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APPENDIX D

D.1. Prior Sensitivity and Robustness Checks

FIGURE 5 shows how the results in Figure 3 change when the prior hyper-parameters
(a�γ) take the following values: {(15�0�25)� (15�0�5)� (15�1)� (10�0�5)� (20�0�5)}.

Note that some lines from these five different experiments coincide (the estimation
results for fixed m are not affected by changes in γ) and some lines for variable m are
almost indistinguishable from each other. As can be seen from the figure, the estimation
results are not sensitive to moderate variations in (a�γ).

D.2. Proofs and Auxiliary Results for Lower Bounds

LEMMA 3: For qj , ql, i �= l defined in (16), the L1 distance is bounded below by const ·�n.

PROOF: Let us establish several facts about gr in the definition of qj . For any (ỹ� x) ∈
[0�1]d , there exists r(ỹ� x) such that

gr (ỹ� x) = 0� ∀r �= r(ỹ� x)� (34)

For (ỹ� x) ∈ Br , r(ỹ� x) = r, and for (ỹ� x) /∈ ⋃m̄

r=1 Br , r(ỹ� x) can have an arbitrary value.
Thus,

dL1 (qj�ql)

=
∑
y

∫ ∣∣∣∣∣
∫
Ay

[
m̄∑
r=1

(
wj

r −wl
r

)
gr(ỹ� x)

]
dỹ

∣∣∣∣∣dx
=

∑
y

∫ ∣∣∣∣
∫
Ay

(
w

j

r(ỹ�x) −wl
r(ỹ�x)

)
gr(ỹ�x)(ỹ� x) dỹ

∣∣∣∣dx�
From hi = (2/Ni) ·Ri for i ∈{1� � � � � dy}, where Ri is a positive integer, and the definitions
of g, gr , and Ay , it follows that for fixed y ∈Y and x ∈ [0�1]dx , (wj

r(ỹ�x) −wl
r(ỹ�x))gr(ỹ�x) (ỹ� x)
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2 A. NORETS AND J. PELENIS

FIGURE 5.—Average estimation errors under different priors.

does not change the sign as ỹ changes within Ay (r(ỹ� x) is the same ∀ỹ ∈Ay by the choice
of cri and hi). Therefore,

dL1 (qj� ql) =
∫ ∫ ∣∣(wj

r(ỹ�x) −wl
r(ỹ�x)

)
gr(ỹ�x) (ỹ� x)

∣∣dỹ dx
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=
m̄∑
r=1

∫
Br

∣∣(wj

r(z) −wl
r(z)

)
gr(z)(z)

∣∣dz
=

m̄∑
r=1

∣∣wj
r −wl

r

∣∣ ∫
Br

∣∣gr (z)
∣∣dz� (35)

Finally, using a change of variables in (35), Lemma 2, and mihi > 1/2, we get

dL1 (qj� ql) =
m̄∑
r=1

1
{
wj

r �=wl
r

} · �n ·
d∏

i=1

hi ·
[∫ 1/2

−1/2

∣∣g(u)
∣∣du]d

≥ �n ·
d∏

i=1

mihi ·
[∫ 1/2

−1/2

∣∣g(u)
∣∣du]d

/8

≥ �n ·
[∫ 1/2

−1/2

∣∣g(u)
∣∣du/2

]d

/8�
Q.E.D.

LEMMA 4: For �n → 0 and m̄ ≥ 8 and a sufficiently small c0 in the definition of g, condi-
tion (15) in Lemma 1 holds for all sufficiently large n.

PROOF: By Lemma 2, it suffices to show that

dKL

(
Qn

j �Q
n
0

) = n · dKL(qj� q0) < (m̄ log 2)/64� (36)

First, note that for any z ∈ [0�1]d , the density in the definition of qj

g0(z) +
m̄∑
r=1

wj
rgr (z) ≥ g

0
− �n

[
max

u∈[−1/2�1/2]
g(u)

]d ≥ g
0
/2 > 0 (37)

for all sufficiently large n, where g
0
= minz∈[0�1]d g0(z) > 0 by the assumption on g0.

By (47) in Lemma 6 and non-negativity of the Kullback–Leibler divergence,

dKL(qj� q0) ≤ dKL

(
g0 +

m̄∑
r=1

wj
rgr� g0

)

≤ dKL

(
g0 +

m̄∑
r=1

wj
rgr� g0

)
+ dKL

(
g0� g0 +

m̄∑
r=1

wj
rgr

)

=
∫
Rd

log

(
g0(z) +

m̄∑
r=1

wj
rgr (z)

)(
m̄∑
r=1

wj
rgr (z)

)
dz

=
∫

[0�1]d
log

(
g0(z) +

m̄∑
r=1

wj
rgr (z)

)(
m̄∑
r=1

wj
rgr (z)

)
dz� (38)

where the last equality follows from gr (z) = 0 outside [0�1]d. The integrand of the last
integral is bounded above by 2g−1

0
(
∑m̄

r=1 w
j
rgr (z))2, which follows from the logarithm in-
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equality, 1 − 1/u≤ logu ≤ u− 1�∀u > 0, and (37). Thus,

dKL(qj�q0) ≤ 2g−1
0

∫ [
m̄∑
r=1

wj
rgr(z)

]2

dz

= 2g−1
0

∫ m̄∑
r=1

wj
r

(
gr(z)

)2
dz

≤ 2g−1
0
m̄

∫ (
g1(z)

)2
dz = 2g−1

0
�2
n

∏
i

(mihi)
[∫ 1/2

−1/2
g(u)2 du

]d

≤ 2g−1
0
�2
n

[∫ 1/2

−1/2
g(u)2 du

]d

≤ 2g−1
0
�2
nc

2d
0 � (39)

where the first equality holds since gr(z)gl(z) = 0�∀r �= l. Finally,

m̄ =
d∏

i=1

mi ≥ 2−d

d∏
i=1

h−1
i

= 2−d
∏
i∈J∗

(Ni/2) ·
∏

i∈Jc∗�i≤dy

(
�

−β−1
i

n /�i

) ·
∏

i∈Jc∗�i>dy

(
�

−β−1
i

n

)

≥ 2−d
∏
i∈J∗

(Ni/2) ·
∏

i∈Jc∗�i≤dy

(
�

−β−1
i

n /2
) ·

∏
i∈Jc∗�i>dy

(
�

−β−1
i

n

)

= 2−d−dy ·NJ∗ · �−β−1
Jc∗

n = 2−d−dy n�2
n

≥ 2−d−dy n · dKL(qj� q0)/
(
2g−1

0
c2d

0

)
�

where the first inequality holds by definitions of m̄ and mi, the second equality by defini-
tion of hi, the second inequality by restrictions on �i, and the last inequality by (39). The
last inequality implies (36) if

c0 ≤ [
g

0
2−(d+dy+7) log 2

]1/(2d)
� Q.E.D.

LEMMA 5: For j ∈{1� � � � �M}, a part of the density in the definition of qj , fj = ∑m̄

r=1 w
j
rgr ∈

Cβ∗
1�����β

∗
d
�L with L = 1 for any sufficiently small constant c0 in the definition of g.

PROOF: Consider k = (k1� � � � �kd) and z��z ∈ R
d such that for some i ∈ {1� � � � � d},

�zi �= 0, for any l �= i, �zl = 0,
∑d

l=1 kl/β
∗
l < 1, and

∑d

l=1 kl/β
∗
l + 1/β∗

i ≥ 1 so that

0 ≤ β∗
i

(
1 −

d∑
l=1

kl/β
∗
l

)
≤ 1� (40)

For r(·) defined in (34),

Dkfj(z) =wr(z)�n

d∏
l=1

g(kl)
((
zl − c

r(z)
l

)
/hl

)
/h

ki
l
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= Bi ·wr(z)h
β∗
i (1−∑d

l=1 kl/β
∗
l

)
i

d∏
l=1

g(kl)
((
zl − c

r(z)
l

)
/hl

)
� (41)

where Bi ∈ {1�1/2��
−β∗

i
i } ⊂ (0�1]. From Tsybakov (2008), (2.33)–(2.34), for any suffi-

ciently small c0 and s ≤ maxl β∗
l + 1,

max
z

∣∣g(s) (z)
∣∣ ≤ 1/8� (42)

This implies that∣∣g(ki)
((
zi +�zi − cri

)
/hi

) − g(ki)
((
zi − cri

)
/hi

)∣∣ ≤ |�zi|/(8hi)� (43)

First, let us consider the case when r(z) = r(z + �z) and |�zi|≤ hi. From (41), (42),
and (43),

