +2(0)+2( )>O.

PROOF: Looking at (0.11), with o = 6 = 0 we get for the drift

cr=p 1. o 1.0 p=¢7
mo= 5 +2(0')+2(0') 1—3/'
So uf > 0 implies
Lo Lo p—r p—2&™
5(0—)—'—2(0—) v 1—v

Notice that if ? = ¢” we have M = 0. If v > ¢”, we have M < 0 and if ¥ < ¢” we have
M > 0. So for A(¢; ?) =0 and u¢ > 0 we need ¥ < &”. In fact, if ¥ = ¢” and in addition

(o) Ot om
2\ ¢pay 2\y 1—vy y '
then we have 4 =0 and u = 0. In this case, because we have u¢ = 0 we therefore have the
value of a stationary contract, that is, v = 9,(¢) given by (0.32). This point corresponds to
the myopic stationary contract with (¢,, v,). We know from Lemma O.16 that ¢, € [C,, C4].
By assumption, 9, < ¥,,.

First, we will show that u¢ > 0, and then make the inequality strict. Toward contra-

diction, suppose u¢ < 0 at é&. Then it must be the case that 9, > ¢ because we have
A(¢, ) = 0. We will show that A(¢;, 9;,) > 0 and get a contradiction. First, take the

derivative of A:
a \’1
Aé(é[, 1,)1) =1- i}l (ély + 61277] (%> A—2> < 0,
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1 1 1
where the inequality holds for all ¢ < 9. So A(¢, v) > A(V,, v)). Letting ¢, = v/, we

Al—y _ al-y
. . (p=c p—¢
=cm—rv1+vz(p -y ’;—(p—r))

_ o=y 1
A(Ey, 1) > & — 1y + ﬁ,(ﬂi _ _<1)

1—vy 1-—
yélr — ¢l ey — ¢l
=  A(G, V) > Cn+ 1 Pl— - _A;m,Pl_ym >0,

U=

1
where the last equality uses 9; = ¢?, and the last inequality uses ¢,, = 9, <9} = ¢,. This is
a contradiction and, therefore, it must be the case that u¢ > 0 at ¢;.

It is clear from the previous argument that ué(é;) = 0 only if (&, 9) = (¢,, D,). We will
show this cannot be the case because « > 0. First, note that (¢,, v,) is a tangency point
where 9,(¢) touches the locus v,,(¢) defined by A(¢; v,,(¢)) =0.If (&, v;) = (¢,,0,), then
this must be the minimum point for 9,(¢), so the derivative of both 9,(¢) and v,,(¢) must
be zero. This means that 4.(¢;, 9;) = 0. However,

2
af A Ay o 1
a(er e () 5) <0
1

where the inequality follows from 9, = v, = ¢/ (note that ¢, > 0 because as Lemma O.13
shows A(¢, 1)) is strictly positive for ¢ near 0). This cannot be a minimum of ,(¢). There-
fore, (&, 01) # (¢,,0,) and u(¢;) > 0. This completes the proof. Q.E.D.

LEMMA O.16: Let

. p—r(l—vy) 1—vy/( « : l—y/(m 2\
i ( y 2 <¢av)" 2 (?)) ’

A A

be the ¢ and v corresponding to the myopic stationary contract. We have the following prop-
erties:
1. ¢, < ¢, < ¢, < Cy, for any valid hidden investment setting
2. & intersects ,(¢) only at ¢, and ¢, = (@ - I’Ty(g)z)ﬁ in [0, ¢&,]. Furthermore,
¢” > 0,(¢) forall ¢ € [¢,, ¢,], and ¢* < 0,(C) for all ¢ € [C,, C,], with strict inequality in
the interior of each region.
3. A(¢,¢")=0only at ¢ =0 and ¢,. Furthermore, A(¢,¢”) <0 for all ¢ € [¢,, ¢;] and
A(¢, ") =0forall ¢ €10,¢,],and 9, A(¢, ") <0 forall ¢ € (0, ).
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PROOF: First, let us show that ¢, € (¢,, ¢,). Clearly, ¢, < ¢, for any type of valid hidden

investment, because ¢ < 1. Now write ¢,

(e ()
i y 2 \¢oy 2 \y

1

== () (1)
> - - - 5. bl
0 2 \vy I+y

where the inequality comes from a < & = $202 [e=rd=n _ 5(%)% Notice 1 — {72 =

1+y Y
and use the definition of ¢,,

) <2y >ﬁ<p—r<1—y> 1—7(77)2)%
=772 - - ,
1+7y 0% 2 Y

to conclude that ¢, < ¢,. The cost of this contract is v, = ¢}.
Now go to 2). We are looking for roots of 9,(¢) = ¢”:

(p—dl—y) 1—7(W)3 A=y
- — -

PN Y z2 \y

C d)O_C 1—’)/

, 1+ 2o
=c7(2r—p——1_;p+7<%) +1_y(1+7)).

