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APPENDIX D: FURTHER SIMULATION RESULTS
Bivariate VAR(4) Model. 'WE FIRST CONSIDER the bivariate VAR( p,) model
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where L is the lag operator, and the parameter p indexes the persistence. For py = 1, this
model reduces to the one considered by Kilian and Kim (2011, section III); we instead
set pp =4 to generate richer dynamics. The parameters of interest are the reduced-form
impulse responses of y, , with respect to the innovation u; ;.

Table S.I shows that the qualitative conclusions from the AR(1) simulation study in
Section 2.2 carry over to the present bivariate DGP with p, = 4. We employ four differ-
ent inference methods that use the correct estimation lag length p = p,: non-augmented
VAR, delta method confidence interval (“AR”); lag-augmented VAR (Inoue and Kilian
(2020)), Efron bootstrap interval (“AR-LA,”); local projection with HAR standard errors
as in Section 2.2, percentile-t bootstrap interval (“LP,”); and our preferred method, lag-
augmented local projection with heteroscedasticity-robust standard errors, percentile-t
bootstrap interval (“LP-LA,”). As a fifth method, we consider our preferred procedure
with a larger estimation lag length p = 8 (“LP-LA}”). The bootstrap is a wild recursive
residual VAR bootstrap. We set T = 240. The nominal confidence level is 90%.

Consistent with the theory in Section 4, lag-augmented local projection achieves good
coverage in all cases, except at long horizons /# > 36 when there is a unit root (p = 1).
Over-specifying the lag length to be § instead of 4 barely affects the coverage of lag-
augmented local projection confidence intervals and only widens them by 3-5% (see
columns 2 and 7). Non-augmented delta method VAR inference suffers from poor cover-
age at long horizons when p > 0.95, while lag-augmented VAR confidence intervals can
be very wide.

Empirically Calibrated VAR (12) Models. 'We additionally consider two empirically cal-
ibrated VAR(12) models with four or five observables. The first DGP broadly follows
Kilian and Kim (2011, section IV) and is given by the empirical least-squares estimate

José Luis Montiel Olea: jm4474@columbia.edu
Mikkel Plagborg-Mgller: mikkelpm@princeton.edu

© 2021 The Econometric Society https://doi.org/10.3982/ECTA18756


https://www.econometricsociety.org/suppmatlist.asp
mailto:jm4474@columbia.edu
mailto:mikkelpm@princeton.edu
https://www.econometricsociety.org/
https://doi.org/10.3982/ECTA18756

2 J. L. MONTIEL OLEA AND M. PLAGBORG-M@LLER

TABLE S.I
MONTE CARLO RESULTS: BIVARIATE VAR (4) MODEL?

Coverage Median Length
h LP-LA, LP—LA% LP, AR-LA, AR LP-LA, LP—LA% LP, AR-LA;, AR
p=0.00
1 0.910 0.906 0.906 0.901 0.902 0.234 0.241 0.245 0.229 0.226
6 0.892 0.892 0.899 0.894 0.895 1.481 1.518 1.517 1.310 1.278
12 0.895 0.889 0.895 0.903 0.901 1.605 1.661 1.627 3.813 0.660
36 0.906 0.901 0.905 0.924 1.000 1.694 1.754 1.709 30.081 0.015
60 0.913 0.912 0.911 0.927 1.000 1.825 1.901 1.832 301.439 0.000
p=0.50
1 0.908 0906 0907 0900 0900 0235 0240  0.244 0228  0.226
6 0.896 0.890 0.894 0.892 0.889 1.731 1.774 1.776 1.706 1.624
12 0.891 0.880 0.889 0.889 0.897 2.006 2.065 2.037 7.186 1.264
36 0.902 0.897 0.902 0.922 1.000 2.079 2.148 2.101 89.302 0.066
60 0.913 0.909 0.906 0.922 1.000 2.239 2.322 2.262 1517.269 0.001
p=0.95
1 0904 0902 0907 0895 0.893 0235 0241  0.245 0230  0.227
6 0891 0890 0.888 0887 0.889 2296 2361 2362 2407 2136
12 0.890 0.884 0.891 0.902 0.881 4.542 4.665 4.641 16.838 4.014

36 0.830 0.809 0.832 0.933 0.841 6.295 6.421 6.407 1113.555 5.413
60 0.876 0.859 0.872 0.931 0.763 6.146 6.297 6.343  73,988.007 3.253

p=1.00

1 0904 0897 0900 0893 0.890 0236 0242  0.245 0.230  0.227
6 0894 0892 0890 0859 0874 2381 2445 2472 2450  2.181
12 0877 0873 0872 0879 0.828 5278 5407  5.364 17.862  4.491

36 0.767 0.760 0.769 0.965 0.775 11.346  11.558  11.509 1311.475 8.200
60 0.659 0.654 0.677 0.961 0.751  12.436 12355 12.750 95,033.410  11.423

4Coverage probability and median length of nominal 90% confidence intervals at different horizons. Bivariate VAR (4) model with
p €{0,0.5,0.95,1}, T = 240. 5000 Monte Carlo repetitions; 2000 bootstrap iterations.

of a workhorse monetary VAR model estimated on monthly U.S. data for 1984-2018
(T = 419). The four variables in the empirical VAR are the Federal Funds Rate, the
Chicago Fed National Activity Index, CPI inflation, and real commodity price inflation
(CRB Raw Industrials deflated by CPI).! The second DGP is based on the main specifi-
cation in Gertler and Karadi (2015) estimated on their monthly data set for 1990-2012
(T = 270).2 The five variables are industrial production (log levels), CPI (log levels),
the 1-year Treasury rate, the Excess Bond Premium, and a monetary shock series given
by high-frequency changes in 3-month Federal Funds Futures prices around FOMC an-
nouncements. For both DGPs, we simulate data from a Gaussian VAR(12) model with
true parameters given by the empirically estimated coefficients and innovation covariance
matrix (but no intercept). The sample sizes are the same as in the real data, mentioned
earlier.

