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IN THIS APPENDIX we provide the proofs of various technical lemmas, present several
extensions, and give details about the Monte Carlo simulations.

S1. PROOFS OF TECHNICAL LEMMAS

PROOF OF LEMMA A1: From Assumption 3(iii)–(iv) or 4(iii)–(iv), both ∂αj (θ�ξ)
∂θ′ and

∂αj (θ�ξ)
∂ξ′ are uniformly bounded (in probability in the time-varying case). Let aj(k�θ) =

αj(θ�ψ(ĥ(k))). We thus have, using Lemmas 1 and 2,

sup
θ∈�

1
Np

∑
i�j

∥∥aj(k̂i� θ) − αj(θ�ξi0)
∥∥2 = sup

θ∈�

1
Np

∑
i�j

∥∥αj(θ�ψ(
ĥ(k̂i)

)) − αj(θ�ψ(
ϕ(ξi0)

))∥∥2

= Op

(
1
N

∑
i

∥∥ĥ(k̂i) −ϕ(ξi0)
∥∥2

)
=Op(δ)� (S1)

Let θ ∈ �. Expanding:
∑

i�j �ij(a
j(k̂i� θ)� θ) ≤ ∑

i�j �ij (̂α
j(k̂i� θ)� θ) to second order

around αj(θ�ξi0), and using

max
i�j

sup
(α�θ)

∥∥vαij(α�θ)
∥∥ =Op(1)� (S2)

we have, for some aij(θ) between α̂j(k̂i� θ) and αj(θ�ξi0),

1
2Np

∑
i�j

(̂
αj(k̂i� θ) − αj(θ�ξi0)

)′[−vαij(aij(θ)� θ
)](̂
αj(k̂i� θ) − αj(θ�ξi0)

)

≤ 1
Np

∑
i�j

vij
(
αj(θ�ξi0)� θ

)′(̂
αj(k̂i� θ) − aj(k̂i� θ)

) +Op(δ)

= 1
Np

∑
i�j

vj(k̂i� θ)′(̂αj(k̂i� θ) − aj(k̂i� θ)
) +Op(δ)� (S3)
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where vj(k�θ) denotes the mean over i of vij(αj(θ�ξi0)� θ) in group k̂i = k, and the Op(δ)
terms are uniform in θ by (S1).

Now, by Assumption 3(ii) or 4(ii) there exists a constant c > 0 such that

min
i�j

inf
(α�θ)

mineig
[−vαij(α�θ)

] ≥ c + op(1)� (S4)

where mineig(M) is the minimum eigenvalue of M . Let A = 1
Np

∑
i�j ‖α̂j(k̂i� θ) −

αj(θ�ξi0)‖2. By (S3) and the Cauchy–Schwarz inequality, we have

A≤Op
[(

1
Np

∑
i�j

∥∥vj(k̂i� θ)
∥∥2

) 1
2
(

1
Np

∑
i�j

∥∥α̂j(k̂i� θ) − aj(k̂i� θ)
∥∥2

) 1
2
]

+Op(δ)�

By (S1) and the triangle inequality: ( 1
Np

∑
i�j ‖α̂j(k̂i� θ) − aj(k̂i� θ)‖2)

1
2 ≤ A

1
2 + Op(δ

1
2 ).

Hence, A=Op[( 1
Np

∑
i�j ‖vj(k̂i� θ)‖2)

1
2 (A

1
2 +Op(δ

1
2 ))] +Op(δ), which implies

A=Op
(

1
Np

∑
i�j

∥∥vj(k̂i� θ)
∥∥2

)
+Op(δ)� (S5)

We are now going to show that, for all θ ∈�,

1
Np

∑
i�j

∥∥vj(k̂i� θ)
∥∥2 =Op(δ)� (S6)

Using (S5) and (S6) will then imply (A1). Under the conditions of Theorem 1, it is
easy to see that (S6) holds. We are now going to show (S6) under the conditions of
Theorem 2. Let, for all j, θ, h, ξ, λ: ρj(h�ξ�λ�θ) = Ehi=h�ξi0=ξ�λ0=λ(vij(αj(θ�ξ)� θ)),
and, for all i, j, θ: ζij(θ) = vij(αj(θ�ξi0)� θ) − ρj(hi� ξi0�λ0� θ). By Assumption 4(v),
and letting hi = ϕ(ξi0) + εi, we can expand ρj(hi� ξi0�λ0� θ) twice around ϕ(ξi0) as

ρj(ϕ(ξi0)� ξi0�λ0� θ) + ∂ρj (ϕ(ξi0)�ξi0�λ0�θ)
∂h′ εi + 1

2ε
′
i

∂2ρj (a
j
iθ�ξi0�λ0�θ)
∂h∂h′ εi, where ajiθ lies between hi and

ϕ(ξi0). Hence, taking expectations, using that Eξi0�λ0 [ρj(hi� ξi0�λ0� θ)] = 0, and using As-
sumptions 2 and 4(v), we have

1
Np

∑
i�j

∥∥ρj(ϕ(ξi0)� ξi0�λ0� θ
)∥∥2 = 1

Np

∑
i�j

∥∥∥∥∂ρj
(
ϕ(ξi0)� ξi0�λ0� θ

)
∂h′ Eξi0�λ0 [εi]

∥∥∥∥
2

+ op
(

1
T

)
�

which is Op( 1
T

). Hence, 1
Np

∑
i�j ‖ρj(hi� ξi0�λ0� θ)‖2 = Op( 1

T
). It thus follows from the tri-

angle inequality that

1
Np

∑
i�j

∥∥vj(k̂i� θ)
∥∥2 ≤Op

(
1
T

)
+ 2
Np

∑
i�j

∥∥ζj(k̂i� θ)
∥∥2
� (S7)
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where ζj(k�θ) denotes the mean of ζij(θ) in group k̂i = k. Now, using that k̂1� � � � � k̂N are
functions of h1� � � � �hN , we have

E

[
1
Np

∑
i�j

∥∥ζj(k̂i� θ)
∥∥2

]

= 1
Np

∑
k�j

E

⎡
⎢⎢⎣

∑
i�i′

1{̂ki = k}1{̂ki′ = k}Eh1�����hN �ξ10�����ξN0�λ0

(
ζij(θ)′ζi′j(θ)

)
∑
i

1{̂ki = k}

⎤
⎥⎥⎦ �

Furthermore, since observations are independent across i given λ0,

Eh1�����hN �ξ10�����ξN0�λ0

(
ζi1�j(θ)′ζi2�j(θ)

)
= Ehi1 �ξi10�λ0

(
ζi1�j(θ)

)′
Ehi2 �ξi20�λ0

(
ζi2�j(θ)

) = 0 for all i1 �= i2 and j�

Hence,

E

[
1
Np

∑
i�j

∥∥ζj(k̂i� θ)
∥∥2

]
= 1
Np

∑
k�j

E

⎡
⎢⎢⎣

∑
i

1{̂ki = k}Ehi�ξi0�λ0

(
ζij(θ)′ζij(θ)

)
∑
i

1{̂ki = k}

⎤
⎥⎥⎦ �

Finally, using that Ehi�ξi0�λ0 (ζij(θ)) = 0, and using part (v) in Assumption 4,

Ehi=h�ξi0=ξ�λ0=λ
(
ζij(θ)′ζij(θ)

) = Tr
[
Varhi=h�ξi0=ξ�λ0=λ

(
vij

(
αj(θ�ξi0)� θ

))] =O(1)�

uniformly in h, ξ, λ.1 This implies that E[ 1
Np

∑
i�j ‖ζj(k̂i� θ)‖2] = O(K

N
), and shows (S6)

and (A1).
We are now going to show

sup
θ∈�

1
Np

∑
i�j

∥∥vj(k̂i� θ)
∥∥2 = op(1)� (S8)

Using a bounding argument similar to the one we used to show (A1), (A2) will then
follow. To see that (S8) holds, let Z(θ) = 1

Np

∑
i�j ‖vj(k̂i� θ)‖2. By (S6), Z(θ) = Op(δ) for

all θ ∈�. Moreover, ∂Z(θ)
∂θ

= 2
Np

∑
i�j v

θ
j (k̂i� θ)vj(k̂i� θ) =Op(

√
supθ∈� Z(θ)) uniformly in θ,

using the Cauchy–Schwarz inequality with either Assumption 3(ii) or 4(ii), where vθj (k� θ̃)
is the mean of ∂

∂θ
|θ=θ̃vij(αj(θ�ξi0)� θ)′ in group k̂i = k. Since � is compact, it follows that

supθ∈� Z(θ) = op(1).2 Q.E.D.