Divide throughout by ¢” > 0 and reorganize the right-hand side

(p—ﬂl—v)_l—v(z)v_fly
Cep-va Y Y

I—vy po I—vy
(p—ﬂl—v) 1—7(#)3
2 \y ey
=2y Y 1 Y +1 1+,
-y —y
(p—dl—v)_l—v(zy)_é1y
o 2
2 hn Y y
bo 1—vy
(p—ﬂl—v) 1—7(#)3
2 \y ¢
=2y Y Y/ /7 4 2y,

1—vy I—vy

2y

1+y
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(p—r(l—v) ~ 1—7(z>2>_51_7
> /s Y 2 \y

o I—y
(p—r(l—v) 1—7<7T>2> Ay
— — —C
Y 2 \v
=2 .
Ifc= (W — %(%)Z)ﬁ,we have a root. If not, then we can write
(p—r(l—v) 1 —7<z>2> A
16 2
* _N Y Y ,
oy L—y

1

5 p—r(l—v)_l—v( o )_1—7<z>2>”
04 2 \¢oy 2 \vy
(p—r(l—v) 1—y<w>2>“v
» < — — .
Y 2 \vy

We know that at ¢ =0, ¢¥ = 0, while vs(c) is always positive above ¢, and diverges to
infinity as ¢ \( ¢,. So we know that ¢, is the first time they intersect and, therefore, ¢”
intersects 0,(¢) from below. Since they will not intersect again until ¢,, we get the other
inequality.

Back to (1), consider the locus 1,,(¢) defined by A(¢, v,,(¢)) = 0. Since A(¢, ¥) mini-
mizes over o, it is always below ¥,(¢). At (¢,, U,) we have 9,,(¢) = ¥,(¢) by part (3) below,
which means this is a tangency point of v,, and v;. We can now show that A4}(¢,,v,) <0
and A;(¢,,v,) <0, so that v,,(¢,) = 0,(¢,) < 0 which means that the C, is not the optimal
stationary contract, since ¢, < ¢;. Write

2

1 a
A(C,,0,)=1—=0,( 7+ ¢! X)) (2 0
o> ¥p) ””(cp G (¢o> ;,;) “ (¢a)< ’

1 —r(1— 1—
= L (R ()
SO (3)
Y Y Y
(-2 () -5A(3))
Y 2 \¢oy 2 \vy
2
Y a
*5(%)
1 p—r(l—y) 1—y/m\> l+y( a \
——1—7(”‘”( y 2 (;)))+—2 (m)“

N>

\/
l\)l’-‘
N
‘F.\’, e_‘_t;l
291 R
N—
(o)
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where the last inequalities follows from the bound on

a<a

bpoyV2 [p—r(l—y) 1—7(z>2
V1i+y Y 2 '

Y
To find the best stationary contract, use the HIB

p—c
I—vy

riy =miné - o7 @+ + 2o @) + Jmr),

with FOC for ¢:
1=y g5 (8) — 0,67 + (0,907 (&) — &' — ) de07(¢) = 0.
po po

We already know that for ¢ < ¢, we have v,(¢) > ¢” and o} (¢) > poryt We can them show
that for ¢ < ¢, the left-hand side of the FOC is strictly negative:

lhs =1 — y&" g7 (&) — D,(8)e™ + [ 9,(8)ya(¢) — &' —— )3:07(E).
po o
Use 9,(¢) > ¢” and d:07(¢) < 0 to obtain
Ay—1 o X/ A A A X/ A o o XA
lhs < —y¢"" — a7 (¢) + | 0(&)yo(C) — " — )d:07(¢)
po o
and

lhs < —y&"' (&) + é“’(yo-j,‘(é) — 2 )d:07 (@),
bo bo :

Finally, o¥(¢) > porys yields /hs < 0. This means the best stationary contract must have
¢, > C€,. We know ¢, < ¢, from the definition of ¢,.