Figure S1 shows that lag-augmented local projection achieves acceptable coverage in
these empirically calibrated DGPs. The figure shows the coverage and median length of
90% confidence intervals for reduced-form impulse responses of selected response vari-

1St. Louis FRED codes: CFNAI, CPIAUCSL, FEDFUNDS. Global Financial Data code: CMCRBIND.
2The data were downloaded from: https://www.aecaweb.org/articles?id=10.1257/mac.20130329.
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MONTE CARLO RESULTS: GERTLER-KARADI VAR(12) SPECIFICATION
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FIGURE S1.—Coverage rate and median length of 90% confidence intervals for reduced-form impulse re-
sponses at horizons up to 48 (horizontal axis). Black solid line: lag-augmented local projection, percentile-t
bootstrap interval. Blue dashed line: Inoue and Kilian (2020) Efron bootstrap interval. 2000 Monte Carlo
repetitions; 2000 bootstrap iterations.
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ables with respect to an innovation in the Federal Funds Rate (first DGP) or the mone-
tary shock series (second DGP). Our preferred lag-augmented local projection procedure
(solid black line) exhibits coverage distortions below 5 percentage points at all horizons
for four of the six impulse response functions shown. The distortions only approach 10
percentage points for two response variables at long horizons in the second DGP. This
second DGP is very challenging: Four of the eigenvalues of the VAR companion matrix
exceed 0.98 in magnitude, while the sample size (270) is small relative to the number of
covariates in each equation (60 plus the intercept). The Inoue and Kilian (2020) proce-
dure (dashed blue line) exhibits near-uniform coverage in both DGPs, but this comes at
the expense of extremely large confidence interval length at medium and long horizons.

APPENDIX E: ADDITIONAL PROOFS
E.1. Notation

Geometric series of the form Zf;&(pj(A, €))** will show up repeatedly in the proofs
below. Observe that, for any 4 € A(0, C,e) and h € N,

h—1

1 1 .
! (A, o <miny - inl ——— ht=g(pi(4 .
Sgp,( , €) Smln{l_p?(A’e)z,h}Smln{l_p?(A,€),h} g(pi(A,e),h)

Recall also the definition of the lag-augmented LP residuals &, ,(h) = yi .1, — B1(h) y, —
Y1 (h)' X,. We can write

1) — E1i(p, 1) = (Yieen — Br() 'y — 91(h) X))
- (J’1,z+h - Bl(A7 h)/ul - ’T]](A, h)/Xt)
= —Bi(h) (i — AX) —(Bi (W) A+ 5 (W) X,

=u; =01(4,h)

+ B1(A, hu, + (A, hH X,
=[B:(A, h) — Bi(W)] w4 [ (A, b)) — (A, ] X, (S1)

E.2. Proof of Lemma A.2

Define v(hy) = ﬁ(hT)” v, where v € R\{0} is a user-specified vector. The result follows
from Lemma A.6 if we can show that

T—hr T—ht

3 & (0 i) = Y &) ()

t=1 t=1 4

(T — hr)v(Ar, hr, D)° Pag




LOCAL PROJECTION INFERENCE 5

where we have defined ¥ = 3~'v. Algebra shows that

T—ht

3 (& hr ) (pChe) it (b))’ — €1 A, b (T u,)]

t=1

(7‘_'hT)U(14T>hT;ﬁ)2
T—hy

S h)? (PChe) 1 (hp)) = &1.(Ar, he)? (7u,)’|
=1

=

(T — hr)v(Ar, hr, 7)*
T—hp

> &) (Phe) 1 (h)) = €10 (Ag, hy) (7 wy) |

p
x |E(hr) (BChy) @ (he)) — &(Ary hy)(Fu) +2€1(Ar, he) (7u)) |
(as (a +b)(a —b) = a*> — b?)

T—hp
> (& hr) (0Che) () = €0 A, h) (Pu)] | 12
: ( - (T = hpyo(Ar, iy, ) )
T—hy

N [ o) ((hrY it (hp)) — E1(Ary ) (Fu) + 260,(Ar, he) (7)) 12
=1
) ( (T — hp)o(Ap, hy, )’ ) '

1
(T = hy)v( Az, hr, 9)?

Consider the expression in the last line above. By Loeve’s inequality (Davidson (1994,
Thm. 9.28)), this expression is bounded above by

T—hr T—hr
S [Ehp) (pCheY i (hp)) = &0 A k) Fu)] Y EAr, b (Fu)’ 12
2 t=1 _ +8 t=1 _ )
(71_'hT)v(/4T’hTaV)2 (71_'hT)v(/4T7hT,V)2

The last fraction above is bounded in probability by Lemma A.6. Thus, it is sufficient to
show that
T—ht

3 [Eihr) (pCheY i (hp)) = &.0(Ar, he) (7u,)]

t=1

(T — hr)v(Ar, hr, 7)?
converges in probability to zero. To that end, decompose
& (hp) (0(he) G (hp)) — E0(Ar, he) (V)
= (&1.(hr) — &0 (Ar, b)) () + (0Che) G (hy) — P ur) € (Ar, Br)
+ (Evi(hy) = &0(Ar, h)) (Che) @ (hy) — Pug).
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Hence, by another application of Loeve’s inequality,

T—hr

S (& Chr) (Che) 1 (hp)) — €1 (Ar,y hr) (7u,)]

t=1

(T — hr)v(Ar, hr, 7)*
T—ht

S [Ehe) — &1 Ar, b)) (7 u,)’

=1

<3
N (7‘_'hT)U(14T’hT,i)2
T—hr
> [t tuhr) = 5w €.(Ar, hr)?
t=1
3 (T — hoyo(Ar, hir, 5)°
T—hr
> [&ithr) = E1(Ar, b)) [PChe) () — 5'u,]
+3 t=1

(7‘_'hT)U(/4T>hT7ﬂ)2
T—hr T—hr

3 [&ithr) = £1(Ar, hp)]'

12 DMl 1
<3 =1 ~n4 t=1
—< (T = hyyo(Ar, by, ) ) x(””” T

T—hrt T—ht

> pthy i) = 5w’ i Y E(Ar hp)t i
t=1 t=1
+3( T—hy ) g ((T ~ hryo(Ag, b, ,;)4)

T—ht T—hr
S [Euthy) = &Ar b)) 1Y [pCheY i) = 5w’ e
=1 t=1

+3( (T~ hoyo(Ar by, o) ) X( T h )

(by Cauchy-Schwarz)
=3[(RD" x (R)"?] +3[(R:)* x (R)?] +3[(R)'* x (R;)'"].