1Note that the dimension of vij is fixed throughout, independent of the sample size.
2Let υ > 0, ε > 0. There is M > 0 such that Pr(supθ∈� ‖ ∂Z(θ)

∂θ
‖ >M√

supθ∈� Z(θ)) < ε
2 . Take a finite cover

of �= B1 ∪ · · · ∪ BR, where Br are balls with centers θr and diameters diamBr ≤ 1
2M

√
υ. Since supθ∈� Z(θ) ≤

maxr Z(θr) + supθ ‖ ∂Z(θ)
∂θ

‖ 1
2M

√
υ, and since a > υ ⇒ a − √

a 1
2

√
υ > υ

2 , we have Pr(supθ∈� Z(θ) > υ) ≤ ε
2 +

Pr(maxr Z(θr) > υ
2 ), which by (S6), is smaller than ε for N , T large enough.
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PROOF OF LEMMA A2: Let us omit references to θ0 and αji0 throughout, and let

A= 1
Np

N∑
i=1

p∑
j=1

Eξi0�λ0

(
vθij

)[
Eξi0�λ0

(
vαij

)]−1
vαij

(̂
αj(k̂i� θ0) − αji0 + (

vαij
)−1
vij

)
�

B= 1
Np

N∑
i=1

p∑
j=1

(
vθij

(
vαij

)−1 −Eξi0�λ0

(
vθij

)[
Eξi0�λ0

(
vαij

)]−1)
vαij

(̂
αj(k̂i� θ0) − αji0

)
�

We first bound A. Expanding
∑

i 1{̂ki = k}vij (̂αj(k)) = 0 for all k, j, we have, for aij
between αji0 and α̂j(k̂i),∑

i

1{̂ki = k}vij
(
α
j
i0

) +
∑
i

1{̂ki = k}vαij
(
α
j
i0

)(̂
αj(k̂i) − αji0

)

+ 1
2

∑
i

1{̂ki = k}vααij (aij)
(̂
αj(k̂i) − αji0

) ⊗ (̂
αj(k̂i) − αji0

) = 0�

It follows that α̂j(k̂i) = α̃j(k̂i) + ṽj(k̂i) + w̃j(k̂i), where

α̃j(k) =
(∑

i

1{̂ki = k}
(−vαij)

)−1(∑
i

1{̂ki = k}
(−vαij)αji0

)
�

ṽj(k) =
(∑

i

1{̂ki = k}
(−vαij)

)−1(∑
i

1{̂ki = k}vij

)
�

w̃j(k) = 1
2

(∑
i

1{̂ki = k}
(−vαij)

)−1(∑
i

1{̂ki = k}vααij (aij)
(̂
αj(k̂i) − αji0

)⊗2
)
�

where a⊗2 = a⊗ a. Hence, we have

A= 1
Np

∑
i�j

Eξi0�λ0

(
vθij

)[
Eξi0�λ0

(
vαij

)]−1
vαij

(
w̃j(k̂i) + α̃j(k̂i) − αji0 + ṽj(k̂i) + (

vαij
)−1
vij

)
�

Note first that

1
Np

∑
i�j

Eξi0�λ0

(
vθij

)[
Eξi0�λ0

(
vαij

)]−1
vαijw̃j(k̂i) =Op

(
1
Np

∑
i�j

∥∥α̂j(k̂i) − αji0
∥∥2

)
=Op(δ)�

where we have used (S2), (A1), and either Assumption 3(ii) or Assumption 4(ii).
Next, let zj(ξi0)′ = Eξi0�λ0 (vθij)[Eξi0�λ0 (vαij)]−1. We have

1
Np

∑
i�j

Eξi0�λ0

(
vθij

)[
Eξi0�λ0

(
vαij

)]−1
vαij

(̃
αj(k̂i) − αji0

)

= 1
Np

∑
i�j

(
zj(ξi0)′ − z̃j(k̂i)′)vαij (̃αj(k̂i) − αji0

)
� (S9)
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where, for all k, j,

z̃j(k) =
(∑

i

1{̂ki = k}
(−vαij)

)−1(∑
i

1{̂ki = k}
(−vαij)zj(ξi0)

)
� (S10)

Now we have, using that αj �→ ∑
i(α

j(k̂i) − αji0)′(−vαij)(αj(k̂i) − αji0) is minimized at αj =
α̃j , and using (S2) and (S4):

1
Np

∑
i�j

∥∥α̃j(k̂i) − αji0
∥∥2 =Op

(
1
Np

∑
i�j

(̃
αj(k̂i) − αji0

)′(−vαij)(̃αj(k̂i) − αji0
))

=Op
(

1
Np

∑
i�j

(̂
αj(k̂i) − αji0

)′(−vαij)(̂αj(k̂i) − αji0
))

=Op
(

1
Np

∑
i�j

∥∥α̂j(k̂i) − αji0
∥∥2

)
�

where the last expression is Op(δ) by (A1). Likewise, since by Assumption 3(iv) or 4(iv)
∂ veczj (ξ)

∂ξ′ is bounded (in probability) uniformly in j and ξ, we have

1
Np

∑
i�j

∥∥̃zj(k̂i) − zj(ξi0)
∥∥2

=Op
(

1
Np

∑
i�j

(̃
zj(k̂i) − zj(ξi0)

)′(−vαij)(̃zj(k̂i) − zj(ξi0)
))

=Op
(

1
Np

∑
i�j

(
zj

(
ψ

(
ĥ(k̂i)

)) − zj(ξi0)
)′(−vαij)(zj(ψ(

ĥ(k̂i)
)) − zj(ξi0)

))

=Op
(

1
Np

∑
i�j

∥∥ĥ(k̂i) −ϕ(ξi0)
∥∥2

)
=Op(δ)� (S11)

where we have used (S2), (S4), Lemmas 1 and 2, and that ψ is Lipschitz-continuous.
Combining results, and using the Cauchy–Schwarz inequality in (S9), we obtain

1
Np

∑
i�j

Eξi0�λ0

(
vθij

)[
Eξi0�λ0

(
vαij

)]−1
vαij

(̃
αj(k̂i) − αji0

) =Op(δ)�

The last term in A is

A3 = 1
Np

∑
i�j

Eξi0�λ0

(
vθij

)[
Eξi0�λ0

(
vαij

)]−1(−vαij)((−vαij)−1
vij − ṽj(k̂i)

)
�
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Since ṽj(k) = (
∑

i 1{̂ki = k}(−vαij))−1(
∑

i 1{̂ki = k}(−vαij)(−vαij)−1vij), we have

A3 = 1
Np

∑
i�j

(
zj(ξi0)′ − z̃j(k̂i)′)(−vαij)(−vαij)−1

vij = 1
Np

∑
i�j

(
zj(ξi0)′ − z̃j(k̂i)′)vij

= 1
Np

∑
i�j

(
zj(ξi0)′ − z∗

j (k̂i)′)vij + 1
Np

∑
i�j

(
z∗
j (k̂i)′ − z̃j(k̂i)′)vij� (S12)

where z̃j(k) is given by (S10), and

z∗
j (k) =

(∑
i

1{̂ki = k}Eξi0�λ0

(−vαij)
)−1(∑

i

1{̂ki = k}Eξi0�λ0

(−vαij)zj(ξi0)
)
� (S13)

Under the conditions of Theorem 1, it is easy to see thatA3 =Op(δ). We are now going
to show that A3 = Op(δ) under the conditions of Theorem 2. To see that the first term
on the right-hand side of (S12) is Op(δ), we use an argument similar to the one we used
to show (S6). Let ζij = vij − Ehi�ξi0�λ0 (vij). Following the same steps as the ones leading to
(S7), we obtain

1
Np

∑
i�j

∥∥Ehi�ξi0�λ0 (vij)
∥∥2 =Op

(
1
T

)
� (S14)

Moreover, by an argument similar to (S11), since Eξi0�λ0 (−vαij) is bounded away from zero
with probability one, we have

1
Np

∑
i�j

∥∥zj(ξi0) − z∗
j (k̂i)

∥∥2 =Op(δ)� (S15)

Let z′ = (z′
1� � � � � z

′
p), and z∗(k)′ = (z∗

1 (k)′� � � � � z∗
p(k)′). Since ζij are independent across i,

with zero mean, conditional on h1� � � � �hN , ξ10� � � � � ξN0, λ0, we thus have, denoting ζi =
(ζ ′
i1� � � � � ζ