∣∣Dkfj(z +�z) −Dkfj(z)
∣∣ ≤ h

β∗
i (1−∑d

l=1 kl/β
∗
l

)
i 8−d|�zi/hi|

= 8−d|�zi|β∗
i (1−∑d

l=1 kl/β
∗
l

)

∣∣∣∣�zihi

∣∣∣∣
1−β∗

i (1−∑d
l=1 kl/β

∗
l

)

≤ |�zi|β∗
i (1−∑d

l=1 kl/β
∗
l

)� (44)

where the last inequality follows from �zi ≤ hi and (40).
Second, consider the case when r(z) = r(z +�z) and |�zi|> hi. Similarly to the previ-

ous case but without using (43),

∣∣Dkfj(z +�z) −Dkfj(z)
∣∣ ≤ 2 · 8−dh

β∗
i (1−∑d

l=1 kl/β
∗
l

)
i ≤ |�zi|β∗

i (1−∑d
l=1 kl/β

∗
l

)�

Third, consider the case when r(z) �= r(z + �z) and |�zi|≤ hi/2. If wr(z) = wr(z+�z) = 0
or z� z +�z /∈ ⋃m̄

r=1 Br ,∣∣Dkfj(z +�z) −Dkfj(z)
∣∣ = Dkfj(z +�z) =Dkfj(z) = 0�

If wr(z) �= wr(z+�z) or if one of z and z + �z is not in
⋃m̄

r=1 Br , then without a loss of
generality suppose that wr(z) = 1 or that z + �z /∈ ⋃m̄

r=1 Br . Let |�z	
i| ∈ [0�|�zi|] and

�z	 = (0� � � � �0��z	
i �0� � � � �0) be such that z + �z	 is a boundary point of Br(z). Then,

Dkfj(z +�z	) = 0 and (44) imply∣∣Dkfj(z +�z) −Dkfj(z)
∣∣ = ∣∣Dkfj(z)

∣∣ = ∣∣Dkfj
(
z +�z	

) −Dkfj(z)
∣∣

≤ ∣∣�z	
i

∣∣β∗
i (1−∑d

l=1 kl/β
∗
l

) ≤ |�zi|β∗
i (1−∑d

l=1 kl/β
∗
l

)�

If wr(z) = wr(z+�z) = 1 and z� z +�z ∈ ⋃m̄

r=1 Br , then by construction of fj and g,∣∣Dkfj(z +�z) −Dkfj(z)
∣∣ = ∣∣Dkfj(z +�z + 0�5hi) −Dkfj(z + 0�5hi)

∣∣
≤ |�zi|β∗

i (1−∑d
l=1 kl/β

∗
l

)�

where the last inequality follows from (44).
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Finally, when r(z) �= r(z +�z) and �zi > hi/2,∣∣Dkfj(z +�z) −Dkfj(z)
∣∣ ≤ ∣∣Dkfj(z +�z)

∣∣ + ∣∣Dkfj(z)
∣∣

≤ 2 · 8−dh
β∗
i (1−∑d

l=1 kl/β
∗
l

)
i

≤ |�zi|β∗
i (1−∑d

l=1 kl/β
∗
l

)�

Now, let us consider a general �z such that for �zi �= 0,
∑d

l=1 kl/β
∗
l + 1/β∗

i ≥ 1:∣∣Dkfj(z +�z) −Dkfj(z)
∣∣

≤
d∑

i=1

∣∣Dkfj(z1� � � � � zi−1� zi +�zi� � � � � zd +�zd)

−Dkfj(z1� � � � � zi� zi+1 +�zi+1� � � � � zd +�zd)
∣∣�

The preceding argument applies to every term in this sum and, thus, fj ∈ Cβ∗
1�����β

∗
d
�1. Q.E.D.

LEMMA 6: Let fi : Ỹ × X → R, i ∈ {1�2}, be densities with respect to a product measure
λ×μ on Ỹ ×X ⊂R

d . For a finite set Y , let {Ay� y ∈Y} be a partition of Ỹ and let pi(y�x) =∫
Ay

fi(ỹ� x) dλ(ỹ). Then,

dL1 (p1�p2) ≤ dL1 (f1� f2)� (45)

dH (p1�p2) ≤ dH (f1� f2)� (46)

dKL(p1�p2) ≤ dKL(f1� f2)� (47)

Also, if for given (y�x), f2(ỹ� x) > 0 for any ỹ ∈Ay , then

inf
ỹ∈Ay

f1(ỹ� x)
f2(ỹ� x)

≤ p1(y�x)
p2(y�x)

≤ sup
ỹ∈Ay

f1(ỹ� x)
f2(ỹ� x)

� (48)

PROOF: Trivially,

dL1 (p1�p2) =
∑
y

∫ ∣∣∣∣
∫
Ay

(
f1(ỹ� x) − f2(ỹ� x)

)
dỹ

∣∣∣∣dμ(x)

≤
∑
y

∫ ∫
Ay

∣∣f1(ỹ� x) − f2(ỹ� x)
∣∣dλ(ỹ) dμ(x) = dL1 (f1� f2)�

By the Holder inequality,

dH (p1�p2) = 2
(

1 −
∑
y

∫ √∫
1Ay (ỹ1)f1(ỹ1�x) dλ(ỹ1) ·

∫
1Ay (ỹ2)f2(ỹ2�x) dλ(ỹ2)dμ(x)

)

≤ 2
(

1 −
∑
y

∫ ∫
1Ay (ỹ)

√
f1(ỹ� x)f2(ỹ� x) dλ(ỹ) dμ(x)

)
= dH (f1� f2)�
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For fixed (y�x), ∫
Ay

(
f1(ỹ� x)/p1(y�x)

)
log

f1(ỹ� x)/p1(y�x)
f2(ỹ� x)/p2(y�x)

dλ(ỹ) ≥ 0

since the Kullback–Leibler divergence is non-negative. Thus,∫
Ay

f1(ỹ� x) log
f1(ỹ� x)
f2(ỹ� x)

dλ(ỹ) ≥
∫
Ay

f1(ỹ� x) log
p1(y�x)
p2(y�x)

dλ(ỹ) = p1(y�x) log
p1(y�x)
p2(y�x)

�

This inequality integrated with respect to dμ(x) and summed over y implies (47). The
last claim follows from

f2(ỹ� x) inf
z̃∈Ay

f1(z̃� x)
f2(z̃� x)

≤ f1(ỹ� x) ≤ f2(ỹ� x) sup
z̃∈Ay

f1(z̃� x)
f2(z̃� x)

�
Q.E.D.

LEMMA 7: For �n, hi, �i, and β∗
i defined in Section 4.2, (i) β∗

i ≥ βi for i = 1� � � � � d and
(ii) �i ∈ (1�2] for i ∈ Jc

∗ ∩{1� � � � � dy}.

PROOF: For i /∈ J∗, β∗
i = βi by definition. For i ∈ J∗, from the definition of �n,

�n ≤
[
NJ∗/Ni

n

] 1
2+β−1

Jc∗
+β−1

i = �

2+β−1
Jc∗

2+β−1
Jc∗

+β−1
i

n N

−1
2+β−1

Jc∗
+β−1

i

i �

which implies N−βi
i ≥ �n. By the definition of β∗

i , N
−β∗

i
i = �n and, thus, β∗

i ≥ βi.
For i ∈ Jc

∗ , from the definition of �n,

[
NJ∗Ni

n

] 1
2+β−1

Jc∗
−β−1

i ≥
[
NJ∗
n

] 1
2+β−1

Jc∗ �

which implies

Ni ≥
[
NJ∗
n

] 2+β−1
Jc∗

−β−1
i

2+β−1
Jc∗ = �

−β−1
i

n =⇒ �
β−1
i

n ≥ 1
Ni

�

and, therefore, �
β−1
i

n Ni ≥ 1. Next, define

�i =
⌊
�
β−1
i

n Ni/2
⌋ + 1

�
β−1
i

n Ni/2
�

Then �i ∈ (1�2] as �
β−1
i

n Ni ≥ 1. Q.E.D.

D.3. Proofs of Posterior Contraction Results

D.3.1. Proof of Theorem 4 for Jc �= ∅
Define β = dJc [

∑
k∈Jc β

−1
k ]−1, βmin = minj∈Jc βj , and σn = [ε̃n/ log(1/ε̃n)]1/β. For ε de-

fined in (22)–(23), b and τ defined in (17), and a sufficiently small δ > 0, let a0 =
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{(8β + 4ε + 8 + 8β/βmin)/(bδ)}1/τ , aσn = a0{log(1/σn)}1/τ, and b1 > max{1�1/2β} satis-
fying ε̃b1

n {log(1/ε̃n)}5/4 ≤ ε̃n. Then, the proofs of Theorems 4 and 6 in Shen, Tokdar, and
Ghosal (2013) imply the following two claims for each yJ = k ∈YJ under the assumptions
of Section C.1.