It follows from Lemma E.1 below that R, tends to zero in probability. R, is bounded
in probability by Assumption 2(i) and a standard application of Markov’s inequality. We
show below that Rj tends to zero in probability. Another standard application of Markov’s
inequality combined with Lemma A.7 implies that R, is also uniformly bounded in prob-
ability. Hence, the entire expression tends to zero in probability, as needed.

To finish the proof, we prove the claim that R; tends to zero in probability. Note that

T—hy y T—ht
> i hr) —u| >l
Ry < [p(hp)|' = + |pchr) — 7| 2

T—hr T—hy
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Since [[#(hr) — 7| < |3(hs)~" = 371 x ||»|l, it follows from Lemma A.5(ii), Lemma E.2
below, Assumption 2(i), and an application of Markov’s inequality that the above display
tends to zero in probability. Q.E.D.

LEMMA E.1—Negligibility of Estimation Error in él,t(h): Let the conditions of Lem-
ma A.2 hold. Let w € R"\{0}. Then

T—ht

Z [&1.(h) — &1.4(Ar, hT)]4

=1 P
0.

(T — hpyo(Ar, hy, wy* Pay

PROOF: Recall equation (S1):

Evi(h) — & (A, h) = [Bi(A, ) — Bi(W) ] u, + [mi(A, h) — 71(A, ] X,
By Loeve’s inequality (Davidson (1994, Thm. 9.28)),

T—hr

> (&) = £, )]

t=1

(T — hr)v(Ar, hr, w)4

T—hr

4
s Dl

|1B1(h) = Bi(Ar, hp) | 5
<8
- v(Ar, hr, w)* T—hr

T—ht

G(A7r, T — hr,e)' X, 4
|G(Ar, T = hr, ©[1(Ar, he) = mi (A, )] | ;” T —hr ||

U(AT’hT, 'LU)4 T_hT

+38

By Assumption 2(i) and Markov’s inequality, we have (T — hr)~! ZtT:_lhT lu * = Op i (1).
Lemma A.3(i) then implies that the first term on the right-hand side in the above display
tends to zero in probability. Similarly, the second term on the right-hand side of the above
display tends to zero in probability by Lemma E.3 below, Lemma A.3(ii), and Markov’s
inequality. Q.E.D.

LEMMA E.2—Negligibility of Estimation Error in &,(h): Let the conditions of Lem-
ma A.2 hold. Then

T—ht

Z || u(hr) —u, ”4
= =0
T—hy Par )

PRrROOF: Since it,(hy) —u,=[A — /Al(hT)]Xt, we have

T—hy ) T—hy )
Yl = u| S |G T —hr o)X,
=1 4 =1

< [G(Ar, T —hr,e)(A(hr) — A7) |

T—hy T—hr
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Lemma A.3(iii) shows that the first factor after the inequality is op, (1). Lemma E.3
below and Markov’s inequality show that the second factor is Op,_(1). QE.D.

LEMMA E.3—Moment Bound for y! it : Let Assumptlon 1 and Assumption 2(i) hold.
Then, forall T eN, Ae A0, C,¢e),andi=1,.

max E(y”) < —6C1(E(||u,||4))

N 4
1<t<T = S8 (2)2 xg(Pi(A, €), T) ,

where the expectations are taken with respect to the measure P4, and C, is the constant defined
in Lemma E.4 below.

PROOF: We have defined

h
E( A h) =) Bi(A, 0) gy

(=1

Since we have set the initial conditions y, =---=y_,,; =0, we have

Yo=Y BilA, ) 'ug = Eio(A, 1).
=1

Consider any w € R" such that ||w| = 1. Then Lemma A.7 gives

max E(y;,) = max E[£;0(A, )°]

1<t<T

OE (lluol*) "
< A3 X 1n;z;);v(A, t,w)".

Lemmas E.5 and E.4 below then imply that

max £08) = L) ) ol x ma (3104, 0 2
1<t<T Yie) = 82\ mm(z) 0 i 2 ilA,

- 7(8 Bk« (Dhaca.ol )

=0

6(E(llull*)) 2
= m [XO:C (A 6)
_SCHE(mIY)”

% 4
—= SZAmin(Z)Z g(p[(Aae),T) .

Q.E.D.

LEMMA E.4: Let A(L) be a lag polynomial such that A = (A,, ..., A,) € A0, C, €) for
constants C > 0and 0 < € < 1. Then, forany i =1, ..., n, the following statements hold:
(1) 1B:(A, W) < Cip; (A, €)', where C; =1+42C x ==,
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(ii) 1B:(A, h+m)| < pi(A, )" x C; Y0 1Bi(A, h — b)|l, where C, =1+ 4C(=*),
and C=C(1+ C(p—1)).

PROOF: Since A is in the parameter space A(0, C, €) in Definition 1,
Bi(A, h) = p,Bi(A, h— 1)+ Bi(B, h). (52)

Thus, applying the equation above recursively,
Bi(A, h+m)=pl'B(A,h)+ Y pl'""B:i(B, h+ ).
=1

‘We now use the above equation to prove each of the two statements of the lemma.