′
ip)′,

E

[∥∥∥∥ 1
Np

∑
i�j

(
zj(ξi0)′ − z∗

j (k̂i)′)vij
∥∥∥∥

2]

≤ 2O
(

1
T

)
E

[
1
Np

∑
i�j

∥∥zj(ξi0) − z∗
j (k̂i)

∥∥2
]

+ 2E
[∥∥∥∥ 1
Np

∑
i�j

(
zj(ξi0)′ − z∗

j (k̂i)′)ζij
∥∥∥∥

2]

=O
(
δ

T

)
+ 2
N2p2

∑
i

E
[(
z′
i − z∗(k̂i)′)

Ehi�ξi0�λ0

[
ζiζ

′
i

](
zi − z∗(k̂i)

)]

=O
(
δ

T

)
+O

(
δp

NT

)
=O(

δ2
)
�

where we have used, in turn, the triangle and Cauchy–Schwarz inequalities, (S14), (S15),
conditional independence of the ζi across i, part (v) in Assumption 4, and (S15) one
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more time. Note that, by part (v) in Assumption 4, ‖Ehi�ξi0�λ0 [ζiζ ′
i]‖ ≤ TrEhi�ξi0�λ0 [ζiζ ′

i] ≤
pmaxj TrEhi�ξi0�λ0 [ζijζ ′

ij] =Op(p2/T ).
Turning to the second term in (S12), we have

1
Np

∑
i�j

(
z∗
j (k̂i)′ − z̃j(k̂i)′)vij = 1

Np

∑
i�j

(
z∗
j (k̂i)′ − z̃j(k̂i)′)vj(k̂i)�

where by (S6) we have: 1
Np

∑
i�j ‖vj(k̂i)‖2 =Op(δ). Moreover,

1
Np

∑
i�j

∥∥z∗
j (k̂i) − z̃j(k̂i)

∥∥2 ≤ 2
Np

∑
i�j

∥∥zj(ξi0) − z∗
j (k̂i)

∥∥2

+ 2
Np

∑
i�j

∥∥zj(ξi0) − z̃j(k̂i)
∥∥2
�

where the second term on the right-hand side is Op(δ) due to (S11), and the first term is
Op(δ) due to (S15). This shows that A3 =Op(δ), hence that A=Op(δ).

Let us now turn to B. Letting: π ′
ij = vθij(vαij)−1 −Eξi0�λ0 (vθij)[Eξi0�λ0 (vαij)]−1, we have

B= 1
Np

∑
i�j

π ′
ijv

α
ij

(
w̃j(k̂i) + ṽj(k̂i) + α̃j(k̂i) − αji0

)
�

First, we have 1
Np

∑
i�j π

′
ijv

α
ijw̃j(k̂i) = Op(δ). Next, we have 1

Np

∑
i�j π

′
ijv

α
ijṽj(k̂i) = 1

Np
×∑

i�j π̃j(k̂i)
′vαijṽj(k̂i), where π̃j(k) is defined similar to α̃j(k). To see that this quantity is

Op(δ), note that, by the definition of ṽj(k) and using (S4) and (S6):

1
Np

∑
i�j

∥∥̃vj(k̂i)∥∥2 =Op
(

1
Np

∑
i�j

∥∥vj(k̂i)∥∥2
)

=Op(δ)�

Moreover, letting τij = π ′
ijv

α
ij , we have

1
Np

∑
i�j

∥∥π̃j(k̂i)∥∥2 =Op
(

1
Np

∑
i�j

∥∥τj(k̂i)∥∥2
)
�

Now, the τij are conditionally independent across i, with zero conditional mean given
ξi0, λ0:

Eξi0�λ0

(
π ′
ijv

α
ij

) = Eξi0�λ0

((
vθij

(
vαij

)−1 −Eξi0�λ0

(
vθij

)[
Eξi0�λ0

(
vαij

)]−1)
vαij

) = 0�

Using an argument similar to the one we used to show (S6), and using Assumption 4(v)
in the time-varying case, it thus follows that 1

Np

∑
i�j ‖π̃j(k̂i)‖2 = Op(δ). Hence, by the

Cauchy–Schwarz inequality: 1
Np

∑
i�j π

′
ijv

α
ij ṽj(k̂i) =Op(δ).

We lastly bound the third term B3 in B:

1
Np

∑
i�j

π ′
ijv

α
ij

(̃
αj(k̂i) − αji0

) = 1
Np

∑
i�j

π ′
ijv

α
ij

[(
α∗
j (k̂i) − αji0

) + (̃
αj(k̂i) − α∗

j (k̂i)
)]
�
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where α̃j(k) and α∗
j (k) are given by expressions similar to (S10) and (S13), with α

j
i0

in place of zj(ξi0) in those formulas. The first term is Op(δ) since, similar to (S15):
1
Np

∑
i�j ‖α∗

j (k̂i) −αji0‖2 =Op(δ), and the τij = π ′
ijv

α
ij are conditionally independent across i

with zero mean given ξi0 and λ0 (using a similar argument to the first term in (S12)). The
second term is

1
Np

∑
i�j

π ′
ijv

α
ij

(̃
αj(k̂i) − α∗

j (k̂i)
) = 1

Np

∑
i�j

π̃j(k̂i)′vαij
(̃
αj(k̂i) − α∗

j (k̂i)
)
�

We have already shown that 1
Np

∑
i�j ‖π̃j(k̂i)‖2 = Op(δ). Moreover, using similar ar-

guments to the ones we used to bound 1
Np

∑
i�j ‖z∗

j (k̂i) − z̃j(k̂i)‖2 above, we have
1
Np

∑
i�j ‖α̃j(k̂i) − α∗

j (k̂i)‖2 = Op(δ). This shows that B3 = Op(δ), hence that B = Op(δ).
Q.E.D.

PROOF OF LEMMA A3: For given k, j, θ-differentiating:
∑

i 1{̂ki = k}vij (̂αj(k�θ)� θ) =
0, and using (S4), we obtain

∂α̂j(k�θ)
∂θ′ =

(∑
i

1{̂ki = k}
(−vαij (̂αj(k̂i� θ)� θ

)))−1 ∑
i

1{̂ki = k}vθij
(̂
αj(k̂i� θ)� θ

)′
� (S16)

Let us define, at θ= θ0 (and omitting θ0 and αji0 from the notation),

∂α̃j(k)
∂θ′ =

(∑
i

1{̂ki = k}
(−vαij)

)−1 ∑
i

1{̂ki = k}
(
vθij

)′
�

∂α̃j∗(k)
∂θ′ =

(∑
i

1{̂ki = k}
(−vαij)

)−1 ∑
i

1{̂ki = k}
(−vαij)[Eξi0�λ0

(−vαij)]−1
Eξi0�λ0

(
vθij

)′︸ ︷︷ ︸
= ∂αj (ξi0)

∂θ′

�

Using (A1) and (S4), we have 1
Np

∑
i�j ‖ ∂α̂

j (k̂i)
∂θ′ − ∂α̃j (k̂i)

∂θ′ ‖2 = op(1). Moreover,

∂α̃j(k)
∂θ′ − ∂α̃j∗(k)

∂θ′ =

⎛
⎜⎜⎝

∑
i

1{̂ki = k}
(−vαij)∑

i

1{̂ki = k}

⎞
⎟⎟⎠

−1 ⎛
⎜⎜⎝

∑
i

1{̂ki = k}τ′
ij∑

i

1{̂ki = k}

⎞
⎟⎟⎠ �

where τ′
ij = (vθij)

′ − (−vαij)[Eξi0�λ0 (−vαij)]−1
Eξi0�λ0 (vθij)

′ are conditionally independent across
i, with zero mean given ξi0 and λ0. Hence, using (S4), and a similar argument to the one we

used to show (S6), we have 1
Np

∑
i�j ‖ ∂α̃

j (k̂i)
∂θ′ − ∂α̃

j∗(k̂i)
∂θ′ ‖2 = op(1). Lastly, using (S4) we have,

as in (S11): 1
Np

∑
i�j ‖ ∂α̃

j∗(k̂i)
∂θ′ − ∂αj (ξi0)

∂θ′ ‖2 = op(1). Combining results shows (A5). Q.E.D.