First, there exists a partition {Uj|k� j = 1� � � � �K} of {x̃ ∈ X̃ : ‖x̃‖ ≤ 2aσn}, such that for
j = 1� � � � �N , Uj|k is contained within an ellipsoid with center μ	

j|k and radii {σβ/βi
n ε̃2b1

n � i ∈
Jc}:

Uj|k ⊂
{
x̃ :

dJc∑
i=1

[(
x̃i −μ	

j|k�i

)
/
(
σ

β/βdJ+i
n ε̃2b1

n

)]2 ≤ 1

}
;

for j = N + 1� � � � �K, Uj|k is contained within an ellipsoid with radii {σβ/βi
n � i ∈ Jc}, and

1 ≤N <K ≤ C1σ
−dJc
n {log(1/ε̃n)}dJc+dJc /τ, where C1 > 0 does not depend on n and yJ .

Second, for each k ∈YJ , there exist α	
j|k, j = 1� � � � �K, with α	

j|k = 0 for j > N , and μx	
jk ∈

Uj|k for j =N + 1� � � � �K such that for a positive constant C2 and σ	
Jc ={σβ/βi

n for i ∈ Jc},

dH

(
f0|J(·|k)� f 	

|J(·|k)
) ≤ C2σ

β
n � (49)

where f 	
|J is defined in (33). Constant C2 is the same for all k ∈YJ since all the bounds on

f0|J assumed in Section C.1 are uniform over k.
Note also that our smoothness definition is different from the one used by Shen, Tokdar,

and Ghosal (2013). In Lemmas 8 and 9, we show that our smoothness definition (f0|J ∈
CL�βdJ+1�����βd ) delivers an anisotropic Taylor expansion with bounds on remainder terms
such that the argument on page 637 of Shen, Tokdar, and Ghosal (2013) goes through.

Third, by Lemma 12, which is an extension of a part of Proposition 1 in Shen, Tokdar,
and Ghosal (2013), there exists a constant B0 > 0 such that for all yJ ∈YJ ,

F0|J

(‖X̃‖ > aσn|yJ
) ≤ B0σ

4β+2ε
n σ8

n� (50)

where

σn = min
i∈Jc

σβ/βi
n �

For m= NJK, we define θ	 and Sθ	 as

θ	 = {{
μ	

1� � � � �μ
	
m

} = {(
k�μ	

j|k

)
� j = 1� � � � �K�k ∈YJ

}
�{

α	
1� � � � �α

	
m

} = {
α	
jk = α	

j|kπ0J(k)� j = 1� � � � �K�k ∈YJ

}
�

σ	2
J = {

σ	2
i = 1/

[
64N2

i β log(1/σn)
]
� i ∈ J

}
σ	

Jc = {
σ	

i = σβ/βi
n � i ∈ Jc

}}
�

Sθ	 =
{

{μ1� � � � �μm}= {
(μjk�J�μjk�Jc)� j = 1� � � � �K�k ∈YJ

}
�

μjk�Jc ∈ Uj|k�μjk�i ∈
[
ki − 1

4Ni

�ki + 1
4Ni

]
� i ∈ J�

σ2
i ∈ (

0�σ	2
i

)
� i ∈ J�
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σ2
i ∈ (

σ	2
i

(
1 + σ2β

n

)−1
�σ	2

i

)
� i ∈ Jc�

(α1� � � � �αm) ={αjk� j = 1� � � � �K�k ∈YJ}∈ �m−1�

m∑
r=1

∣∣αr − α	
r

∣∣ ≤ 2σ2β
n � min

j≤K�k∈YJ

αjk ≥ σ2β+dJc
n

2m2

}
�

where �m−1 denotes the m-dimensional simplex.
The rest of the proof of the Kullback–Leibler thickness condition follows the general ar-

gument developed for mixture models in Ghosal and van der Vaart (2007) and Shen, Tok-
dar, and Ghosal (2013) among others. First, we will show that for m = NJK and θ ∈ Sθ	 ,
the Hellinger distance d2

H (p0(·� ·)�p(·� ·|θ�m)) can be bounded by σ2β
n up to a multiplica-

tive constant. Second, we construct bounds on the ratios p(·� ·|θ�m)/p0(·� ·) and combine
them with the bound on the Hellinger distance using Lemma 11. Finally, we will show
that the prior puts sufficient probability on m =NJK and Sθ	 .

For f 	
|J defined in (33), let us define

p	
|J(yI�x|yJ) =

∫
AyI

f 	
|J(ỹI� x|yJ) dỹI�

For m= NJK and θ ∈ Sθ	 , we can bound the Hellinger distance between the DGP and the
model as follows:

d2
H

(
p0(·� ·)�p(·� ·|θ�m)

)
= d2

H

(
p0|J(·|·)π0(·)�p(·� ·|θ�m)

)
≤ d2

H

(
p0|J(·|·)π0J(·)�p	

|J(·|·)π0J(·)) + d2
H

(
p	

|J(·|·)π0J(·)�p(·� ·|θ�m)
)
�

It follows from (49) and Lemma 6 linking distances between probability mass func-
tions and corresponding latent variable densities that the first term on the right-hand
side of this inequality is bounded by (C2)2σ2β

n . Combining this result with the bound on
d2
H (p	

|J(·|·)π0J(·)�p(·� ·|θ�m)) from Lemma 13, we obtain

d2
H

(
p0(·� ·)�p(·� ·|θ�m)

)
� σ2β

n � (51)

where “�” denotes less or equal up to a multiplicative positive constant relation.
Next, for θ ∈ Sθ	 and m =NJK, let us consider lower bounds on the ratio
p(yJ� yI� x|θ�m)/p0(yJ� yI� x). In Lemma 16, we show that lower bounds on the ratio

fJ(yJ� x̃|θ�m)/f0|J(x̃|yJ)π0(yJ) imply the following bounds for all sufficiently large n: for
any x ∈X with ‖x‖ ≤ aσn ,

p(yJ� yI� x|θ�m)
p0(yJ� yI� x)

≥ C3
σ2β

n

2m2 ≡ λn� (52)

for some constant C3 > 0; and for any x ∈X with ‖x‖ > aσn ,

p(yJ� yI� x|θ�m)
p0(yJ� yI� x)

≥ exp
{
−8‖x‖2

σ2
n

−C4 logn
}
� (53)
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for some constant C4 > 0. Consider all sufficiently large n such that λn < e−1 and (52) and
(53) hold. Then, for any θ ∈ Sθ	 ,

∑
y∈Y

∫
X

(
log

p0(yJ� yI� x)
p(yJ� yI� x|θ�m)

)2

1
{
p(yJ� yI� x|θ�m)
p0(yJ� yI� x)

< λn

}
p0(yJ� yI� x) dx

=
∑
y∈Y

∫
X̃

(
log

p0(yJ� yI� x)
p(yJ� yI� x|θ�m)

)2

1
{
p(yJ� yI� x|θ�m)
p0(yJ� yI� x)

< λn

}
1{ỹI ∈ AyI}f0J(yJ� x̃) dx̃

=
∑
y∈Y

∫
X̃

(
log

p0(yJ� yI� x)
p(yJ� yI� x|θ�m)

)2

× 1
{
p(yJ� yI� x|θ�m)
p0(yJ� yI� x)

< λn�‖x‖ > aσn� ỹI ∈AyI

}
f0J(yJ� x̃) dx̃

≤
∑
y∈Y

∫
{x̃:‖x‖>aσn}

(
log

p0(yJ� yI� x)
p(yJ� yI� x|θ�m)

)2

1{ỹI ∈AyI}f0J(yJ� x̃) dx̃

≤
∑
y∈Y

∫
{x̃:‖x‖>aσn}

[
128
σ4

n

‖x‖4 + 2(C4 logn)2

]
f0|J(x̃|yJ)1{ỹI ∈ AyI}dx̃π0J(yJ)

≤
∑
yJ∈YJ

∫
{x̃:‖x̃‖>aσn}

[
128
σ4

n

‖x̃‖4 + 2(C4 logn)2

]
f0|J(x̃|yJ) dx̃π0J(yJ)

≤ 128
σ4

n

∑
yJ∈YJ

E0|yJ

(‖X̃‖8
)1/2(

F0|yJ

(‖X̃‖> aσn

))1/2
π0J(yJ)

+ 2(C4 logn)2B0σ
4β+2ε
n σ8

n

≤ C5σ
2β+ε
n (54)

for some constant C5 > 0 and all sufficiently large n, where the last inequality holds by the
tail condition in (17), (50), and (logn)2σ2β+ε

n σ8
n → 0.