Part (i). We have

h
|B:i(A, )| < 1pil " BiA, 0) || + D 1ol || Bi(B, )
=1

h
<lpl"+ ) lp"CA - €)'

=1

(where we have used Lemma E.7 below and B(A,0) =1,)

h
<max{lpd, 1 —€/2}" + Y max{lpd, 1 —e/2}" ' C(1 - )"

=1

h 14
. P 1—¢€ )
=pide <1+C2(maX{lpil,1—e/2} )

=1

* h - 1_6 ‘
< pi(A,e) <1+c;(1_6/2> )

o B 1—e€

Part (ii). 'To establish the remaining inequality, note that

|B:(A, h+m)|

<lpil" | BiCA, | + Y Ipil" | Bi(B, h + 0))
=1

m p—2
<lpil" | B4, D]+ lpil™ (C(l —e)' ) ||Bi(B, h— b>||)
=1

b=0

(by Lemma E.7(ii) below)
<max{|p|, 1 —e€/2}"
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« <||Bi<A, m| + C(g(max{é[:_ (___/2}>Z) (:leﬁi(B, h— b)||>>

<pj(4,e)"

(nmA i +2e(

Y (Stectnollactn-s-i))

where we have used equation (S2
q

<pi(A,e)" x <1+4c< )) Z||3 (A, h—b)|.
LEMMA E.5—Bounds on v(A4, h, w): Let Assumption 1 and Assumption 2(i) hold. Then

forany i=1, ..., nand for any matrix of autoregressive parameters A, and any h € N,

1 vi(A,h w)?
B3 hn(D) = 7 i < E(ju]),

leﬁ(A o

where v;(A, h,w) = E[&; (A, h)*(w'u,)?].

Q.E.D.

PROOF: Algebra shows
v(A, h,w)? = E[&,(A, ) (wu,)’]

— E[(Bi(A, h =ty + -+ Bi(A, 0V urn) 1]

h h
= E|:(Z Z(BL(A’ h— K)/uz+£u;+mﬁi(A, h— m))) (wrut)l] ‘

=1 m=1

Assumption 1 implies that the last expression above equals

STE((B(A, h— 0 ui) (wu)’). (S3)

An application of Cauchy—Schwarz gives the upper bound

h
oA, B w) < Y E((BA A= 0 u)) PE((wu))

=1

Bi(A, h— O E(lluroI1*)  1wlPE (1, )1*) 2

h—1
=E(nutu“)||w||2(ZHB,-<A,z)HZ),
=0

where the last line follows from stationarity.
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For the lower bound, rewrite expression (S3) as

h
Nl Y1814, b= OPE((@urre) (w0u)),

=1

where w;, w, are vectors of unit norm.
By Assumption 2(i),

2 2

E((@;t0) (@10)) = E[E((0ft20) | {t)scrse) (@520) ]
= SE[(wyu,)’]
= 8w, E[uu)|w,
> Amin(2).

This gives the lower bound

2
>

h—1
V(A hw)” = w8 Amn(2) Y[ Bi(A, )]

=0

which concludes the proof. Q.E.D.

LEMMA E.6: Partition the identity matrix 1,,, of dimension np x np into p column blocks
of size n:

Ly=(,.... ).

Let A(L) be a lag polynomial of order p with autoregressive coefficients A = (A, ..., A,).
Then, forany h, m=0,1, ...,

Bi(A, h+m) = Bi(A, h) (J,A"]})

r P—J
+ Z(Z Bi(A,h—1-— k)/Al.+k) (Jj_lAm—lji)’

Jj=2 k=0
where we define B:(A, £) =0 for £ <0.
PROOF: Define B(A4,¢) = (B1(A,40),...,B,(A,£)). Then

B(A, h+m)=J,A""J,

=J,A"A"J
= JlAhln,,I,;pAmJ;

Ji
=JLAMT, ., J;,] : A"

J

P
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p
= (LA (LA™} + Y AT A",

j=2

p
= B(A, )B(A, m) + ) " LA AM;.

j=2
The definition of the companion matrix implies
]jAz_]j_l, j=2,...,p,

and
Al =114;+7,,, j=1....,p—1, Al,=J A,
Therefore, for j < p,

P—i
LAM =3 "B(A, h—1—k)Aj.

k=0

Thus, we have shown that

B(A, h+m)=B(A, h)B(A,m)

p p—i
j=2

k=0

The lemma follows by selecting the ith equation of the above system of equations. Q.E.D.

LEMMA E.7: Let B(L) be a lag polynomial of order p — 1 satisfying |B*|| < C(1 — €)* for
every £ =1,2,.... Then the following two statements hold:
(i) Define the n x n matrix B(B,£) = (B1(B, ), ..., Bu(B,£)). Then ||B(B,0)| <
C(1—e) forall ¢ >0.
(i) 1B:(B,h+m)| <C x (1—e)" x "2 IBi(B, h — 0)|| for all h,m >0, where C =
Cl+C(p—-1)).

PROOF: Let the selector matrix J; be defined as in Lemma E.6. Part (i) follows imme-
diately from the fact
B(B,t)=J,B"J;

and the assumed bound on || B™|.
We now turn to part (ii). Lemma E.6 implies

||Bi(B:h+m)|| = ”Bi(B, h)” X ”Jle]{

p—1 / /p-1-j
" Z(( Z [B:(B, 2 =1 =k ||Bf+k||) [7;-1B™ 1T,

j= k=0

)

< |B:(B, m|CA—e)"
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p—1 P j
+ <<Z||ﬁ<3 h—l—k>||x||B,+k||>C<1 )" )

j=2 k=0
(since |J,B"J;|| < C(1—e)" and |J,_ B™Jj|| < —e)")
p-1 p—1-j
<CcQ1- e)m(||ﬁi(B, m| + Z(( D o8B h=1—k)| x C)))
j=2 k=0

(since || Byl = |JiBJ}, | < IBI)

p-3
<Cca- e)M(Hﬂi(B, m|+Cp-2) (ZH&(B, h—1- k)n))

k=0

p—2
<(1—e)"C(1+C(p—2) (ZH&(B, h— 6)||)

£=0

p-2
<(1-e)"C(1+C(p-1) (ZIIB,(B, h— £)||).

£=0

The last step merely ensures that the constant is positive for all p > 1. Note that, in the
case p = 1, the sum in the last expression is zero. Q.E.D.

E.3. Proof of Lemma A.3

We first prove the statements (i)—(ii), and then turn to statement (iii). For brevity, de-
note GT = G(AT, T — hT, E).