PROOF OF LEMMA A4: In the following, we evaluate all functions at θ0, and omit θ0

from the notation. In particular, α̂i is a shorthand for α̂i(θ0). We will use the notation
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ŵi = −vαi (̂αi). The choice of K = K̂ with γ = o(1) implies that

1
N

∑
i

∥∥hi − ĥ(k̂i)
∥∥2 = op

(
1
T

)
� (S17)

We also have 1
N

∑
i ‖α̂(k̂i) − α̂i‖2 =Op( 1

T
). Let, for all k,

α̃(k) =
(∑

i

1{̂ki = k}ŵi

)−1 ∑
i

1{̂ki = k}ŵiα̂i� (S18)

Expanding
∑

i 1{̂ki = k}vi (̂α(k)) = 0 around α̂i, using that vi (̂αi) = 0, we obtain

α̂(k) = α̃(k) + 1
2

[∑
i

1{̂ki = k}ŵi

]−1 ∑
i

1{̂ki = k}vααi
(
ai(k)

)(̂
α(k̂i) − α̂i

)⊗2
�

where ai(k) lies between α̂i and α̂(k), and vααi (ai(k)) is a matrix of third derivatives with
(dimαi0)2 columns.

To see that (A6) holds, we rely on the following decomposition:

∂

∂θ

∣∣∣∣
θ0

�L(θ) = 1
N

∑
i

∂�i
(̂
α(k̂i)

)
∂θ

− 1
N

∑
i

∂�i (̂αi)
∂θ

= 1
N

∑
i

vθi (̂αi)
(̂
α(k̂i) − α̂i

) + 1
2N

∑
i

vθαi (ai)
(̂
α(k̂i) − α̂i

)⊗2

= 1
N

∑
i

vθi (̂αi)
(̃
α(k̂i) − α̂i

) + 1
2N

∑
i

vθαi (ai)
(̂
α(k̂i) − α̂i

)⊗2

+ 1
2N

∑
i

vθi (̂αi)
(
Ek̂i [ŵi′]

)−1
Ek̂i

[
vααi′

(
ai′ (k̂i′)

)(̂
α(k̂i′) − α̂i′

)⊗2]

= 1
N

∑
i

vθi (̂αi)
(̃
α(k̂i) − α̂i

)
︸ ︷︷ ︸

=A1

+ 1
2N

∑
i

vθαi (ai)
(̃
α(k̂i) − α̂i

)⊗2

︸ ︷︷ ︸
=A2

+ op
(

1
T

)

+ 1
2N

∑
i

vθi (̂αi)
(
Ek̂i [ŵi′]

)−1
Ek̂i

[
vααi′

(
ai′ (k̂i′)

)(̃
α(k̂i′) − α̂i′

)⊗2]
︸ ︷︷ ︸

=A3

�

where ai and ai(k̂i) lie between α̂i and α̂(k̂i), and Ek denotes a mean in group
k̂i = k. Let γ(h) = {Ehi=h(ŵi)}−1

Ehi=h(ŵiα̂i) and νi = α̂i − γ(hi). Let ĝi = vθi (̂αi)(ŵi)−1,
λ(h) = Ehi=h(ĝiŵi){Ehi=h(ŵi)}−1, and τi = ĝ′

i − λ(hi)′. Using (S17) we can show, us-
ing that γ is Lipschitz-continuous, that 1

N

∑
i ‖γ(hi) − γ̃(k̂i)‖2 = op( 1

T
).3 Moreover, we

3Here, γ̃(k), λ̃(k), ν̃(k), and τ̃(k) are defined similar to α̃(k) in (S18), with γ(hi), λ(hi), νi , and τi , respec-
tively, replacing α̂i in that formula.
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have E[ŵiνi | h1� � � � �hN] = Ehi [ŵiα̂i] − Ehi [ŵiα̂i] = 0. Similar arguments to the proof
of Lemma A1 give 1

N

∑
i ‖Ek̂i [ŵi′νi′]‖2 = Op( K

NT
) = op( 1

T
). Hence, 1

N

∑
i ‖̃ν(k̂i)‖2 =

1
N

∑
i ‖(Ek̂i [ŵi′])

−1
Ek̂i [ŵi′νi′]‖2 = op( 1

T
). Likewise, we have 1

N

∑
i ‖λ(hi) − λ̃(k̂i)‖2 =

op( 1
T

), and: 1
N

∑
i ‖̃τ(k̂i)‖2 = op( 1

T
).

Let us now expand the three terms A1, A2, A3 in the above decomposition:

A1 = 1
N

∑
i

ĝiŵi
(̃
α(k̂i) − α̂i

) = 1
N

∑
i

(
ĝi − g̃(k̂i)

)
ŵi

(̃
α(k̂i) − α̂i

)

= − 1
N

∑
i

(
λ(hi) − λ̃(k̂i) + τ′

i − τ̃(k̂i)′)ŵi(γ(hi) − γ̃(k̂i) + νi − ν̃(k̂i)
)

= − 1
N

∑
i

τ′
iŵiνi + op

(
1
T

)
= − 1

N

∑
i

τ′
iEξi0

(−vαi (αi0)
)
νi + op

(
1
T

)
�

A2 = 1
2N

∑
i

Eξi0

(
vθαi (αi0)

)(̃
α(k̂i) − α̂i

)⊗2 + op
(

1
T

)

= 1
2N

∑
i

Eξi0

(
vθαi (αi0)

)(
γ̃(k̂i) − γ(hi) + ν̃(k̂i) − νi

)⊗2 + op
(

1
T

)

= 1
2N

∑
i

Eξi0

(
vθαi (αi0)

)
ν⊗2
i + op

(
1
T

)
�

A3 = 1
2N

∑
i

Eξi0

(
vθi (αi0)

)[
Eξi0

(−vαi (αi0)
)]−1

Eξi0

[
vααi (αi0)

]
ν⊗2
i + op

(
1
T

)
�

Combining, we get

∂

∂θ

∣∣∣∣
θ0

�L(θ)

= − 1
N

∑
i

τ′
iEξi0

(−vαi (αi0)
)
νi + op

(
1
T

)

+ 1
2N

∑
i

[
Eξi0

(
vθαi (αi0)

) +Eξi0

(
vθi (αi0)

)[
Eξi0

(−vαi (αi0)
)]−1

Eξi0

[
vααi (αi0)

]]
ν⊗2
i �

Now, ∂α̂i(θ0)
∂θ′ = ĝ′

i, and

∂

∂θ′

∣∣∣∣
θ0

vecEξi0
[−vαi (α(θ�ξi0)� θ

)]
= −(

Eξi0

(
vθαi (αi0)

) +Eξi0

(
vθi (αi0)

)[
Eξi0

(−vαi (αi0)
)]−1

Eξi0

[
vααi (αi0)

])′
�
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Let ωi = {Ehi (ŵi)}
−1ŵi and ν̃i(θ) = α̂i(θ) − Ehi (ωiα̂i(θ)). Combining the above with the

expression of the bias of the FE score, we obtain

∂

∂θ

∣∣∣∣
θ0

�L(θ) = − ∂

∂θ

∣∣∣∣
θ0

1
2N

∑
i

ν̃i(θ)′
Eξi0

[−vαi (α(θ�ξi0)� θ
)]̃
νi(θ) + op

(
1
T

)
� (S19)

Lastly, let α̂i(θ) = Ehi (̂αi(θ)) + νi(θ), and ωi = Ehi (ωi) +ηi = 1 +ηi. We have ν̃i(θ) =
νi(θ) − Ehi (ηiνi(θ)), from which it follows that 1

N

∑
i ‖̃νi(θ0) − νi(θ0)‖2 = op(1/T ). Like-

wise 1
N

∑
i ‖ ∂̃νi (θ0)

∂θ′ − ∂νi(θ0)
∂θ′ ‖2 = op(1/T ). Hence, (S19) implies (A6). Q.E.D.

S2. COMPLEMENTS AND EXTENSIONS

S2.1. Average Effects

Let mi(αi�θ) = 1
T

∑T

t=1m(Xit�αi� θ) in the time-invariant case, and mi(αi�θ) = 1
T

×∑T

t=1m(Xit�αit� θ) in the time-varying case. Let M̂ = 1
N

∑
i mi (̂α(k̂i)� θ̂) be the GFE

estimator of M0 = 1
N

∑
i mi(αi0� θ0). We use a common notation as in the proofs of

Theorems 1 and 2, and denote mij(α
j
i � θ) = mi(αi�θ) in the time-invariant case, and

mij(α
j
i � θ) =m(Xit�αit� θ) in the time-varying case.

ASSUMPTION S1—Average Effects:
(i) mij(α�θ) is twice differentiable in both its arguments, for all i, j.