Furthermore, as λn < e−1,

log
p0(yJ� yI� x)

p(yJ� yI� x|θ�m)
1
{
p(yJ� yI� x|θ�m)
p0(yJ� yI� x)

< λn

}

≤
(

log
p0(yJ� yI� x)

p(yJ� yI� x|θ�m)

)2

1
{
p(yJ� yI� x|θ�m)
p0(yJ� yI� x)

< λn

}

and, therefore,

∑
y∈Y

∫
X

log
p0(yJ� yI� x)

p(yJ� yI� x|θ�m)
1
{
p(yJ� yI� x|θ�m)
p0(yJ� yI� x)

< λn

}
p0(yJ� yI� x) dx

≤ C5σ
2β+ε
n � (55)
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Inequalities (51), (54), and (55) combined with Lemma 11 imply

E0

(
log

p0(yJ� yI� x)
p(yJ� yI� x|θ�m)

)
≤Aε̃2

n�E0

([
log

p0(yJ� yI� x)
p(yJ� yI� x|θ�m)

]2)
≤Aε̃2

n

for any θ ∈ Sθ	 , m = NJK, and some positive constant A (details are provided in
Lemma 17).

By Lemma 18 for all sufficiently large n, s = 1 + 1/β+ 1/τ, and some C6 > 0,

�
(
K(p0� ε̃n)

) ≥�(m =NJK�θ ∈ Sθ	)

≥ exp
[−C6NJε̃

−dJc /β
n

{
log(n)

}dJc s+max{τ1�1�τ2/τ}]
�

The last expression of the above display is bounded below by exp{−Cnε̃2
n} for any C > 0,

ε̃n = [NJ

n
]β/(2β+dJc ) (logn)tJ , any

tJ > (dJc s+max{τ1�1� τ2/τ})/(2+dJc/β), and all sufficiently large n. Since the inequal-
ity in the definition of tJ is strict, the claim of the theorem follows.

When J = ∅ and NJ = 1, the preceding argument delivers the claim of the theorem
if we add an artificial discrete coordinate with only one possible value to the vector of
observables.

D.3.2. Proof of Theorem 4 for Jc = ∅
In this case, the proof from the previous subsection can be simplified as follows. For

m =NJ and for any β> 0, we define θ	 and Sθ	 as

θ	 =
{{

μ	
1� � � � �μ

	
m

} ={k�k ∈ YJ}�

{
α	

1� � � � �α
	
m

} = {
α	
k�k ∈ YJ

} = {
π0(k)

}
k∈YJ

�

σ	2 =
{
σ	2

i = 1
64N2

i β log(1/σn)
� i ∈ J

}}
�

Sθ	 =
{

{μ1� � � � �μm}={μk�k ∈YJ}�μk�i ∈
[
ki − 1

4Ni

�ki + 1
4Ni

]
� i ∈ J�

σ = {
σi ∈

(
0�σ	

i

)
� i ∈ J

}
�

{αj� j = 1� � � � �m}={αk�k ∈ YJ}∈ �m−1�

∑
k∈YJ

∣∣αk − α	
k

∣∣ ≤ 2σ2β
n �min

k∈YJ

αk ≥ σ2β
n

2m2

}
�

For m =NJ and θ ∈ Sθ	 , a simplification of the proof of Lemma 13 delivers

d2
H

(
p0(·)�p(·|θ�m)

) ≤ 2 max
k∈YJ

∫
Ac

k

φ(ỹJ;μk�σ) dỹJ +
∑
k∈YJ

∣∣α	
k − αk

∣∣ � σ2β
n �

A simplification of derivations in Lemma 16 shows that for all yJ ∈YJ ,

p(yJ|θ�m)
p0(yJ)

≥ 1
2
σ2β

n

2m2 ≡ λn�
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Then, for any θ ∈ Sθ	 ,

∑
yJ∈YJ

(
log

p0(yJ)
p(yJ|θ�m)

)2

1
{
p(yJ|θ�m)
p0(yJ)

< λn

}
p0(yJ) = 0�

∑
yJ∈YJ

(
log

p0(yJ)
p(yJ|θ�m)

)
1
{
p(yJ|θ�m)
p0(yJ)

< λn

}
p0(yJ) = 0�

as p(yJ|θ�m)
p0(yJ ) ≥ λn for all yJ ∈ YJ . As λn → 0, by Lemma 11 for λn < λ0, both E0(log p0(yJ )

p(yJ|θ�m) )

and E0([log p0(yJ )
p(yJ|θ�m) ]2) are bounded by C7 log(1/λn)2σ2β

n ≤ Aε̃2
n for some constant A. By

the simplification of Lemma 18 for this particular case for all sufficiently large n and some
C8 > 0,

�
(
K(p0� ε̃n)

) ≥�(m =NJ�θ ∈ Sθ	) ≥ exp
[−C8NJ

{
log(n)

}max{τ1�1}]
�

The last expression of the above display is bounded below by exp{−Cnε̃2
n} for any C > 0,

ε̃n = [NJ

n
]1/2(logn)tJ , any tJ > max{τ1�1}/2, and all sufficiently large n. Since the inequality

in the definition of tJ is strict, the claim of the theorem follows.

D.3.3. Auxiliary Results for Posterior Contraction Rates

For a multi-index k = (k1� � � � �kd) ∈ Z
d
+, let k! = ∏d

i=1 ki!, and for z ∈ R
d , let zk =∏d

i=1 z
ki
i .

LEMMA 8—Anisotropic Taylor Expansion: For f ∈ Cβ1�����βd�L and r ∈{1� � � � � d},

f (x1 + y1� � � � � xd + yd)

=
∑
k∈Ir

yk

k!D
kf (x1� � � � � xr� xr+1 + yr+1� � � � � xd + yd) (56)

+
r∑

l=1

∑
k∈Īl

yk

k!
(
Dkf

(
x1� � � � � xl + ζk

l � xl+1 + yl+1� � � � � xd + yd
)

(57)

−Dkf (x1� � � � � xl� xl+1 + yl+1� � � � � xd + yd)
)
� (58)

where ζk
l ∈ [xl�xl + yl] ∪ [xl + yl� xl],

Il =
{
k= (k1� � � � �kl�0� � � � �0) ∈ Z

d
+ : ki ≤

⌊
βi

(
1 −

i−1∑
j=1

kj/βj

)⌋
s

� i = 1� � � � � l

}
�

Īl =
{
k ∈ Il : kl =

⌊
βl

(
1 −

l−1∑
j=1

kj/βj

)⌋
s

}
�

and the differences in derivatives in (57)–(58) are bounded by

L
∣∣ζk

l

∣∣βl (1−∑d
i=1 ki/βi)�
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PROOF: The lemma is proved by induction. For r = 1, (56)–(58) is a standard univari-
ate Taylor expansion of f (x + y) in the first argument around (x1�x2 + y2� � � � � xd + yd).
Suppose (56)–(58) hold for some r ∈{1� � � � � d}. Then, let us show that (56)–(58) hold for
r + 1. For that, consider a univariate Taylor expansion of Dkf in (56). The following no-
tation will be useful. Let ei ∈ R

d , i = 1� � � � � d, be such that eij = 1 for i = j and eij = 0 for
i �= j and k∗

r+1 = �βr+1(1 − ∑r

j=1 kj/βj)�s. Then,

Dkf (x1� � � � � xr� xr+1 + yr+1� � � � � xd + yd)

=
k∗
r+1∑

kr+1=0

y
kr+1
r+1

kr+1!D
k+kr+1·er+1f (x1� � � � � xr+1�xr+2 + yr+2� � � � � xd + yd)

+ y
k∗
r+1

r+1

k∗
r+1!

(
Dk+k∗

r+1·er+1f
(
x1� � � � � xr� xr+1 + ζ

k+k∗
r+1·er+1

r+1 �xr+2 + yl+2� � � � � xd + yd
)

−Dk+k∗
r+1·er+1f (x1� � � � � xr� xr+1�xr+2 + yl+2� � � � � xd + yd)

)
�

Inserting this expansion into (56) delivers the result for r + 1. Q.E.D.