Parts (i)—(ii). Recall the definition 7;(A, h) = A'B1(h)+9:(h) in equation (S1). Since
the OLS coefficients (B1(h)’, 1(A, h)’) are a non-singular linear transformation of the

OLS coefficients ( Bl (h)', y1(h)"), the former vector equals the OLS coefficients in a re-
gression of y; ., on (u,, X,)', due to the relationship u, = y, — AX,. By the representation

M, t4h = Bi(4, h)'u, + n1(A4, h)X,+ gl,t(Ay h)

in equation (19), we can therefore write

[Bi(h1) — Bi(Ar, h1)]

U(AT7 hT7 )
- A —n(A4
v(AT,hT,w) [”’7( > hr) —n( T,hT)]
T—hy | T -1
1 y—1
= hz T—h 2 X6
= T—hy T—hy

G;' X, X G
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T—ht

1
A
(T = hr)v(Ar, hr, w) ; wé1(Ar, hr)

1 T—ht

Y G X.é (A, hr)
(T = hr)v(Ar, hr, w) )

=M (ZD (S4)

We must prove that the above display tends to zero in probability. 71, tends to zero
in probability by Lemma A.1 and the fact that Lemma E.5 implies that v(Ayz, Ay, w)/
v(Ar, hr, W) is uniformly bounded from below and from above for any w € R"\{0}. 771,
also tends to zero in probability by Lemma A.4. Hence, it just remains to show that the
n(p+1) x n(p + 1) symmetric positive semidefinite matrix M~ is bounded in proba-
bility. It suffices to show that 1/ Amin(M) is uniformly asymptotlcally tight. Consider the
2 x 2 block partition of M in (S4). The off-diagonal blocks of M tend to zero in proba-
bility by Lemma E.8 below. Moreover, the upper left block of M tends in probability to
the positive definite matrix 3 by Lemma A.5(i) and Assumption 2. Thus, the tightness of
1/ Amin (M) follows from Assumption 3, which pertains to the lower right block of M. This
concludes the proof of the first two statements.

Part (iii). Write

(T — hp)*[A(hy) — Ar])G(Ar, T — hy,€)

1 T—hy T -1
= (m > u,X;G;1> x (T— ™ > G;lXtX;G;l) .
t=1

t=1

The first factor on the right-hand side above is Op i (1) by Lemma E.8 below, while the
second factor is also Op,_(1) by the same argument as in parts (i)—(ii) above. Q.E.D.

LEMMA E.8—OLS Denominator: Let Assumption 1 and Assumption 2(i) hold. Let there
be given a sequence { Az} in A0, C, €) and a sequence {hr} of nonnegative integers satisfying
T—hr—oo.Thenforanyi,j=1,...,nandr=1,..., p,

T—ht

E UitYjit—r
t=1

(T - hT)]/zg(pj(A7 6)7 T - hT)

=0y, ().

PROOF: Write g7 = g(pj(A, €), T — hy) for brevity. Note that {u;,y;,_,}, is a mar-
tingale difference array with respect to the natural filtration F = o(u,, u,_1,...) under
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Assumption 1. Thus, the sequence is serially uncorrelated, implying that

T—hy
Z Mi,tyj,t—y 2 .
2\ mmes) =7 E[u?y?, ]
(T —h)'?g;r (T —hp)g;r = Yt
: 2 1/2
< a X [E(u?,t)] X IJE?thE(y“ 1)
= [E(u,)]" x (1<?<17@Xh E(y- 1)>1/2
Lt giT

_ VoG (E(u))’
N 6/\min(zj) ’

where the last inequality uses Lemma E.3. The lemma follows from Markov’s inequality.
Q.E.D.

E.4. Proof of Lemma A.4
We will show that

T—hr

Z &i(Ar, hr)yji—r 2
E = — 0.
(T — hr)v(Ar, hr, w)g(P;(AT, €), T — hT)

To that end, observe that if t > s + A, then

E[ff,t(AT, h)y;—&is(pr, hT)yj,s—r]
= E[E(fi,z(AT, he) | u, u; g, .. -)yj,t—rgs(ATa hT)yj,s—r]
=0,

by Assumption 1. By symmetry, the far left-hand side above equals 0 also if s > ¢ + Ar.
Thus,

T—ht

Z §ii(Ar, hr)yji-r 2
E =1
|:<(T — hr)v(Ar, hr, w)g(p}‘(AT, €),T— hT)) i|

iy E 2 A ’h j,t—rSi,s A 7h j,§—1r
< Z Z Is— 1] < h | [f,;( 7> N1)Yjs zf, (Ar, hr)y;, ]| .
=1 (T_hT) v(AT’hTa U)) g(pj(ATae)aT_hT)

(85)

s=1

We now bound the summands on the right-hand side above. Consider first the case s €
(t—hr, t] (we will handle the case ¢ € (s — hr, s] by symmetry). Since the initial conditions
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for the VAR are zero, we have

Viier =&jo(Ar, t —1).
Thus,

E[fi,z(AT, hr)yi—r€is(Ar, hT)y,-,s_r]
= E[fz‘,t(AT, hp)éjo(Ar, t —=r)&is(Ar, hr)€o j(Ar, t — ’”)]

hr hp -1 s—1

= ZZ Z ZE Bi(Ar, hr —£,) uH—l])(B/(AT’ml —n)u,. rnl)

=14=1 my=rmpy=r
X (Bi(Ar, hr — €) uyr,) (B (A7, my — 1)ty |-

Consider any summand above defined by its indices (¢, £,, my, m,). Since ¢ + £; >
max{t — my, s — m,}, Assumption 1 implies that the summand can only be nonzero if
s+ £, =t + £;, which requires ¢; < hy + s — t. Moreover, when s + £, =t + £;, we also
need ¢ —m; = s — m, for the summand to be nonzero, which in turn requires m; > t —s—+1.
Thus,

|E[§i,t(AT, hr)yjr€is(Ar, hT)yj,s—r]
hr+s—t t—r

= Z Z E[|(,3i(AT, hr — 51)/ut+zl)(3i(AT, hr — & —(t - S))/”t+el)
=1 my=t—s+r
X (.Bj(AT, my — r),uml—r)(Bj(ATy my—r—(t— S))/Uml—r)u

hr+s—t —

Z Z |BiAr, hr — )| x | Bi(Ar, hr — €1 — (t = 5)) | x || B;(Ar, my —1)|

=1 my=t—s+r

< |Bi(Az,mi—r — (t =) | x E[Nttre, I* X [ty 1I7]
(by Cauchy-Schwarz)

hr+s—t —r

< CIE(Iluoll*) Z Z | Bi(Az, hy — €] x || Bi(Ar, he — & — (t = 5)) |

=1 my=t—s+r
x pj(Ar, 6)2("”7’)7([78)
(since |Bj(Ar, h)| < Cipi(Ar, €)" for any j, h by Lemma E.4)
< C} x E(lluoll*)

hr+s—t

X P;(AT, E)(ts)( Z ” Bi(Ar, hr — 51)“ S “Bi(ATa hr — &, —(t - S)) “)