(ii) maxi�j supα�θ ‖mij(α�θ)‖ = Op(1), and similarly for the first two derivatives of mij ;

maxj supξ̃�λ ‖ ∂
∂ξ′|ξ=ξ̃Eξi0=ξ�λ0=λ( ∂mij (α

j
i0�θ0)

∂α
)‖ = O(1); and, letting τmij = ∂mij (α

j
i0�θ0)

∂α′ −
Eξi0�λ0 [ ∂mij (α

j
i0�θ0)

∂α′ ]Eξi0�λ0 [vαij(α
j
i0� θ0)]vαij(α

j
i0� θ0), the function Ehi=h�ξi0=ξ�λ0=λ(vecτmij ) is

twice differentiable with respect to h, with first and second derivatives that are uni-
formly bounded in j, ξ, λ, and h, and ‖Varhi=h�ξi0=ξ�λ0=λ(vecτmij )‖ =O( p

T
), uniformly

in j, ξ, λ, and h.

Let si and H as in Theorem 1 or 2, and let s = 1
N

∑
i si. Define

smi = 1
p

∑
j

{
Eξi0�λ0

(
∂mij

∂α′

)[
Eξi0�λ0

(
− ∂2�ij

∂α∂α′

)]−1
∂�ij

∂α
+Eξi0�λ0

(
∂mij

∂θ′

)
H−1s

+Eξi0�λ0

(
∂mij

∂α′

)[
Eξi0�λ0

(
− ∂2�ij

∂α∂α′

)]−1

Eξi0�λ0

(
∂2�ij

∂α∂θ′

)
H−1s

}
�

COROLLARY S1: Let the conditions of Theorem 1 or 2 hold, and let Assumption S1 hold.
Then, as N , T , K tend to infinity such that Kp/(NT ) tends to zero:

M̂ =M0 + 1
N

∑
i

smi +Op
(

1
T

)
+Op

(
Kp

NT

)
+Op

(
K− 2

d
) + op

(
1√
NT

)
�
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PROOF: We have, by a Taylor expansion,

M̂ −M0 = 1
Np

∑
i�j

mij

(̂
αj(k̂i� θ̂)� θ̂

) − 1
Np

∑
i�j

mij

(
α
j
i0� θ0

)

= 1
Np

∑
i�j

∂mij

(
α
j
i0� θ0

)
∂α′

(̂
αj(k̂i� θ̂) − αji0

)

+ 1
Np

∑
i�j

∂mij

(
α
j
i0� θ0

)
∂θ′ (θ̂− θ0) +Op(δ)�

where δ is defined as in the proofs of Theorems 1 and 2.
Using similar arguments to the ones we used to establish Lemma A2, under Assump-

tion S1 we have (recall that αj(θ0� ξi0) = αji0):

1
Np

∑
i�j

∂mij

(
α
j
i0� θ0

)
∂α′

(̂
αj(k̂i� θ0) − αj(θ0� ξi0)

)

+ 1
Np

∑
i�j

Eξi0�λ0

[
∂mij

(
α
j
i0� θ0

)
∂α′

]
Eξi0�λ0

[
vαij

(
α
j
i0� θ0

)]−1
vij

(
α
j
i0� θ0

) =Op(δ)�

Moreover, using (A5) and Assumption S1 we obtain:

1
Np

∑
i�j

∂mij

(
α
j
i0� θ0

)
∂α′

{(̂
αj(k̂i� θ̂) − αj(θ̂� ξi0)

) − (̂
αj(k̂i� θ0) − αj(θ0� ξi0)

)}

= op
(‖θ̂− θ0‖

) +Op(δ) = op
(

1√
NT

)
+Op(δ)�

Combining, we obtain

M̂ −M0 = 1
Np

∑
i�j

∂mij

(
α
j
i0� θ0

)
∂α′

(̂
αj(k̂i� θ̂) − α̂j(k̂i� θ0)

)

+ 1
Np

∑
i�j

∂mij

(
α
j
i0� θ0

)
∂α′

(̂
αj(k̂i� θ0) − αji0

)

+ 1
Np

∑
i�j

∂mij

(
α
j
i0� θ0

)
∂θ′ (θ̂− θ0) +Op(δ)

= 1
Np

∑
i�j

∂mij

(
α
j
i0� θ0

)
∂α′

(
αj(θ̂� ξi0) − αj(θ0� ξi0)

)
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+ 1
Np

∑
i�j

Eξi0�λ0

[
∂mij

(
α
j
i0� θ0

)
∂α′

]
Eξi0�λ0

[−vαij(αji0� θ0

)]−1
vij

(
α
j
i0� θ0

)

+ 1
Np

∑
i�j

∂mij

(
α
j
i0� θ0

)
∂θ′ (θ̂− θ0) +Op(δ) + op

(
1√
NT

)
�

The result comes from expanding αj(θ̂� ξi0) around θ0, and then substituting θ̂ − θ0

using Theorem 1 or 2. Q.E.D.

S2.2. Two-Way GFE

We have the following lemma, whose proof is analogous to that of Lemma 1.

LEMMA S1: Suppose that there exist random vectors hi = 1
T

∑
t h(Yit�Xit) and wt =

1
N

∑
i w(Yit�Xit), with fixed dimensions, and Lipschitz-continuous functions ϕ and φ, such

that hi = ϕ(ξi0) + op(1), 1
N

∑
i ‖hi − ϕ(ξi0)‖2 = Op(1/T ), wt = φ(λt0) + op(1), and

1
T

∑
t ‖wt − φ(λt0)‖2 = Op(1/N) as N , T tend to infinity. Then we have, as N , T , K tend

to infinity: 1
N

∑
i ‖ĥ(k̂i) − ϕ(ξi0)‖2 = Op( 1

T
) + Op(Bξ(K)), and, as N , T , L tend to infin-

ity: 1
T

∑
t ‖ŵ(̂lt) −φ(λt0)‖2 = Op( 1

N
) + Op(Bλ(L)), where Bλ(L) is defined analogously to

Bξ(K).

For all θ, ξ, and λ, let α(θ�ξ�λ) = argmaxαEξi0=ξ�λt0=λ(�it (α�θ)). In addition, let ξ0 =
(ξ′

10� � � � � ξ
′
N0)′, λ0 = (λ′

10� � � � � λ
′
T0)′, h= (h′

1� � � � �h
′
N)′, and w= (w′

1� � � � �w
′
T )′.

ASSUMPTION S2—regularity, two-way:
(i) (Y ′

it �X
′
it)

′, i = 1� ���N , t = 1� � � � �T , are i.i.d. given ξ0 and λ0, ξi0 are i.i.d., and λt0
are i.i.d.; �it (α�θ) is three times differentiable in (θ�α); � is compact, the supports of
ξi0 and λt0 are compact, and θ0 belongs to the interior of �.

(ii) N , T tend jointly to infinity; supξ�λ�α�θ|Eξi0=ξ�λt0=λ(�it (α�θ))| = O(1), and similarly
for the first three derivatives of �it ; the minimum (resp., maximum) eigenvalue of
(− ∂2�it (α�θ)

∂α∂α′ ) is bounded away from zero (resp., infinity) with probability one uniformly
in i, t, α, θ, and the third derivatives of �it (α�θ) are Op(1), uniformly in i, t, α, θ;

1
NT

∑
i�t[�it(αit0� θ0) − Eξi0�λt0 (�it (αit0� θ0))]2 = Op(1), and similarly for the first three

derivatives of �it .
(iii) infξ�λ�θEξi0=ξ�λt0=λ(− ∂2�it (α(θ�ξ�λ)�θ)

∂α∂α′ ) > 0; E[ 1
NT

∑
i�t �it (α(θ�ξi0�λt0)� θ)] has a unique

maximum at θ0 on �, and its second derivative is −H < 0.
(iv) ∂

∂ξ′|̃ξEξi0=ξ�λt0=λ(vec ∂2�it (α�θ0)
∂θ∂α′ ) = O(1); ∂

∂λ′|̃λEξi0=ξ�λt0=λ(vec ∂2�it (α�θ0)
∂θ∂α′ ) = O(1);

∂
∂ξ′|̃ξEξi0=ξ�λt0=λ(vec ∂2�it (α�θ0)

∂α∂α′ ) = O(1); ∂
∂λ′|̃λEξi0=ξ�λt0=λ(vec ∂2�it (α�θ0)

∂α∂α′ ) = O(1);
∂
∂ξ′|̃ξEξi0=ξ�λt0=λ( ∂�it (α(θ�ξ�λ)�θ)

∂α
) =O(1); ∂

∂λ′|̃λEξi0=ξ�λt0=λ( ∂�it (α(θ�ξ�λ)�θ)
∂α

) =O(1), uniformly
in ξ, ξ̃, λ, λ̃, α, θ.