LEMMA 9: Let R(x� y) denote the remainder term in the anisotropic Taylor expansion
((57)–(58) for r = d). Suppose f ∈ Cβ1�����βd�L and L satisfies (20)–(21). Let σ = {σi =
σβ/βi

n � i = 1� � � � � d} and σn → 0. Then, for all sufficiently large n,∫ ∣∣R(x� y)
∣∣φ(y;0�σ) dy � L(x)σβ

n �

PROOF: Note that |R(x� y)| is bounded by a sum of the following terms over k ∈ Ī l and
l ∈{1� � � � � d}:

yk

k!
∣∣Dkf

(
x1� � � � � xl + ζk

l � xl+1 + yl+1� � � � � xd + yd
)

−Dkf (x1� � � � � xl� xl+1 + yl+1� � � � � xd + yd)
∣∣

≤ yk

k!L
(
x+ (0� � � � �0� yl+1:d)� ζk

l el
)∣∣ζk

l

∣∣βl (1−∑d
i=1 ki/βi)

≤ L̃(x) exp
{
τ0‖yl+1:d‖2

}
exp

{
τ0

∥∥ζk
l

∥∥2}∣∣ζk
l

∣∣βl (1−∑d
i=1 ki/βi)

≤ L̃(x)
yk

k! exp
{
τ0‖y‖2

}|yl|βl (1−∑d
i=1 ki/βi)�

where we used inequalities (4), (20), and (21) and that |ζk
l | ≤ |yl|.

For all sufficiently large n such that τ0 < 0�5/maxi σ2
i ,

∫ ∣∣∣∣L̃(x)
yk

k! exp
{
τ0‖y‖2

}|yl|βl (1−∑d
i=1 ki/βi)

∣∣∣∣φ(y;0�σ) dy

� L̃(x)
l−1∏
i=1

∫
|yi|kiφ(yi;0;σi

√
2) dyi ·

∫
y
kl
l |yl|βl (1−∑d

i=1 ki/βi)φ(yl;0;σl

√
2) dyl
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� L̃(x)σk1
1 · · ·σkl−1

l−1 σ
kl+βl (1−∑d

i=1 ki/βi)
l

= L̃(x)σk1β/β1
n · · ·σklβ/βl

n σ
β
βl

βl (1−∑d
i=1 ki/βi)

n = L̃(x)K2σ
β
n �

where we use
∫

|z|ρφ(z�0�ω) dz � ωρ and kl+1 = · · · = kd = 0 for k ∈ Īl. Thus, the claim
of the lemma follows. Q.E.D.

LEMMA 10: Suppose density f0 ∈ Cβ1�����βd�L with a constant envelope L has support on
[0�1]d and f0(z) ≥ f > 0. Then, f0|J ∈ CβdJc

�����βd�L/f .

PROOF: For x̃��x̃ ∈X , yJ ∈YJ , and some ỹ∗
J ∈ AyJ , by the mean value theorem,

Dkf0|J(x̃+�x̃|yJ) −Dkf0|J(x̃|yJ)

= 1
π0J(yJ)

∫
AyJ

(
D0�����0�kf0(ỹJ� x̃+�x̃) −D0�����0�kf0(ỹJ� x̃)

)
dỹJ

= 1/NJ

π0J(yJ)
(
D0�����0�kf0

(
ỹ∗
J � x̃+�x̃

) −D0�����0�kf0

(
ỹ∗
J � x̃

))
and the claim of the lemma follows from the definition of Cβ1�����βd�L and π0J(yJ) ≥ f/NJ .

Q.E.D.

LEMMA 11: There is a λ0 ∈ (0�1) such that for any λ ∈ (0�λ0) and any two conditional
densities p�q ∈ F , a probability measure P on Z that has a conditional density equal to p,
and dh defined with the distribution on X implied by P ,

P log
p

q
≤ d2

h(p�q)
(

1 + 2 log
1
λ

)
+ 2P

{(
log

p

q

)
1
(
q

p
≤ λ

)}
�

P

(
log

p

q

)2

≤ d2
h(p�q)

(
12 + 2

(
log

1
λ

)2)
+ 8P

{(
log

p

q

)2

1
(
q

p
≤ λ

)}
�

PROOF: The proof is exactly the same as the proof of Lemma 4 of Shen, Tokdar, and
Ghosal (2013), which, in turn, follows the proof of Lemma 7 in Ghosal and van der Vaart
(2007). Q.E.D.

LEMMA 12: Under the assumptions and notation of Section 4.3, for some B0 ∈ (0�∞) and
any yJ ∈YJ ,

F0|J

(‖X̃‖ > aσn|yJ
) ≤ B0σ

4β+2ε
n σ8

n�

PROOF: Note that in the proof of Proposition 1 of Shen, Tokdar, and Ghosal (2013), it is
shown that aSTG

σn
> a, where aSTG

0 ={(8β+ 4ε+ 16)/(bδ)}1/τ and aSTG
σn

= aSTG
0 log(1/σn)1/τ.

As a0 > aSTG
0 and aσn > aSTG

σn
, therefore aσn > a. Define E∗

σn
= {x̃ ∈ R

dJc : f0|J(x̃|yJ) ≥
σ

(4β+2ε+8β/βmin)/δ
n }. Note that by construction of s2 in the proof of Proposition 1 of Shen,

Tokdar, and Ghosal (2013) and as σn < s2, it follows that

(4β+ 2ε+ 8)
bδ

log
(

1
σn

)
≥ 1

b
log f̄0 =⇒ σ

− (4β+2ε+8)
δ

n ≥ f̄0�
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For x̃ ∈ E∗
σn

,

f0|J(x̃|yJ) ≥ σ (4β+2ε+8β/βmin)/δ
n = σ (8β+4ε+8β/βmin+8)/δ

n σ−(4β+2ε+8)/δ
n

≥ f̄0σ
(8β+4ε+8β/βmin+8)/δ
n = f̄0σ

aτ0b
n = f̄0 exp

{
−baτ

0 log
(

1
σn

)}

= f̄0 exp
{
−b

(
a0

(
log

(
1
σn

)1/τ))τ}
= f̄0 exp

{−baτ
σn

}
�

As aσn > a and as f0|J(x̃|yJ) ≥ f̄0 exp{−baτ
σn}, then the tail condition (17) is satisfied only

if ‖x̃‖ < aσn . Therefore, E∗
σn

⊂ {x̃ ∈ R
dJ : ‖x̃‖ ≤ aσn}. As in the proof of Proposition 1 of

Shen, Tokdar, and Ghosal (2013), by Markov’s inequality,

F0|J

(‖X̃‖> aσn|yJ
) ≤ F0|J

(
E∗�c

σn
|yJ

)
= F0|J

(
f0|J(x̃|yJ)−δ > σ−(4β+2ε+8β/βmin)

n |yJ
)

≤ B0σ
4β+2ε+8β/βmin
n = B0σ

4β+2ε
n σ8

n

as desired since σβ/βmin
n = σn and the tail condition on f0|J(·|yJ), (17), implies the existence

of a δ > 0 small enough such that E0|J(f−δ
0|J ) ≤ B0 <∞ for any yJ ∈YJ . Q.E.D.

LEMMA 13: Under the assumptions and notation of Section 4.3, for m = KNJ and any
θ ∈ Sθ	 ,

d2
H

(
p	

|J(·|·)π0(·)�p(·� ·|θ�m)
)
� σ2β

n �

PROOF: Let us define

fJ(yJ� x̃|θ�m) =
∫
AyJ

f (ỹJ� x̃|θ�m) dỹJ�

Then,

d2
H

(
p	

|J(·|·)π0(·)�p(·� ·|θ�m)
)

≤ dL1

(
p	

|J(·|·)π0(·)�p(·� ·|θ�m)
)

≤ dL1

(
f 	

|J(·|·)π0(·)� fJ(·� ·|θ�m)
)

=
∑
yJ∈YJ

∫
X̃

∣∣∣∣∣
∑
k∈YJ

K∑
j=1

α	
j|kπ0(k)1{k= yJ}φ

(
x̃�μ	

j|k�σ
	
Jc

)

− αjk

∫
AyJ

φ(ỹJ�μjk�J�σJ) dỹJ ·φ(x̃�μjk�Jc �σJc )

∣∣∣∣∣dx̃

≤
∑
yJ∈YJ

∫
X̃

∣∣∣∣∣
∑
k∈YJ

K∑
j=1

α	
jk1{k= yJ}φ

(
x̃�μ	

j|k�σ
	
Jc

) − α	
jk1{k= yJ}φ(x̃�μjk�Jc �σJc )

∣∣∣∣∣dx̃
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+
∑
yJ∈YJ

∫
X̃

∣∣∣∣∣
∑
k∈YJ

K∑
j=1

α	
jk1{k= yJ}φ(x̃�μjk�Jc �σJc)

− αjk

∫
AyJ

φ(ỹ�μjk�J�σJ) dỹφ(x̃�μjk�Jc �σJc )

∣∣∣∣∣dx̃�
where the first inequality follows from d2

H (·� ·) ≤ dL1 (·� ·), the second inequality holds by
Lemma 6, and the last inequality is obtained by the triangle inequality.