For (3), we are looking for roots of

C—ré’ — =——
2 Cy

1—vy 2y

@\’
1 (E) N éy<p —¢r 1 71'2)
This works for ¢ = 0. Otherwise, divide by ¢?,

(5)

Al—y 1 s _al-y 1 2
S-SRIV AR LAl S
1—vy 2y -y 2v

p—r—y) v( a \' y(m\'_ &7
1—y 2\poy) 2\y) "1

por(—y l-y( a ' 1oy(m\'_ .,
Y 2 \ ooy 2 \y ’
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. (pr=y 1-vy( a \ 1-y/m\\T7 _,
C‘( y 2 ((bw)_ 2 <§)) —

So we have only ¢, and ¢ = 0 as roots. This argument also shows that A(¢, ¢”) <0 for
celcy, ¢yl,and A(c, ¢") > 0 for ¢ € [0, ¢,]. Also, evaluating the derivative J, A(c, ¢”),

2
A A Ay A R a 1
1A, &) =1—¢ér — e <_¢ ) A

o o

2 2
5 A, ev)=1_1_av—1(¢_) :_ev—l(d)_) <0
o o

for all ¢ € (0, ¢&,]. O.E.D.

LEMMA O.17: Suppose u’ and o are derived from first-order conditions from a solution
to the HIB equation (0O.20) with the properties in Theorem O.2. Without hidden investment,
H = {0}, the drift and volatility of ¢ near ¢, are approximately,

wie ~ (4y —6(1+v)%)¢, e,
ot —V22(1 4 v)&, e,

where € = ¢;, — ¢. With hidden investment, H = R*, we have

. 1/ a\( v \2
pexnm=2)5 — ) (77— ) <0,
2\ oy 1—n

én (0‘> Y
gcxX —| — €,
oy/1—n

with n € (0, 1).

PrOOF: WITHOUT HIDDEN INVESTMENT. First, we derive the drift of 7' using
the HJIB equation (21). Differentiating with respect to ¢ and using the envelope theorem,
we obtain

Al—y 2
~ ay_1 X ~f P—C Y 2 Y[ T AA_
' =1—yo'é"'— 47 + (") == =) )—0¢c7”
YT bo (1—‘y 5 () =3 ¥

A A 61_7 — 6}11_7 ((Tx)2 x ¢ 1+ Y &2 v” A2, &\2
—|—vc( = + +(1+y)oa+T(0))+76(a)
Al—y _ al=y x)? . . .
+ et 4 ﬁ/(c T j/h + (02) +(1+vy)o'oc + Lty ; 7(0'”)2> + f)”@(a'”)z.

The middle line has the drift of ¥’ plus an extra term 9”¢o* o, which we can combine with

NI

the term containing 9" in the third line. We also know that 9" c°¢ = —9'(1 + y)(o¢ + o*)
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from the FOC for o¢. Using this, we find the drift of ¥’ to be

A1 A 81_7_6277 (O-X)z x ¢ 1+7 &\2 A2 &\2
+vc< T +-= +700+T(0)>+—c(o-)

~f 1+ . Aley A g O
= v/(—y(a'x + 0'”)2 +6,77 — c17> + y(r"cy’l(ﬁ— +0¢7 — 1.
g

Now we approximate the cost function near ¢;,. Conjecture, and later verify, that v(¢) =
¢; — K /€. Then

3K

~ -1/2 N 32 = 6—5/2

plus smaller order terms.
Now conjecture that o is of smaller order than o* (also verified later) and use the FOC
for o* to obtain
o K

N " 2 o'
Cy%=367]/26'0'x — 0'x=K 7 ! \/_

plus smaller order terms. Now plug into the FOC for o*:

A

K a, K : :
56—1/2(1_{_7)(0):_i_a_c)_’_ze.*3/2€0_c=0 — CGC:—2(1+7)O'XE.

This verifies that indeed o is of smaller order than o*.

Now we plug everything into the HJB equation and collect terms of order /e (the
constant order terms match because the cost function we specified works at ¢,). The only
terms of order /€ are

A=y aley o) Ay _ply
e & <5+ @M) +{/@<( ) G- > —0,
¢ Y 2 L=y

-y Al—y
- K. (41
—26,37‘1<—¢“0) K2776” — S/ Ech( Sl e;7> —0.

We can solve for

K =v2e% 12
h ¢0_
Now we plug into our expression for o* and o°
o= «/55,:7/2\/2,
o't = —V22(1 + v)&, %2,

as desired.
For the drift, evaluate the drift of v using the formula above

K 1
S (A e (= e) o (VB VR S (6 - KR

2
=yKé,"Ve.
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But we can also use Ito’s lemma to obtain the drift of ¥/
o1 N K . 13K
i)//éMc + 5{)///(60_c)2 _ 16_3/26/"’6 4 5?6_5/28(1 + ,y)26;7€3 — yKé;Yﬁ

Solve for éut
el = (4y —6(1+ 7)2)@;762,
which completes the proof.