(v) Let Uit (θ)∈{∂�it (α(θ�ξ�λ)�θ)
∂α

� vec ∂
∂θ′|θ0

∂�it (α(θ�ξ�λ)�θ)
∂α }. Ehi=h�ξi0=ξ�wt=w�λt0=λ(Uit (θ)) is twice

differentiable with respect to h, w, with first and second derivatives uniformly bounded
in h�w�ξ�λ�θ; ‖Covh=h̃�ξ0=ξ̃�w=w̃�λ0=λ̃(Uit (θ)�Ui′s(θ))‖ = 1{i= i′� t = s}O(1)+1{i=
i′}O(1/T ) + 1{t = s}O(1/N) + O(1/(NT )) uniformly in i, i′, t, s, h̃, w̃, ξ̃, λ̃, θ;

1
NT

∑
i�t ‖Eh�ξ0�w�λ0 (Uit (θ)) −Ehi�ξi0�wt �λt0 (Uit (θ))‖2 =Op( 1

T
+ 1

N
) uniformly in θ.
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COROLLARY S2: Let the conditions in Lemma S1 hold. Suppose that Bξ(K) =Op(K− 2
d )

and Bλ(L) =Op(L− 2
dλ ). Suppose that α and μ are Lipschitz-continuous in both arguments,

and that there exist two Lipschitz-continuous functions ψ and Ψ such that ξi0 = ψ(ϕ(ξi0))
and λt0 = Ψ (φ(λt0)). Lastly, let Assumption S2 hold. Then, as N , T , K, L tend to infinity
such that KL/(NT ) tends to zero, we have

θ̂= θ0 +H−1 1
N

∑
i

si +Op
(

1
T

+ 1
N

+ KL

NT

)
+Op

(
K− 2

d +L− 2
dλ

) + op
(

1√
NT

)
�

PROOF: The proof closely follows the steps of that of Theorem 2. Here, we outline the
main differences. Let δ= 1

T
+ 1

N
+ KL

NT
+K− 2

d +L− 2
dλ . To show consistency, a key step is

to show, for all θ ∈�:

1
NT

∑
i�t

∥∥v(k̂i� l̂t � θ)
∥∥2 =Op(δ)� (S20)

where v(k� l� θ) denotes the mean of vit (α(θ�ξi0�λt0)� θ) in the intersection of groups k̂i =
k and l̂t = l. Let ρit (h̃� ξ̃� w̃� λ̃� θ) = Eh=h̃�ξ0=ξ̃�w=w̃�λ0=λ̃(vit (α(θ�ξi0�λt0)� θ)), and let, for all
i, t, θ: ζit (θ) = vit (α(θ�ξi0�λt0)� θ) − ρit (h�ξ0�w�λ0� θ). Moreover, let ρ∗(h�ξ�w�λ�θ) =
Ehi=h�ξi0=ξ�wt=w�λt0=λ(vit (α(θ�ξi0�λt0)� θ)). Using part (v) in Assumption S2, we have

1
NT

∑
i�t

∥∥ρit (h�ξ0�w�λ0� θ)
∥∥2 ≤ 2

NT

∑
i�t

∥∥ρ∗(hi� ξi0�wt�λt0� θ)
∥∥2 +Op

(
1
T

+ 1
N

)
�

which can be shown to be Op( 1
T

+ 1
N

) using similar arguments to the proof of Lemma A1.
We then have

E

[
1
NT

∑
i�t

∥∥ζ(k̂i� l̂t � θ)
∥∥2

]

= E

[
1
NT

∑
k�l

(∑
i�t

1{̂ki = k� l̂t = l}
)
Eh�ξ0�w�λ0

(∥∥ζ(k� l� θ)
∥∥2)]

≤ E

⎡
⎢⎢⎣ 1
NT

∑
k�l

∑
i�i′�t�s

1
{
k̂i = k̂′

i = k� l̂t = l̂s = l
}∥∥Eh�ξ0�w�λ0

(
ζit (θ)ζi′s(θ)

)∥∥
∑
i�t

1{̂ki = k� l̂t = l}

⎤
⎥⎥⎦ =Op

(
KL

NT

)
�

where we have used part (v) in Assumption S2. We thus obtain (S20).
Similarly to the proof of Lemma A2, we then show

1
NT

∑
i�t

{
vθit

(̂
α(k̂i� l̂t) − αit0

) +Eξi0�λt0

(
vθit

)[
Eξi0�λt0

(
vαit

)]−1
vit

} =Op(δ)� (S21)

where we omit references to θ0 and αit0. The first key term is

A3 = 1
NT

∑
i�t

Eξi0�λt0

(
vθit

)[
Eξi0�λt0

(
vαit

)]−1(−vαit)((−vαit)−1
vit − ṽ(k̂i� l̂t)

)
�
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where ṽ is defined analogously to the proof of Lemma A2. To show that A3 = Op(δ),
we use similar arguments to the proof of Lemma A2, in combination with part (v) in
Assumption S2 (as in the proof of (S20)).

Let π ′
it = vθit (vαit)−1 −Eξi0�λt0 (vθit)[Eξi0�λt0 (vαit)]−1. The second key term is

B3 = 1
NT

∑
i�t

π ′
itv

α
it

(̃
α(k̂i� l̂t) − αit0

)

= 1
NT

∑
i�t

π ′
itv

α
it

(
α∗(k̂i� l̂t) − αit0

) + 1
NT

∑
i�t

π ′
itv

α
it

(̃
α(k̂i� l̂t) − α∗(k̂i� l̂t)

)
�

where α̃(k� l) and α∗(k� l) are defined analogously to the proof of Lemma A2. To show
that B3 =Op(δ), we use similar arguments to the proof of Lemma A2, again in combina-
tion with part (v) in Assumption S2.

The final step, as in the proof of Lemma A3, is to show that

1
NT

∑
i�t

∥∥∥∥∂α̂(k̂i� l̂t � θ0)
∂θ′ − ∂α(θ0� ξi0�λt0)

∂θ′

∥∥∥∥
2

= op(1)� (S22)

The proof of (S22) follows similar arguments to the proof of Lemma A3. Q.E.D.

S2.3. GFE Based on Conditional Moments

ASSUMPTION S3—Heterogeneity, Conditional Case: There exist vectors ξi0 of fixed di-
mension d, and νi0 of dimension dν, and functions α and μ Lipschitz-continuous in ξ, such
that αi0 = α(ξi0) and μi0 = μ(ξi0� νi0).

Differently from Assumption 1, here μi0 depends on an additional heterogeneity com-
ponent νi0, and by Assumption 2 the moment hi is only injective for ξi0.

ASSUMPTION S4—regularity, conditional case:
(i) (Y ′

i �X
′
i � ξ

′
i0� ν

′
i0�h

′
i)

′ are i.i.d.; (Y ′
it �X

′
it)

′ are stationary for all i; �it (α�θ) is three times
differentiable in both its arguments for all i, t; and � is compact, the supports of ξi0
and αi0 are compact, and θ0 belongs to the interior of �.

(ii) N , T tend jointly to infinity; supξ�ν�α�θ|Eξi0=ξ�νi0=ν(�it (α�θ))| = O(1), and similarly

for the first three derivatives of �it ; infξ�ν�α�θEξi0=ξ�νi0=ν(− ∂2�it (α�θ)
∂α∂α′ ) is positive definite;

and maxi supα�θ |�i(α�θ) − Eξi0�νi0 (�i(α�θ))| = op(1), and similarly for the first three
derivatives of �i.

(iii) infξ�ν�θEξi0=ξ�νi0=ν(− ∂2�it (α(θ�ξ)�θ)
∂α∂α′ ) > 0; E[ 1

T

∑T

t=1 �it (α(θ�ξi0)� θ)] has a unique maxi-
mum at θ0 on �, and its matrix of second derivatives is −Hcond < 0; and
supθ

1
NT

∑
i�t ‖ ∂

2�it (α(θ�ξi0)�θ)
∂θ∂α′ ‖2 =Op(1).