Let us explore the two parts of the right-hand side in the last inequality independently.
First,

∑
yJ∈YJ

∫
X̃

∣∣∣∣∣
∑
k∈YJ

K∑
j=1

α	
jk1{k= yJ}φ

(
x̃�μ	

j|k�σ
	
Jc

) − α	
jk1{k= yJ}φ(x̃�μjk�Jc �σJc )

∣∣∣∣∣dx̃

≤
∑
yJ∈YJ

∑
k∈YJ

K∑
j=1

α	
jk1{k= yJ}

∫
X̃

∣∣φ(
x̃�μ	

j|k�σ
	
Jc

) −φ(x̃�μjk�Jc �σJc )
∣∣dx̃

≤ max
j≤N�k∈YJ

dL1

(
φ

(·;μ	
j|k�σ

	
Jc

)
�φ(·�μjk�Jc �σJc )

)
� σ2β

n �

where the fact that α	
j�k = 0 for j > N by design is used to get j ≤ N rather than j ≤ K in

the max subscript. The last inequality is proved in Lemma 14.
Second,

∑
yJ∈YJ

∫
X̃

∣∣∣∣∣
∑
k∈YJ

K∑
j=1

α	
jk1{k= yJ}φ(x̃�μjk�Jc �σJc )

− αjk

∫
AyJ

φ(ỹJ�μjk�J�σJ) dỹJφ(x̃�μjk�Jc �σJc )

∣∣∣∣∣dx̃

=
K∑
j=1

( ∑
yJ∈YJ

∣∣∣∣∑
k∈YJ

α	
jk1{k= yJ}− αjk

∫
AyJ

φ(ỹJ�μjk�J�σJ) dỹJ

∣∣∣∣
∫
X̃
φ(x̃�μjk�Jc �σJc ) dx̃

)

=
K∑
j=1

∑
yJ∈YJ

∣∣∣∣∑
k∈YJ

α	
jk1{k= yJ}− αjk

∫
AyJ

φ(ỹJ�μjk�J�σJ) dỹJ

∣∣∣∣
≤

∑
yJ∈YJ

∑
k∈YJ

K∑
j=1

∣∣∣∣α	
jk1{k= yJ}− α	

jk

∫
AyJ

φ(ỹJ�μjk�J�σJ) dỹJ

∣∣∣∣
+

∑
yJ∈YJ

∑
k∈YJ

K∑
j=1

∣∣∣∣α	
jk

∫
AyJ

φ(ỹJ�μjk�J�σJ) dỹJ − αjk

∫
AyJ

φ(ỹJ�μjk�J�σJ) dỹJ

∣∣∣∣
≤

∑
yJ∈YJ

∑
k∈YJ

K∑
j=1

α	
jk

∣∣∣∣1{k= yJ}−
∫
AyJ

φ(ỹJ�μjk�J�σJ) dỹJ

∣∣∣∣
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+
∑
yJ∈YJ

∑
k∈YJ

K∑
j=1

∣∣α	
jk − αjk

∣∣ ∫
AyJ

φ(ỹJ�μjk�J�σJ) dỹJ

=
∑
k∈YJ

K∑
j=1

(
α	
jk

∑
yJ∈YJ

∣∣∣∣1{k= yJ}−
∫
AyJ

φ(ỹJ�μjk�J�σJ) dỹJ

∣∣∣∣
)

+
∑
k∈YJ

K∑
j=1

(∣∣α	
jk − αjk

∣∣ ∑
yJ∈YJ

∫
AyJ

φ(ỹJ�μjk�J�σJ) dỹJ

)

≤
∑
k∈YJ

K∑
j=1

α	
jk

[∫
Ac

k

φ(ỹJ�μjk�J�σJ) dỹJ +
∑
yJ �=k

∫
AyJ

φ(ỹJ�μjk�J�σJ) dỹJ

]

+
∑
k∈YJ

K∑
j=1

∣∣α	
jk − αjk

∣∣

=
∑
k∈YJ

K∑
j=1

α	
jk · 2

∫
Ac

k

φ(ỹJ�μjk�J�σJ) dỹJ +
∑
k∈YJ

K∑
j=1

∣∣α	
jk − αjk

∣∣

≤ 2 max
j≤N�k∈YJ

∫
Ac

k

φ(ỹJ�μjk�J�σJ) dỹJ +
∑
k∈YJ

K∑
j=1

∣∣α	
jk − αjk

∣∣ � σ2β
n �

The last inequality follows from Lemma 15 and the definition of Sθ	 . Q.E.D.

LEMMA 14: Under the assumptions and notation of Section 4.3,

max
j≤N�k∈YJ

dL1

(
φ

(·;μ	
j|k�σ

	
Jc

)
�φ(·�μjk�Jc �σJc)

)
� σ2β

n �

PROOF: Fix some j ≤N and k ∈YJ . It is known that

dL1

(
φ

(·;μ	
j|k�σ

	
Jc

)
�φ(·�μjk�Jc �σJc )

)
≤ 2

√
dKL

(
φ

(·;μ	
j|k�σ

	
Jc

)
�φ(·�μjk�Jc �σJc)

)
and

dKL

(
φ

(·;μ	
j|k�σ

	
Jc

)
�φ(·�μjk�Jc �σJc )

)

=
∑
i∈Jc

σ2
i

σ	2
i

− 1 − log
σ2

i

σ	2
i

+
(
μ	

j|k�i −μjk�i

)2

σ	2
i

�

From the definition of Sθ	 ,

∑
i∈Jc

(
μ	

j|k�i −μjk�i

)2

σ	2
i

≤ ε̃4b1
n ≤ σ4β

n �
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Since σ2
i ∈ (σ	2

i (1 + σ2β
n )−1�σ	2

i ) and the fact that |z − 1 − logz| � |z − 1|2 for z in a
neighborhood of 1, we have, for all sufficiently large n,

∣∣∣∣ σ2
i

σ	2
i

− 1 − log
σ2

i

σ	2
i

∣∣∣∣ �
(

1 − σ2
i

σ	2
i

)2

� σ4β
n �

The three inequalities derived above imply the claim of the lemma. Q.E.D.

LEMMA 15: Under the assumptions and notation of Section 4.3, for θ ∈ Sθ	 ,

max
j≤N�k∈YJ

∫
Ac

k

φ(ỹJ�μjk�J�σJ) dỹJ � σ2β
n �

PROOF: Fix j ≤N , k ∈YJ , and θ ∈ Sθ	 . Since μjk�i ∈ [ki − 1
4Ni

�ki + 1
4Ni

],

∫
Ac

k

φ(ỹJ�μjk�J�σJ) dỹJ ≤
∑
i∈J

Pr
(
ỹi /∈

[
ki − 1

2Ni

�ki + 1
2Ni

])

≤
∑
i∈J

Pr
(
ỹi /∈

[
μjk�i − 1

4Ni

�μjk�i + 1
4Ni

])

= 2
∑
i∈J

∫ − 1
4Niσi

−∞
φ(ỹi�0�1) dỹi

≤ 2
∑
i∈J

exp
{
− 1

2(4Niσi)2

}
≤ 2

∑
i∈J

σ2β
n � σ2β

n �

where the last inequality follows from the restrictions on σJ in Sθ	 and the penultimate
inequality follows from a bound on the normal tail probability derived below.

If Ỹi has N(0�1) distribution, then the moment generating function is M(θ) =
exp{θ2/2}. Note that exp{θ(Ỹi − (4Niσi)−1)} ≥ 1 when Ỹi ≤ (4Niσi)−1 and θ ≤ 0; there-
fore,

∫ − 1
4Niσi

−∞
φ(ỹi�0�1) dỹi

≤ inf
θ≤0

Pexp
{
θ
(
Ỹi − (4Niσi)−1

)}
= inf

θ≤0
exp

{−θ(4Niσi)−1
}
M(θ)

= inf
θ≤0

exp
{−θ(4Niσi)−1

}
exp

{
θ2/2

} = exp
{−(4Niσi)−2/2

}
� Q.E.D.

LEMMA 16: Under the assumptions and notation of Section 4.3, for any (yJ� yI) ∈Y , some
constants C3�C4 > 0, and all sufficiently large n,

p(yJ� yI� x|θ�m)
p0(yJ� yI� x)

≥ C3
σ2β

n

m2 ≡ λn (59)
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when ‖x‖ ≤ aσn , and

p(yJ� yI� x|θ�m)
p0(yJ� yI� x)

≥ exp
{
−8‖x‖2

σ2
n

−C4 logn
}

(60)

when ‖x‖ > aσn .