=1

t—r
(5 st

my=t—s+r



LOCAL PROJECTION INFERENCE 17

hr+s—t
< E(llull’) x pj(A, e)“”( Y Bl(Ar hr =t — (1 =9)pi(A, e)“”)

=1

t—r
(5 st

mp=t—s+r
(using Lemma E.4 and the definition of B (A7, hy — £; — (1 — 5))

in Lemma E.9 below)

hp—1—(t—s) s=2r
=E(||uo||4)xp;f<AT,e>“”p:‘<AT,e><”>( > Bf(AT,@) (Zp;f(AT,ef'”)

=0 m=0

hp—1 T—hy
E(lluol*) x pi(Ar, €)™ p; (Ar, €)™ (Z BI(Ar, 15)) (Z P4, 6>2’")
m=0

£=0
hr—1

E(||Ll(]||4) X pj(ATa E)O_S)p;‘k(AT’ E)(t_S) <Z B;D(AT’ 6))g(p7(AT7 6)7 T - hT)2

£=0

E(lluoll*) x p;(Ar, €)™ pj(Ar, €)'

hr—1
x CzP(Z |Bi(Ar, ©) !|2)g(pjf(AT, ), T —hy)’
=0

(by Lemma E.9 below).

We have derived the bound in the above display under the assumption s € (¢t — k7, ], but
by symmetry, it also applies when ¢ € (s — k7, s] if we replace (¢ — s) with |t — s|. Inserting
into (S5), we get

T—hr

Z &(Ar, hT)yj,t—r 2
E t=1
[((]1_'hT)U(/qT,hTGIU)g(P;(/qT,E),]‘_'hT)) }
E(|luoll*)
=CPXT Ty

hr—1

S 1B:An O 1,

=0 |t—s|
—tl<h A A
X o (Ar by w) Z] Z (Is = 11 < hr) (0} (A7, €)p; (A7, €))

3 Cp . Elul)
Wl X8 X Ain(S) (T —hy)’

T—hp T—hr
y Z Z Is — 1] < hr) (0} (A7, ©)pi (A, )
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(where we have used the lower bound of Lemma E.5)

C.p E(lluoll*) < |m| ) im|
_ 1- {(Ar, €)p;(Ar,
T X T XMZ(;W 7 ) (i (A €)pi(Ar, )

hr—1

x Y (pi(Anpi(Ar, )"
m=0

< Gp % E(||u0||4)
B ||U)||2 X 0 X Amin(z) (T - hT)

T— 12 /hya 12
Gp E(luol®) (&= . r-
= lwl* x 8 X Amin(2) x (T — hy) X Z 75 €) Z pi(Ar, €)™

m=0

(by Cauchy-Schwarz)
Cp x E(luol’) (g(pf(AT, ), T - hr))”z <g(p3f<An €T~ hr))”
- ||w||2 X 0 X Amin(zj) T—- hT T — hT
- 0. Q.E.D.

LEMMA E.9: Consider any lag polynomial A(L) of order p with autoregressive coefficients
A= (A, ..., Ay). Then forany h=1,2,...,

h—1
Y Bl(A,0)
=0 < Czp,

h—1 5
> B4, 0
=0

where
p—1

BI(A,0)=CY (|Bi(A,0)] x ||B:

),
b=0

and we define B;(A, £) = 0 whenever £ < 0. Here C, is the constant defined in Lemma E.4.

PROOF: Changing the order of summation, we have

i

(=

@,M“

18:0A,D] x ||B,»<A,z—b>||)

—_

h—
164, 0] x nw,e—mn)
=0

1/2

pa
53 (:’;u/s (4,0 ) x (§,|B,.<A,e_b>||2)
S
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(since |Bi(A, £ —b)| =0fort—b <0)
h—1 5
=p<Z||Bi<A,£>|| )
=0

Therefore,
h-1 h—1 )
Swriao<cp(Slacaol) 05D
=0 =0

E.5. Proof of Lemma A.5

We consider each statement separately.

Part (i). Since E(u,u,) = 3 by definition, this statement follows from a standard ap-
plication of Chebyshev’s inequality, exploiting the summability of the autocovariances of
{u, @ u,}; cf. Assumption 2(ii). See, for example, Davidson (1994, Thm. 19.2).

Part (ii). Using @t,(h) —u, = (A — Ah))X,, we get

T—ht

1

Hﬁ(hr) T ; u,
T—hy
< 7=y 2 Nt thrY — |
T—hy _—

1 X 2 . /
1 Z JaaChr) =+ 5= Z [ (@) = )

T—hr

< |G T~ hr, ) (Athr) = A7) | x == 3 |G(Ar T = hr. o)X,
T o
R 1 T—ht
+2 % ||G(AT, T — hy, E)(A(hr) - AT) “ X 7 ; ||G(AT, T —hr,e)"' Xu, |

Lemma E.3, Lemma A.3(iii), Lemma E.8, and an application of Markov’s inequality imply
that the last expression above is

OpAT(l) X OPAT(l) +2 x OPAT(l) X OPAT(l) = OPAT(l). Q.E.D.