(iv) supξ̃�α ‖ ∂
∂ξ′|ξ=ξ̃Eξi0=ξ(vec ∂2�it (α�θ0)

∂θ∂α′ )‖; supξ̃�α ‖ ∂
∂ξ′|ξ=ξ̃Eξi0=ξ(vec ∂2�it (α�θ0)

∂α∂α′ )‖; and

supξ̃�θ ‖ ∂
∂ξ′|ξ=ξ̃Eξi0=ξ(

∂�it (α(θ�̃ξ)�θ)
∂α

)‖ are O(1).
(v) Ehi=h�ξi0=ξ(

∂�it (α(θ�ξ)�θ)
∂α

) is twice differentiable with respect to h and ξ, with first and
second derivatives that are uniformly bounded in ξ, h, and θ; and
‖Varhi=h�ξi0=ξ(

∂�i (α(θ�ξ)�θ)
∂α

)‖ =O(1), uniformly in ξ, h, and θ.
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COROLLARY S3: Let Assumptions 2, S3, and S4 hold. Let K be given by (6), with γ =
O(1). Then, as N , T tend to infinity such that T 1+ d

2 =O(N) we have

θ̂= θ0 +Op
(

1
T

)
+Op

(
1√
NT

)
� (S23)

PROOF: Let δ= 1
T

+ K
N

+K− 2
d .4 To show consistency, the key step is to show

1
N

∑
i

∥∥v(k̂i� θ)
∥∥2 =Op(δ)� ∀θ ∈�� (S24)

Let, for all θ, h, ξ: ρ(h�ξ�θ) = Ehi=h�ξi0=ξ(vi(α(θ�ξ)� θ)), and let, for all i, θ: ζi(θ) =
vi(α(θ�ξi0)� θ) − ρ(hi� ξi0� θ). One can show, using similar techniques to the proof of
Lemma A1, that 1

N

∑
i ‖ζ(k̂i� θ)‖2 =Op(K

N
), and that this implies (S24).5

We then show: 1
N

∑
i
∂�i (̂α(k̂i�θ0)�θ0)

∂θ
=Op(δ), which will follow from

1
N

∑
i

vθi
(̂
α(k̂i) − αi0

) =Op(δ)� (S25)

where from now on we omit references to θ0 and αi0. We have

1
N

∑
i

vθi
(̂
α(k̂i) − αi0

) = 1
N

∑
i

vθi
(̃
α(k̂i) − αi0 + ṽ(k̂i)

) +Op(δ)�

where α̃(k) and ṽ(k) are as in the proof of Lemma A2; that is, denoting wi = (−vαi ), we
have α̃(k) =w(k)−1wα(k) and ṽ(k) =w(k)−1v(k).

Let γv(hi) = Ehi (vi), ζvi = vi − γv(hi), γw(hi) = Ehi (wi), ζwi = wi − γw(hi), γvθ (hi) =
Ehi (v

θ
i ), and ζvθi = vθi − γvθ (hi). First, we have

1
N

∑
i

vθi ṽ(k̂i) = 1
N

∑
i

vθi w(k̂i)−1v(k̂i) = 1
N

∑
i

vθ(k̂i)w(k̂i)−1vi

= 1
N

∑
i

(
γvθ (k̂i) + ζvθ (k̂i)

)(
γw(k̂i) + ζw(k̂i)

)−1
vi

= 1
N

∑
i

γvθ (k̂i)γw(k̂i)−1vi +Op(δ)�

where, for example, γw(k) is the mean of γw(hi) in group k̂i = k, and we have used that
1
N

∑
i ‖ζ

vθ

(k̂i)‖2 = Op(K/N), 1
N

∑
i ‖ζ

w
(k̂i)‖2 = Op(K/N), and 1

N

∑
i ‖vi‖2 = Op(1/T ).

Moreover,

1
N

∑
i

γvθ (k̂i)γw(k̂i)−1vi = 1
N

∑
i

γvθ (k̂i)γw(k̂i)−1γv(hi) +Op(δ)�

4Note that if K = K̂ is given by (6) with γ = O(1), then K = Op(T
d
2 ) and δ = Op( 1

T
+ T

d
2

N
), so if T 1+ d

2 =
O(N) then δ=Op( 1

T
).

5Note that, in the case of Theorem 1 (i.e., in the absence of additional heterogeneity νi0), the left-hand side
in (S24) is Op( 1

T
).
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where we have used that 1
N

∑
i ‖ζ

v
(k̂i)‖2 =Op(K/(NT )). Lastly, we have

1
N

∑
i

γvθ (k̂i)γw(k̂i)−1γv(hi) = 1
N

∑
i

γvθ (hi)γw(hi)−1γv(hi)

+ 1
N

∑
i

[
γvθ (k̂i)γw(k̂i)−1 − γvθ (hi)γw(hi)−1

]
γv(hi)�

where the first term is Op(δ) since it is a mean of i.i.d. terms with mean O(1/T ) and
variance O(1/T ), and the second term is Op(δ) since 1

N

∑
i ‖hi −h(k̂i)‖2 =Op(δ) and the

γ functions are Lipschitz-continuous.
Second, let vθi w

−1
i = η(hi� ξi0) + ei, where Ehi=h�ξi0=ξ(eiwi) = 0. We have

1
N

∑
i

vθi
(̃
α(k̂i) − αi0

) = 1
N

∑
i

η(hi� ξi0)wi
(̃
α(k̂i) − αi0

) + 1
N

∑
i

eiwi
(̃
α(k̂i) − αi0

)
�

where the first term is Op(δ) since 1
N

∑
i ‖hi − h(k̂i)‖2 = Op(δ), 1

N

∑
i ‖ξi0 − ξ(k̂i)‖2 =

Op(δ), 1
N

∑
i ‖α̃(k̂i) − αi0‖2 = Op(δ), η is Lipschitz-continuous, and wi is uniformly

bounded (as in the proof of Lemma A2); and the second term is

1
N

∑
i

eiwi
(̃
α(k̂i) − αi0

) = 1
N

∑
i

eiwi
(̃
α(k̂i) − α(k̂i)

) + 1
N

∑
i

eiwi
(
α(k̂i) − αi0

)

= 1
N

∑
i

ew(k̂i)
(̃
α(k̂i) − α(k̂i)

) +Op(δ) =Op(δ)�

where we have used that the (eiwi)’s have zero mean given h1� � � � �hN , ξ10� � � � � ξN0 with
bounded conditional variance, and 1

N

∑
i ‖ew(k̂i)‖2 =Op(K/N) =Op(δ).

Finally, to show 1
N

∑
i

∂2

∂θ∂θ′|θ0 (�i (̂α(k̂i� θ)� θ) − �i(α(θ�ξi0)� θ)) = op(1), we use similar
arguments to the proof of Lemma A3.6 Q.E.D.

Example: A Linear Homoskedastic Model. Consider the model Yit =Xitθ0 + αi0 +Uit ,
where Xit are scalar and Uit are i.i.d. with mean zero and variance σ2 given Xi1� � � � �XiT ,
αi0. Let θ̂ be the GFE estimator based on a moment hi = ϕ(αi0) + εi that satisfies As-
sumptions 1 and 2 for ξi0 = αi0; that is, hi is only informative about αi0, but not about the
heterogeneity in Xit . Let ζXi =Xi − Ehi (Xi), ζαi = αi0 − Ehi (αi0), and ζUi =Ui − Ehi (Ui).
We assume thatK is large enough for the approximation error to be of smaller order, and
that K/N tends to zero, as in Corollary 2. Under appropriate conditions in the regression

6Although the arguments are as in the proof of Lemma A3, the target log-likelihood is different since here
α(θ�ξi0) only depends on ξi0, not on (ξ′

i0� ν
′
i0)′. In particular, the matrix Hcond in Assumption S4 differs from

the matrix H in Assumption 3; see (S26) for an example.
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model, using similar arguments to the proof of Corollary S3 (though with no need for any
restriction on the relative rates of N and T ), one can show that θ̂ admits the following
expansion:

θ̂= θ0 +

1
N

∑
i

ζXi
(
ζαi + ζUi

) + 1
NT

∑
i�t

(Xit −Xi)(Uit −Ui)

E
[
(Xit −Xi)2

] + Var
(
ζXi

)
+ op

(
1
T

)
+ op

(
1√
NT

)
� (S26)

Notice two differences between (S26) and the expansion of the FE estimator: the presence
of Var(ζXi ) in the denominator, and the presence of 1

N

∑
i ζ

X
i (ζαi + ζUi ) in the numerator.

In addition, notice that (S26) simplifies to the expression in Corollary 2 in the absence of
additional heterogeneity νi0.