PROOF: By assumption (17), f0|J(x̃|yJ) ≤ f̄0, and π0J(yJ) ≤ 1 for all (x̃� yJ). Therefore,

fJ(yJ� x̃|θ�m)
f0|J(x̃|yJ)π0J(yJ)

≥ f̄−1
0 fJ(yJ� x̃|θ�m)� (61)

Let k	 = yJ . Then, by Lemma 15, for any j ∈{1� � � � �K},∫
AyJ

φ(ỹJ;μjk∗�J�σJ) dỹJ ≥ 1
2

for all n large enough as σn → 0.
For any x̃ ∈ X̃ with ‖x̃‖ ≤ 2aσn , by the construction of sets Uj|k	 , there exists

j	 ∈ {1� � � � �K} such that x̃�μj	|k	 ∈ Uj	|k	 and for all sufficiently large n,
∑

i∈Jc (x̃i −
μj	|k	�i)2/σ2

i ≤ 4. Then,

φ(x̃�μj	|k	�σJc ) = (2π)−dJc /2
∏
i∈Jc

σ−1
i exp

{
−0�5

∑
i∈Jc

(x̃i −μj	|k	�i)2/σ2
i

}

≥ (2π)−dJc /2σ−dJc
n e−2�

Thus,

fJ(yJ� x̃|θ) =
∑
k∈YJ

K∑
j=1

αjk

∫
AyJ

φ(ỹJ�μjk�J�σJ) dỹJφ(x̃�μjk�Jc �σJc )

≥ αj	k∗φ(x̃�μj	k	�Jc �σJc )
∫
AyJ

φ(ỹJ�μj	k	�J�σJ) dỹJ�

and for C3 = f̄−1
0 (2π)−dJc /2e−2/8,

fJ(yJ� x̃|θ�m)
f0|J(x̃|yJ)π0J(yJ)

≥ f̄−1
0 · min

j≤K�k∈YJ

αjk · (2π)−dJc /2σ−dJc
n e−2 · 1

2

≥ 2C3
σ2β

n

m2 = 2λn� (62)

By assumption (18), for any x ∈X , any yJ ∈YJ , and all sufficiently large n,∫
AyI

f0|J(x̃|yJ)π0J(yJ) dỹI ≤ 2
∫
AyI

∩{ỹI :‖ỹI‖≤aσn}
f0|J(x̃|yJ)π0J(yJ) dỹI� (63)
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For any x ∈X with ‖x‖ ≤ aσn and ỹI ∈ AyI ∩{ỹI : ‖ỹI‖ ≤ aσn}, we have ‖x̃‖ ≤ 2aσn and

p(yJ� yI� x|θ�m)
p0(yJ� yI� x)

=

∫
AyI

fJ(yJ� x̃|θ�m) dỹI∫
AyI

f0|J(x̃|yJ)π0J(yJ) dỹI

≥

∫
AyI

∩{ỹI :‖ỹI‖≤aσn}
fJ(yJ� x̃|θ�m) dỹI

2
∫
AyI

∩{ỹI :‖ỹI‖≤aσn}
f0|J(x̃|yJ)π0J(yJ) dỹI

≥ λn� (64)

where the first inequality follows from (63) and the second one from (62) combined with
Lemma 6.

Next, let us bound fJ(yJ� x̃|θ�m)/f0|J(x̃|yJ)π0(yJ) from below for x̃ ∈ X̃ such that ‖x‖ >
aσn and ‖ỹI‖ ≤ aσn . For any j ≤ K and k ∈YJ , ‖x̃−μjk�Jc‖2 ≤ 2(‖x̃‖2 +‖μjk�Jc‖2) ≤ 16‖x‖2

as ‖μjk�Jc‖ ≤ 2aσn by construction of Uj|k and 2‖x‖ > ‖x̃‖. Then

φ(x̃�μjk�Jc �σJc ) = (2π)−dJc/2
∏
i∈Jc

σ−1
i exp

{
−0�5

∑
i∈Jc

(x̃i −μjk�i)2/σ2
i

}

≥ (2π)−dJc/2σ−dJc
n exp

{
−8‖x‖2

σ2
n

}
�

Then, for n large enough,

fJ(yJ� x̃|θ�m)

=
∑
k∈YJ

K∑
j=1

αjk

∫
AyJ

φ(ỹJ�μjk�J�σJ) dỹJφ(x̃�μjk�Jc �σJc )

≥ (2π)−dJc/2σ−dJc
n exp

{
−8‖x‖2

σ2
n

} K∑
j=1

αjk

∑
k∈YJ

∫
AyJ

φ(ỹJ�μjk�J�σJ) dỹJ

≥ (2π)−dJc/2σ−dJc
n exp

{
−8‖x‖2

σ2
n

}
1
2
Kmin

j�k
αjk�

Combining this inequality with (61), we get

fJ(yJ� x̃|θ�m)
f0|J(x̃|yJ)π0J(yJ)

≥ 1
2

(2π)−dJc/2 f̄−1
0 σ−dJc

n K
σ2β+dJc

n

2m2 exp
{
−8‖x‖2

σ2
n

}

≥ exp
{
−8‖x‖2

σ2
n

−C4 logn
}

(65)

for sufficiently large C4 because |log[Kσ2β
n /m2]|� logn.
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Thus, for ‖x‖ > aσn , (65) and the first inequality in (64), which holds for any x ∈ X ,
deliver

p(yJ� yI� x|θ�m)
p0(yJ� yI� x)

≥ exp
{
−8‖x‖2

σ2
n

−C4 logn
}
� (66)

Q.E.D.

LEMMA 17: Under the assumptions and notation of Section 4.3, for λn < λ0, where λ0 is
defined in Lemma 11,

E0

([
log

p0(yJ� yI� x)
p(yJ� yI� x|θ�m)

]2)
≤Aε̃2

n�

E0

([
log

p0(yJ� yI� x)
p(yJ� yI� x|θ�m)

])
≤Aε̃2

n�

PROOF:

E0

([
log

p0(yJ� yI� x)
p(yJ� yI� x|θ�m)

]2)

≤ d2
H

(
p0(·� ·)�p(·� ·|θ�m)

)(
12 + 2

(
log

1
λn

)2)

+ 8P
{(

log
p0(·� ·)

p(·� ·|θ�m)

)2

1
{
p(·� ·|θ�m)
p0(·� ·) < λn

}}

� σ2β
n

(
12 + 2 log(1/λn)2

) + σ2β+ε
n � log(1/λn)2σ2β

n �

where the first inequality is derived using Lemma 11 and the penultimate inequality is
derived using inequalities (51) and (55). Similarly,

E0

(
log

p0(yJ� yI� x)
p(yJ� yI� x|θ�m)

)

≤ d2
H

(
p0(·� ·)�p(·� ·|θ�m)

)(
1 + 2

(
log

1
λn

))

+ 2P
{(

log
p0(·� ·)

p(·� ·|θ�m)

)
1
{
p(·� ·|θ�m)
p0(·� ·) < λn

}}

� σ2β
n

(
1 + 2 log(1/λn)

) + σ2β+ε
n � log(1/λn)σ2β

n �

Furthermore,

log(1/λn)σ2β
n ≤ log(1/λn)2σ2β

n = log
(

2NJK
2

σ2β
n

)2

ε̃2
n

(
log

(
ε̃−1
n

))−2

≤
(

log
[
2N2

J

(
C1σ

−dJc
n

{
log

(
ε̃−1
n

)}dJc+dJc /τ
)2
σ−2β

n

]
log

(
ε̃−1
n

) )2

ε̃2
n�

where the term multiplying ε̃2
n on the right-hand side is bounded by Assumption 5 (NJ =

o(n1−ν)) and definitions of ε̃n and σn. Q.E.D.
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LEMMA 18: Under the assumptions and notation of Section 4.3, for all sufficiently large n,
s = 1 + 1/β+ 1/τ, and some C6 > 0,

�(m =NJK�θ ∈ Sθ	) ≥ exp
[−C6NJε̃

−dJc /β
n

{
log(n)

}dJc s+max{τ1�1�τ2/τ}]
�

PROOF: First, consider the prior probability of m =NJK. By (3) for some C61 > 0,

�(m = NJK) ∝ exp
[−γNJK(logNJK)τ1

]
≥ exp

[−C61NJε̃
−dJc /β
n

{
log(1/ε̃n)

}sdJc (logn)τ1
]

≥ exp
[−C61NJε̃

−dJc /β
n

{
log(n)

}sdJc+τ1
]

(67)

as NJ = o(n1−ν) by (24) and ε̃−1
n < n.