E.6. Proof of Lemma A.6

We would like to show ¢ P—p> 1, where
Ar

S Tth &.(Ar, hr)(w,)’
Ty U(AT>hT,w)2

t=1
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Note that the summands could be serially correlated under our assumptions. We establish
the desired convergence in probability by showing that the variance of ¢ tends to 0 (since
its mean is 1). Observe that

1
(T — hy)’v(Ar, hy, w)*

Var(s) =

T—hp T—hy

S Z Z COV(fi,t(AT, hT)z(w,Mz)z, is(Ar, hT)z(w,us)2)

t=1 s=1

1
(T = hy)v(Ar, hy, w)?

> (1—T'T'hT)Cov(g,«,o<AT,hT>2(w/uo)2,fi,m<AT,hT>2(w/um)2)

|m|<T—hr

T—hy

2
=T i iy 20

m=0

; (S6)

where we define
T (m) = Cov(&io(Ar, hr) (Wttig), Eim(Ar, he) (Wuy)’), m=0,1,2,....

By expanding the squares &y(p, k) and &,,(p, h)?, we obtain

hr hr hr hr

Ir(m) = Z Z Z ZCOV((ﬁi(AT, hr — El)/ull)(Bi(AT’ hr — Z2)/%52)(11/”0)2,

=1 lr=103=1¢4=1

(Bi(AT, hr — 63)/um+l3)(ﬁi(AT, hr — 54)/”m+z4)(w/um)2)-

Consider any summand on the right-hand side above defined by indices ({1, £,, 3, £4).
If ¢, = ¢,, then Assumption 1 implies that the covariance in the summand equals zero
whenever ¢; # {4, since in this case at most one of the subscripts m + ¢; or m + £, can
equal ¢; (= £,). Thus, if ¢, = ¢,, then the summand can only be nonzero when ¢; = ¢,.
If instead ¢; # ¢,, then Assumption 1 implies that the summand can only be nonzero
when {£, {,} = {m + ¢3, m + {4}, which in turn requires that m < hr. Putting these facts
together, we obtain

|FT(m)|

hr  hr

<> S |Cov((BilAr, hr — 1) thre,) (W tt) s (BiC Az, by — €)' (w'ug))]

6=13=1

+1(m < hy)

ht
X ZZ Z |C0V((ﬁi(AT, hr — 51)/%’.1)(31'(147, hr — 52)/uez)(w,um)2, (S7)

=167

(Bi(ATa hr — (& — m))/uél)(ﬂi(AT, hr — (&, — m))/ugz)(w/uo)2)|. (S8)
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Let T, T(m) and T, 7(m) denote expressions (S7) and (S8), respectively. We will now

bound Z T Fl r(m) and Z Fz r(m), so that we can ultimately insert these bounds
into (S6).

m= 0

Bound on Z;;ﬁ"‘ ', 7(m). We first bound the term in expression (S7). To do this, we
define the unit-norm vectors

@ apige = Bi( Az, hy — 0) /| Bi(Ar, w, =w/|wl.

By Lemma E.4, the term

|COV((Bi(AT7 hr — el)/um+(1)2(w/um)27 (Bi(ATa hr — 53)/Uz3)2(w/uo)2)|

is bounded above by

4 4 2(h—1)+2(hy—t 2 2 2 2
lwl*Cip; (A, €)* "1~V 20D | Cov((wly, 4y tmser) (@thm) s (@4 s tes) (@),0)7) |-
Since Ar € A(0, €, C), we have pi(Ar,€) <1,s0

T—ht

Z fl,T(m)
m=0

T—hy hy hy

< |wl*C} Z ZZP?(AT, €)2hr=t2)

m=0 £;=1/{3=1

X |COV((w,AT,hT,€1 um+(1)2((u;ﬂum)2, (w/AT,hT,l_z l/lg3)2(w;ﬂu0)2) |

hr
4 4 2(hr—b
<|wl*Cl Yy p(Ar, e)r*0

bi=1

X(i i sup iCov((wl/ubl)z(w;uo)z,(w;ub3+bz)2(w;ub3)2)|)- (9)

bz:—OO b3:—00 ”ij:l

Consider the double sum in large parentheses above. If we expand the various squares of
the form (w}u,)z, then the double sum can be bounded above by at most 4n° terms of the
form

o0 o0
E E |COV(u.f1,b1 Ujp05 Ujs,by+by Ujy,bs

sz*OO b3:700

(S10)

where &, = (&1, ..., 0p2,) =u, ® u,, and ji, o, j3, ja € {1,2, ..., n*} are summation in-
dices. By Assumption 2(ii), the process {i;} has absolutely summable cumulants up to
order 4. We can therefore show there exists a constant K € (0, co) such that the large
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parenthesis (S9) is bounded above by K.> Consequently,

T—hy hr—1
> Fir(m) < || C4KZp,<AT )" = wl|'C{K ) " pj(Ar, €)™
m=0 by=1 =0

Bound on Z T [,r(m). Expression (S8) can be bounded above by

hr
1I(m < hT)ZZ Z E[|Bi(AT, hr — 51)/uel| X |Bi(AT, hr — 52)/uz2| X (w,um)2

=10%0
|Bi(AT; hr — (& — m))/uel| X ‘,Bi(AT: hr — (&, — m))/uzz| X (w,uo)z]-

Applying Cauchy-Schwarz, we get the upper bound

hr
Lim <h)2Y Y " (lwll* x | Bi(Ar, by — )| x | Bi( Az, hr — &) |

H=16%4
X ||,3i(AT, hr — (& — m)) || X H,Gi(AT, hr — (&, — m)) ”

X Ellug, I X Nty I” X Numll* X Nutol|*])-
Another application of the Cauchy—Schwarz inequality gives

Elllue, 1> 5 lue, 1 x Nl x Nluol®] < E[|uf[]-

3 According to Brillinger (2001, Thm. 2.3.2),

Cov(it)y b, ljy,0, Ujy,b, Ujy,by) = COV(ijy 0, gy b, ) COV(iLjy by 5 Uy by )+ COV(ELGy 0, Ly by) COV(ELG, by 5 Uy b,)
+ Cum(iij, 0, Ujy by > Wj,by > Ujy,by)s

where “Cum” denotes the joint fourth-order cumulant. Thus, the expression (S10) is bounded above by