S3. SIMULATIONS

Model of Wages and Participation (See (2)). We model the initial condition as: Yi0 =
1{u(αi0) ≥ c(1;θ0) +Ui0}, with Ui0 standard normal, independent of αi0. We set c(0;θ0) =
0 and c(1;θ0) = −1. We set αi0 and Vit to be independent standard normals. In the sim-
ulations based on models (2) and (3), we weight the moments by the share of between-i
variance to total variance.7 To compute the variance V̂h to set the number of groups in
this dynamic model, we use a Newey–West expression with one lag. Lastly, for kmeans
computation we use Lloyd’s algorithm with 100 random starting values. Table SI shows
additional simulation results for this model.

Probit Model With Time-Varying Heterogeneity (See (3)). The Uit ’s are standard normal
independent of the Xit ’s and the αit0’s. The data generating process (DGP) for the scalar
covariate is Xit = μit0 + Vit , where Vit are i.i.d. standard normal independent of the Uit ’s,
αit0’s, and μit0’s, and μit0 = αit0. We set θ0 = 1, and set ξi0 and λt0 to be i.i.d. Gamma(1�1)
draws, independent of each other. Table SII shows additional simulation results for this
model, including for the two-way GFE estimator based on both the cross-sectional mo-
ments ( 1

N

∑
i Yit�

1
N

∑
i Xit)′, and the individual-specific moments (Y i�Xi)′.

Conditional Moments: An Example. Consider the following probit model: Yit =
1{X ′

itθ0 + αi0 +Uit ≥ 0}, where the Uit are i.i.d. standard normal independent of the Xit ’s
and αi0, and θ0 is a vector of ones. The DGP for the kth covariate is Xitk = 1{μi0k + Vitk ≥
0}, where Vitk are i.i.d. standard normal independent of the Uit ’s, αi0, and the μi0k’s, and
αi0 and the μi0k’s follow independent standard normals. We vary the number of covari-
ates between 1 and 3, so the total dimension of heterogeneity varies between 2 and 4. In
this model, we expect the bias of FE to be moderate given the time horizon we consider

7Specifically, we demean and rescale hi so that all its components hi� have zero mean and unit variance, and

multiply each component hi� by: max(
∑
i h

2
i�− 1

T2
∑
i�t (hit�−hi�)2∑
i h

2
i�

�0). Using equal weights instead has small effects in

these simulations, however, we observed that this particular weighting can improve performance when some
moments are substantially less informative about the heterogeneity than others.
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TABLE SI

MODEL (2) OF WAGES AND PARTICIPATION.

T Bias std RMSE se/std Bias std RMSE se/std

GFE, η= 1 FE, η= 1

5 −0�569 0.056 0.572 1.114 −0�834 0.061 0.836 1.121
10 −0�204 0.040 0.208 0.983 −0�415 0.041 0.417 1.008
15 −0�119 0.033 0.124 0.951 −0�280 0.032 0.282 1.030
20 −0�088 0.028 0.093 0.981 −0�211 0.027 0.212 1.035
25 −0�070 0.024 0.074 0.987 −0�169 0.024 0.171 1.034
30 −0�055 0.023 0.059 0.974 −0�140 0.022 0.142 1.026
50 −0�032 0.017 0.037 0.990 −0�085 0.017 0.087 1.016

GFE, η= 2 FE, η= 2

5 −0�519 0.060 0.522 1.111 −0�878 0.064 0.880 1.138
10 −0�164 0.043 0.170 0.983 −0�443 0.042 0.445 1.046
15 −0�077 0.034 0.084 0.980 −0�298 0.033 0.300 1.059
20 −0�049 0.032 0.059 0.895 −0�225 0.029 0.227 1.008
25 −0�040 0.028 0.049 0.921 −0�181 0.025 0.183 1.027
30 −0�031 0.026 0.040 0.903 −0�152 0.024 0.154 0.990
50 −0�014 0.018 0.023 0.985 −0�091 0.017 0.092 1.048

Note: 1000 simulations, N = 1000. “RMSE” is root mean squared error, “se” is the average of standard error estimates across
simulations, “std” is the standard deviation of the estimator across simulations. η is the risk aversion parameter.

(T = 20), since αi0 is scalar and FE is a conditional approach. The question we ask here
is how much the use of conditional moments can help reduce the bias of GFE due to the
presence of additional heterogeneity in the covariates and the increased dimensionality
of heterogeneity (see Section 4.2).

Consider first using hi = (Y i�X
′
i)

′ as moments. In Table SIII we show the biases, stan-
dard deviations, and root mean squared errors of FE and GFE among 1000 simulations,
for N = 1000 and T = 20. In the top panel we report GFE estimates as a function of the
number of groups K. We see that, while the bias of GFE remains moderate with one co-
variate, the bias increases substantially with the dimension of heterogeneity, in agreement
with our theory. By comparison, the bias of FE in the bottom panel is indeed quite small,
and it only increases moderately with the number of covariates.

The situation is rather different when using conditional moments in GFE. In the middle
panel in Table SIII we show simulation results for GFE based on covariates-specific condi-
tional means Y i(x) = ∑T

t=1 1{Xit = x}Yit/
∑T

t=1 1{Xit = x}. Importantly, in large samples
these moments are only informative about αi0, not μi0. We see that the bias of GFE with
conditional moments increases only moderately with the number of covariates, and that
FE and GFE with conditional moments have comparable—and quite small—biases.

Regarding implementation, note that, for a given i, all moments Y i(x) may not be avail-
able since i’s covariates may never take the value x in the sample. In Table SIII, whenever
Y i(x) is not available, we set the moment to an imputed value, the overall conditional
mean Y (x) = ∑

i�t 1{Xit = x}Yit/
∑

i�t 1{Xit = x}. The imputation does not affect the the-
ory, provided the event that any of the Y i(x)’s is not available tends to zero with probabil-
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TABLE SIII

PROBIT MODEL WITH BINARY COVARIATES.

K Bias std RMSE Bias std RMSE Bias std RMSE

GFE, 1 covariate GFE, 2 covariates GFE, 3 covariates

5 −0�188 0.029 0.191 −0�293 0.031 0.294 −0�362 0.042 0.365
10 −0�083 0.027 0.088 −0�205 0.032 0.207 −0�275 0.035 0.277
20 −0�017 0.028 0.033 −0�118 0.030 0.122 −0�206 0.033 0.209
30 0�006 0.029 0.030 −0�081 0.030 0.086 −0�165 0.032 0.168
40 0�018 0.029 0.035 −0�056 0.030 0.064 −0�135 0.033 0.139
50 0�026 0.030 0.039 −0�040 0.030 0.051 −0�115 0.033 0.120

Cond. GFE, 1 covariate Cond. GFE, 2 covariates Cond. GFE, 3 covariates

5 −0�060 0.035 0.069 −0�085 0.037 0.092 −0�110 0.039 0.117
10 −0�045 0.033 0.056 −0�074 0.042 0.085 −0�099 0.044 0.109
20 −0�015 0.034 0.038 −0�046 0.037 0.059 −0�074 0.045 0.087
30 0�008 0.035 0.036 −0�031 0.036 0.048 −0�061 0.043 0.075
40 0�025 0.036 0.043 −0�020 0.036 0.041 −0�050 0.041 0.065
50 0�033 0.035 0.048 −0�012 0.036 0.038 −0�040 0.040 0.057

FE, 1 covariate FE, 2 covariates FE, 3 covariates

– 0�062 0.031 0.069 0�074 0.034 0.081 0�089 0.039 0.097

Note: 1000 simulations, N = 1000, T = 20. In the top panel we show GFE estimates based on unconditional moments for different
K values, in the middle panel we show GFE estimates based on conditional moments for different K values, in the bottom row we
show FE estimates.

ity approaching one in large samples.8 Moreover, we have obtained similar results using
an alternative conditional first step implementation that does not rely on imputations.9

Co-editor Guido Imbens handled this manuscript.

Manuscript received 10 April, 2017; final version accepted 4 June, 2021; available online 29 June, 2021.

8To provide intuition in a simple case, suppose that Xit are binary, i.i.d. over time given μi0, with Pr(Xit =
1 | μi0 = μ) ∈ (ε�1 − ε) for all μ, for some ε > 0. Then Pr(∃i :Xi1 = · · · =XiT = 0) ≤N(1 − ε)T , which tends
to zero whenever (lnN)/T → 0.

9This implementation is as follows. Let Ii(x) be the indicator that there exists a t such that Xit = x, and let
x1� � � � � xM denote the points of support of Xit . In the first step, we use a Lloyd’s-like algorithm to minimize
the function

∑N
i=1

∑M
m=1 Ii(xm)(Y i(xm) − g(xm�ki))2, with respect to k1� � � � �kN and g(x1�1)� � � � � g(xM�K).
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