Second, consider the prior on {αjk}. There exist (j0�k0) such that α	
j0k0

≥ 1
m

and suppose

that |α	
jk − αjk|≤ σ

2β
n

m2 for all (j�k) �= (j0�k0). Then,

∣∣α	
j0k0

− αj0k0

∣∣ =
∣∣∣∣ ∑

(jk) �=(j0k0)

α	
jk − αjk

∣∣∣∣ ≤ (m− 1)
σ2β

n

m2 ≤ σ2β
n

m
�

αj0k0 ≥ α	
j0k0

− σ2β
n

m
≥ 1 − σ2β

n

m
≥ σ2β+dJc

n

2m2 �

Furthermore,

K∑
j=1

∑
k∈YJ

∣∣αjk − α	
jk

∣∣ ≤ (m− 1)
σ2β

n

m2 + σ2β
n

m
≤ 2σ2β

n �

It then follows that

�

(
K∑
j=1

∑
k∈YJ

∣∣αjk − α	
jk

∣∣ ≤ 2σ2β
n � min

j≤K�k∈YJ

αjk ≥ σ2β+dJc
n

2m2

)

≥�

(∣∣αjk − α	
jk

∣∣ ≤ σ2β
n

m2 �αjk ≥ σ2β
n

2m2 � (j�k) ∈{1� � � � �K}×YJ \ {
(j0�k0)

})

≥ exp
{−C62NJK log

(
NJK/σβ

n

)}
�

where the last inequality is derived in the proof of Lemma 10 in Ghosal and van der
Vaart (2007) for some C62 > 0 (see, also, Lemma 6.1 in Ghosal, Ghosh, and van der Vaart
(2000)). Note that

K log
(
NJK/σβ

n

)
≤ ε̃−dJc /β

n log
(
ε̃−1
n

)dJc s log
(
NJε̃

−dJc /β−1
n log

(
ε̃−1
n

)dJc s+1)
� ε̃−dJc /β

n log(n)dJc s+1� (68)
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Assumption (9) on the prior for σi implies that for i ∈ J,

dJ∏
i=1

�
(
σ−2

i ≥ 32N2
i β logσ−1

n

)

≥
dJ∏
i=1

(
a6

(
64N2

i β logσ−1
n

)a7 exp
{−a9

(
64N2

i β logσ−1
n

)1/2})
≥ exp

{−C63NJ log
(
σ−1

n

)} ≥ exp
{−C64NJ log(n)

}
� (69)

and for i ∈ Jc ,

dJc∏
i=1

�
(
σ−2

i�n ≤ σ−2
i ≤ σ−2

i�n

(
1 + σ2β

n

))

≥
dJc∏
i=1

(
a6

(
σ−2

i�n

)a7σ2a8β
n exp

{−a9σ
−1
i�n

})

≥
dJc∏
i=1

exp
{−C65σ

−1
i�n

} =
dJc∏
i=1

exp
{−C65σ

−β/βi
n

} ≥ exp
{−C65dJcσ

−dJc
n

}
≥ exp

{−C66ε̃
−dJc /β
n log(n)dJc /β

}
� (70)

Assumption (10) on the prior for μjk implies

K∏
j=1

∏
k∈YJ

∏
i∈J

�

(
μjk�i ∈

[
ki − 1

4Ni

�ki + 1
4Ni

])

≥ (
a112−dJN−1

J exp{−a12}
)NJK

≥ exp
{−C67NJK log(NJ)

}
≥ exp

{−C68NJε̃
−dJc /β
n log(n)dJc s+1

}
(71)

and

K∏
j=1

∏
k∈YJ

�(μjk�Jc ∈ Uj|k) ≥
(
a11 exp

{−a12a
τ2
σn

}
min
j�k

V ol(Uj|k)
)NJK

= (
a11 exp

{−a12a
τ2
σn

}
σdJc

n ε̃2b1dJc
n

)NJK

≥ exp
{−C69NJε̃

−dJc /β
n log(n)dJc s+max{1�τ2/τ}

}
� (72)

It follows from (67)–(72) that, for all sufficiently large n and some C6 > 0,

�
(
K(p0� ε̃n)

) ≥�(m =NJK�θ ∈ Sθ	)

≥ exp
[−C6NJε̃

−dJc /β
n

{
log(n)

}dJc s+max{τ1�1�τ2/τ}]
� Q.E.D.
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LEMMA 19: For H ∈ N, 0 <σ < σ , and μ> 0, let us define a sieve

F = {
p(y�x|θ�m) :m ≤H�μj ∈ [−μ�μ]d� j = 1� � � � �m�

σi ∈ [σ�σ]� i = 1� � � � � d
}
� (73)

For 0 < ε< 1 and σ ≤ 1,

Me(ε�F� dL1) ≤H ·
⌈

12μd
σε

⌉Hd

·
[

15
ε

]H

·
⌈

log(σ/σ)
log

(
1 + ε/[12d]

)⌉d

�

For all sufficiently large H, large σ , and small σ ,

�
(
F c

) ≤ H2 d exp
{−a13μ

τ3
} + exp

{−γH(logH)τ1
}

+ da1 exp
{−a2σ

−2a3
} + da4 exp{−2a5 logσ}�

PROOF: The proof is similar to proofs of related results in Norets and Pati (2017), Shen,
Tokdar, and Ghosal (2013), and Ghosal and van der Vaart (2001) among others.

Let us begin with the first claim. For a fixed value of m, define set Sm
μ to contain centers

of |Sm
μ|= �12μd/(σε)� equal length intervals partitioning [−μ�μ]. Let Sm

α be an ε/3-net
of �m−1 in the L1 distance (∀α ∈ �m−1, ∃α̃ ∈ Sm

α , dL1 (α� α̃) ≤ ε/3). From Lemma A.4 in
Ghosal and van der Vaart (2001), the cardinality of Sm

α is bounded as follows:∣∣Sm
α

∣∣ ≤ [15/ε]m�

Define Sσ = {σl� l = 1� � � � � �log(σ/σ)/(log(1 + ε/(12d)��σ1 = σ� (σl+1 − σl)/σl =
ε/(12d)}.

Let us show that

SF = {
p(y�x|θ�m) :m ≤H�α ∈ Sm

α �σi ∈ Sσ�μji ∈ Sm
μ � j ≤m� i ≤ d

}
is an ε-net for F in dL1 . For a given p(·|θ�m) ∈ F with σli ≤ σi ≤ σli+1, i = 1� � � � � d, find
α̃ ∈ Sm

α , μ̃ji ∈ Sm
μx , and σ̃i = σli ∈ Sσ such that, for all j = 1� � � � �m and i = 1� � � � � d,

|μji − μ̃ji| ≤ σε

12d
�

∑
j

|αj − α̃j| ≤ ε

3
�

|σi − σ̃i|
σ̃i

≤ ε

12d
�

By Lemma 6, dL1 (p(·|θ�m)�p(·|θ̃�m)) ≤ dL1 (f (·|θ�m)� f (·|θ̃�m)). Similarly to the
proof of Proposition 3.1 in Norets and Pelenis (2014) or Theorem 4.1 in Norets and Pati
(2017),

dL1

(
f (·|θ�m)� f (·|θ̃�m)

) ≤
∑
j

|αj − α̃j| + 2 max
j=1�����m

∥∥φ(·;μj�σ) −φ(·; μ̃j� σ̃)
∥∥

1

≤ ε/3 + 4
d∑

i=1

{ |μji − μ̃ji|
min(σi� σ̃i)

+ |σi − σ̃i|
min(σi� σ̃i)

}
≤ ε�

This concludes the proof for the covering number.
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The proof of the upper bound on �(F c) is the same as the corresponding proof of
Theorem 4.1 in Norets and Pati (2017), except here the coordinate specific scale param-
eters and slightly different notation for the prior tail condition (11) lead to dimension d
appearing in front of some of the terms in the bound. Q.E.D.

LEMMA 20: Consider εn = (NJ/n)βJc /(2βJc+1)(logn)tJ and ε̃n = (NJ/n)βJc /(2βJc+1) ×
(logn) t̃J with tJ > t̃J + max{0� (1 − τ1)/2} and t̃J > tJ0, where tJ0 is defined in (25). Define
Fn as in (73) with ε = εn�H = nε2

n/(logn), α = e−nH , σ = n−1/(2a3), σ = en, and μ = n1/τ3 .
Then, for some constants c1� c3 > 0 and every c2 > 0, Fn satisfies (28) and (29) for all large n.

PROOF: From Lemma 19,

logMe(εn�Fn�ρ) ≤ c1H logn = c1nε
2
n�

Also,

�
(
F c

n

) ≤ H2 exp{−a13n}+ exp
{−γH(logH)τ1

}
+ a1 exp{−a2n}+ a4 exp{−2a5n}�

Hence, �(F c
n) ≤ e−(c2+4)nε̃2

n for any c2 if ε2
n(logn)τ1−1/ε̃2

n → ∞, which holds for tJ > t̃J +
max{0� (1 − τ1)/2}. Q.E.D.
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