( Z }Cov(ﬁfz,o’ﬁ!é,bz))( Z |COV(M]1 hl’u/4 h%)|>

by=—00 b3=—c0

+ ( Z |C0V(l~4/'1»b1’ ﬁ/sﬁz”)( Z |Cov(ﬁf2,0’ ':‘!'4,’?3))

by=—0c0 b3=—00

oo

"

by=—

o0 ]
Z Z |Cum(u12 0> u}l b1 > ”/3 by ul4 bx)|
by= =

The third term above is finite by Assumption 2(ii), since i, = u, ® u, has absolutely summable cumulants
up to order 4. Consider the first term above (the second term is handled similarly). The stationarity of i,

implies that this term equals (3", _

—o0

| Cov(it}y 0, iy ) ) (X pe_ o | COV(iL, 0, B, 0)|). By Assumption 2(ii), the

autocovariances of {i,} are absolutely summable. This implies the above display is bounded. Thus, we have
shown that there exists a constant K(ji, jz, j3, j4) (Which only depends on the fixed data generating process
for {u,}) that bounds the expression (S10). Picking the largest constant over all summation indices gives the

desired result.
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Thus,

T—ht

Z 1:‘2,T(””)

1 hy hr

23

<2x E[[|uf]] x lwl xZZZ |BiAr, hr — )| x || Bi(Ar, hr — )

m=0 ¢;=1¢,=
X || Bi(ATa hr — (€, — m)) || X H,Bi(AT, hr — (&, — m)) “)
The bound in Lemma E.4 implies that

Bi(Ar, hr — Z1)” X \

,Bi(AT, hy — (£ — m)) ”
is less than or equal to

p—1

G Z” Bi(Ar, hr — 51)“ S ” Bi(Ar, hy — &, — b)” xp;(Ar, €)™,

b=0

_gP
=B, (Ar,hr—t1)

for a positive constant C, that depends on p and €. Thus,

T—ht

Z IN‘z,T(m)
m=0

< 2x EffJuf |] x Nwi?

/1]"—1 hT hT
x D> D (BI(Ar, hy — 1) x B/ (Ar, hy — &) x p[(Ar, €)™")
m=0 {1=1¢,=1
hr—1 hy—1 2
=2 x E[||u!||] x ||w||4<2 pi(Ar, e)”) (Z B/ (Ar, e>) :
=0 =0
Conclusion of Proof. Putting together (S6), (S7), (S8), and (S12), we get
. 2fw]’ - S
Var(§) < C/'K pi(Ar,€)
(T = hr)v(Ar, hr,w)* | [2:0: !

hT hT—l 2
+ 2 B[] <Zp,(AT,e>2‘><ZBf(AT,E>>}
=0

hp—1

2CIK x Y pi(Ar, €)*

=0

<
— 2

hr—1
(T - hr)( B,-(A,E)H2> 8 Awin (3)°
=0

(S11)

(S12)
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hr—1 hr—1 2
2x E[|uf||] x Zpl (Ar, €)™ (Z Bf(AT,z)>

=0 =0

(T - h'T)(SZ)\min(Z")2 x (hT 1 )

Y |84, 0]

(by the lower bound for v(Ar, hr, w)*derived in Lemma E.5)

hy—1 hp—1
2{ (Cf[( x Z pi(Ar, 5)2‘) + (2 x E[|u}|] x Cop x Z pi(Ar, e)zz)}

=0 =0

=

(T - hT)SZ/\min(Z)z

h—1
(where we have used Z”,B,-(A, 0) ||2 > |Bi(A,0)|| =1 and Lemma E.9)
=0

hr—1

> pi(Ar, )

_2xaR)+ 4= E[|d|] xCp) S
B 82/\min(2)2 T - hT

The final expression above tends to zero as T — oo, since

hr—1
p;‘k(AT7 6)22
ZZ=O: < g(p;k(ATa 6)7 hT)2 N 0
T—hr - T —hy '
Thus, Var(s) — 0. Q.E.D.

E.7. Proof of Lemma A.7

We prove only the first statement of the lemma, as the proof is completely analogous
for the second part. Define the unit-norm vectors

®ane=Bi(A,h—=0/|Bi(A,h=0], wy = w/[[w].

In a slight abuse of notation, throughout the proof of this lemma we will sometimes write
Bi(h — ¢) instead of B;(A, h — ¢). Expanding the four-fold product ¢;,(A, h)*, we obtain

E[¢.(A, by (a'u,)"]
—ZZZZMW&WMM%MWMMMWMWWW
=1 tr=1t3=1 t4=
X E[(“’A,h,zlut+l1) x (w/A,h,zzutHz) X (w/A,h,e3ut+€3)
X (@4 g Urve) X (w/ut)4]. (S13)

By Assumption 1, the summands above equal zero if one of the indices ¢; is different from
the three other indices. Hence, the only possibly nonzero summands are those for which
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the four indices appear in two pairs, for example, ¢; = ¢; and ¢, = ¢£,. The typical nonzero
summand can thus be written in the form

|Bith = O] Bith — m) |"E[(y 5 (ttise)” X (04 pmtiem)” x (wur)],

where £, m € {1, ..., h}. For given £ and m, this specific type of summand is obtained
precisely when either (i) ¢, =&, =fand {3 =¢,=m,or (i) ¢, =4;=C and {, =¥y =m,
Or(lll) Zl =£4=£ and£2=£3 =m, Or(iV) El =€2=m and£3=£4=£, or (V) Kl =€3=m
and €, = ¢, = ¢, or (vi) £, = £, =m and ¢, = {; = £. That is, there are six summands in
(S13) of this form. Thus,

h h
E[&(A, ) (wu) =63~ Y (| Bih = O [ Bih = m) |

=1 m=1

X E[(@y y ttire) X (04 pmttirm)’ % (wur)'])

h h
< 6lwlI*E(lud®) Y. Y | Bith — )| Bith — m)|

=1 m=1

(by applying Cauchy-Schwarz twice)

h—1 2
= 6/wl*E(|lu® (ZHB(A h— an)

=0

It follows from Lemma E.5 that

E[(v(A, h,w) " &(A, hyu,)'] < M Q.E.D.
T 8 Ain(2)?
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