WITH HIDDEN INVESTMENT. The IC constraints for hidden investment will be
binding near ¢;,, so we have

ay & arny &
& — 41—

I TR
y(0—v¢é)+0"¢
ot=2 o,
vo

In this case, we use the approximation
V=10, — K€",
' =Kne™,
V' =—Kn(n—1)e">.

Divide the FOC for o* by 0”¢ on both sides (v” # 0, or we would have ¢* > a/(yo) and
the IC wouldn’t be binding):

o X
“« bo 2-7
of — Ty Kn(n—1) _
1+y(v5—Ke"—Kne" ¢) -
Kn(n—1¢&

The largest terms are of order € because 1 € (0, 1), so we get

o

o'~ —(1+ Ae),

ay

where A =y¢,' - > 0 and, therefore,
-n
A o
‘'~ —— Ae.

ay
We need to make sure the HIB holds up to terms of order €”. Plug into the HJB to obtain

0= (& —e)— (%)(1 + Ae)(e] — y@,fle)%

<p—r(1—v) B 1—7(3)2) g
Y y ) y h

I—y

+ (i)h — KG”)
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y( aY
+& e+ = — ) (1+ Ae)?
2\ oy

2 2
+ Kne" (& —€) <(i> (% —(1+y)(1+ Ae)Ae + 1+—YA262>
Yo 2 2

(p—r(l -y 1—v<z)2) e
h
_ 3’ 2 ’y _6;)’6)

l—vy
o \2
—Kn(n— 1)6”*2(62 — 2éhe) (—) A%e.
vo

The constant terms match. Then there are terms of order " ':

2 (p—r(l—v)_l—v(zy)_él-y
h
K”fléh<<a) L Y 2\ )

yo ) 2 1—vy
5
. =
R a\'1 2 \yo
=K —_ ) =17 | =0.
nCh((W)Z L=y )
Then there are terms of order €”:

y(/D—r(l—“y) B 1—7(3)2) o i
_K( y 2 \y +%<a))

1—vy

2
+ Knéh<<i> (A—(1+y)A) - é;’)
yo

1 a \’
—-K —De — ) A%
> n(n )ch(ya)

We want this to be zero. K factors out, and there is a unique 1 € (0, 1) that makes this
expression zero. After some algebra, we obtain

2 2
5,11_7(1—n)2+n(1— %>v<i> _7<i> =0. (0.38)
ay ay

The bound a < a implies 6,1177 > 'y(%)z > 0, so at n = 0 the rhs is strictly positive. At

n =1, we have y(U%/)2 —(1- %)y(%)z = ’/72(0%/)2 > 0, so the rhs is negative. And because
the vertex of the quadratic term is = 1 there is a unique 7 that satisfies the expression.

So we have
o 1
x [ 1 A—1
7 <07)< TG 1—716)’
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()1
oOcCrX —| — €.
oy)1-n

Now let us find the drift of ¢. Using (17) and plugging in the expression for o and o¢, the
constant terms cancel, and we get terms of order e (plus smaller terms)

2
& A Al— a
ne= <—cill Y+ <—) L(l - ’)/))6.
oy) 1-m

Now use (0.38) to replace ¢, ” and obtain

o (@ N[ v 2—y vy y
’“‘(E) (1—n(1_”+” 2 (1—n>2_<1—n)2)'

After some algebra, we get

as desired. QO.E.D.

REFERENCE

DI TELLA, S., AND Y. SANNIKOV (2021): “Optimal Asset Management Contracts With Hidden Savings,”
Econometrica, 89, 1099-1139. [1]

Co-editor Dirk Bergemann handled this manuscript.

Manuscript received 13 December, 2016; final version accepted 15 November, 2020; available online 3 December;
2020.


http://www.e-publications.org/srv/ecta/linkserver/setprefs?rfe_id=urn:sici%2F0012-9682%282021%2989%3A3%2B%3C1%3ASTOAMC%3E2.0.CO%3B2-W
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:1/DTSan&rfe_id=urn:sici%2F0012-9682%282021%2989%3A3%2B%3C1%3ASTOAMC%3E2.0.CO%3B2-W
http://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:1/DTSan&rfe_id=urn:sici%2F0012-9682%282021%2989%3A3%2B%3C1%3ASTOAMC%3E2.0.CO%3B2-W

	Online Appendix
	Setting With Aggregate Risk and Hidden Investment
	No Stealing or Hidden Savings in the Optimal Contract
	Incentive Compatibility
	Change of Variables
	Sufﬁcient Conditions for Global Incentive Compatibility
	The Solution to the Relaxed Problem Gives the Optimal Contract
	Benchmark Contracts and Autarky Limit
	Without Hidden Savings
	Stationary Contracts and the Myopic Contract

	Renegotiation
	Intermediate Results

	References

