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APPENDIX D
D.1. Prior Sensitivity and Robustness Checks

FIGURE 5 shows how the results in Figure 3 change when the prior hyper-parameters
(a, v) take the following values: {(15, 0.25), (15, 0.5), (15, 1), (10, 0.5), (20, 0.5)}.

Note that some lines from these five different experiments coincide (the estimation
results for fixed m are not affected by changes in y) and some lines for variable m are
almost indistinguishable from each other. As can be seen from the figure, the estimation
results are not sensitive to moderate variations in (a, y).

D.2. Proofs and Auxiliary Results for Lower Bounds
LEMMA 3: For q;, q;, i # | defined in (16), the L, distance is bounded below by const -T',.

PROOF: Let us establish several facts about g, in the definition of g;. For any (y, x) €
[0, 1]¢, there exists (§, x) such that

gr(y’ x) =0, Vr;ér(j/,x). (34)

For (§, x) € B,, r(§, x) =r, and for (7, x) ¢ U, B,, 7(J, x) can have an arbitrary value.
Thus,

dLl (CIja ql)

{Z w!) & (7, X)} dy|d

r=1
y y

From h; = (2/N;)-R;forie{l,...,d,}, where R; is a positive integer and the definitions
of g, g,, and A,, it follows that for ﬁxed yeYanduxe[0,1]%, (w,(y 9= ﬁ(y,x))g,@,x) y, x)
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FIGURE 5.—Auverage estimation errors under different priors.
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does not change the sign as y changes within A, (7(y, x) is the same Vy € A, by the choice
of ¢/ and h;). Therefore,

dLl(qj’qz)=//|(wf@,x) — W5 0) &0 (9, %) | dy dx
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= Z/B_|(wi(z) - wf’(z))gr(z)(Z)| dz

Z |w! — wl|/ g/ (2)| dz. (35)

Finally, using a change of variables in (35), Lemma 2, and m;h; > 1/2, we get
d

) _Zl (wi #ui} T TTh U_zlg(u);dur

>T,- l_[mh U ]g(u)|du:| /8

1 d
>T,- [/_1/2|g(u)| du/Z] /8. Q.E.D.

LEMMA 4: For ', — 0 and m > 8 and a sufficiently small c, in the definition of g, condi-
tion (15) in Lemma 1 holds for all sufficiently large n.

PROOF: By Lemma 2, it suffices to show that
d ( s 0f) =n - dxi(q), q0) < (mlog2)/64. (36)

First, note that for any z € [0, 1]9, the density in the definition of ¢;

g(2) + Y wig(2) =g T, [ max (u)] >g,/2>0 (37)

ue[—1/2,1/2]
r=1

for all sufficiently large n, where g = min, 1) 80(2) > 0 by the assumption on gj.
By (47) in Lemma 6 and non-negativity of the Kullback-Leibler divergence,

dxi(q;j, qo) < dxv (go + Z wfgr, go)

r=1

<dxL (go + Z wfgr, 80) +dxe (go, 8o+ Z wigr)

r=1 r=1

— [ 1oe (go<z) £y w;g,(z)) (Z wzgr<z>) dz
= /[ o8 (go(z> + Z wigr(2)> (Z w;‘g&z)) dz, (38)

r=1

where the last equality follows from g,(z) = 0 outside [0, 1]°. The integrand of the last
integral is bounded above by 2g (3L, w/g,(2))*, which follows from the logarithm in-
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equality, 1 — 1/u <logu <u —1,Vu > 0, and (37). Thus,

dKL(q/'aCIO)Szgolf[zwfgr(l)} dz
:ZEU'/wa(g,(z))zdz

< 2§;1rh/(g1 (z))2 dz=2g'T} H(m,-h,—) [/lig(u)2 duT

-1

1/2 d
<2g'T; [/ g(u)? du} < 2&:11“3;(2)”1, (39)

1/2

where the first equality holds since g,(z)g,(z) =0, Vr # [. Finally,
d d
m=]]m=2"]]h
i=1 i=1
_g7! _g-1
—0-d H(Nl_/z) . H (F,,B’ /Qi) . 1_[ (Fnﬁl )

iely ieJ§,i<dy iel§,i>dy
1 -1
> [ T @5 2 ] @)
i€l i€l i<dy ieJg,i>dy
—d—d 76;61 —d—dy T2
=244 .N, .T, " =274bnI?

>2""n-di(g;, 90)/(28,"'’),

where the first inequality holds by definitions of 7 and m;, the second equality by defini-
tion of 4;, the second inequality by restrictions on g;, and the last inequality by (39). The
last inequality implies (36) if

1/(2d)

co < [g,27“">* " log2] Q.E.D.

LEMMAS: For je{l,..., M},a part of the density in the definition of q;, f; = Zf':l wg, €
CPiPal with I =1 for any sufficiently small constant c, in the definition of g.

PROOF: Consider k = (ki, ..., k,) and z, Az € R such that for some i € {1,...,d},
Az; #£0,forany [ #£i, Az; =0, 27:1 ki/B; <1, and 27:1 ki/B; +1/B; > 1so that

d
0<B; <1 - Zkz/B?) <L (40)
=1
For r(-) defined in (34),

d
D¥fi(2) =wy T [ [ (2= )/ ) /

I=1
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d
_B,. wr(z)hf?(lfzlekz/ﬁf) ng(k’)((ZI — 9/ h), (41)

=1

where B; € {1,1/2, Qi_ﬁ?} C (0, 1]. From Tsybakov (2008), (2.33)—(2.34), for any suffi-
ciently small ¢; and s < max; 87 + 1,

max|g(s)(z)| <1/8. (42)

This implies that

|g(ki)((2i + Az, — C;)/hi) - g(ki)((zi - C;)/hi)| = |Azi|/(8hi)~ (43)

First, let us consider the case when r(z) = r(z + Az) and |Az;| < h;. From (41), (42),
and (43),

*1_\d *

|D*f(z + Az) — D*fi(2)| < W= 084 Az )

Az, 1= (=X ki/B})

i

< |Az|BrO-Xii kB (44)

* d *
— 8_d|AZi|Bi (CEDY ki/B})

where the last inequality follows from Az; < 4; and (40).
Second, consider the case when r(z) = r(z + Az) and |Az;| > h;. Similarly to the previ-
ous case but without using (43),

«(1_x~d " . .
D iz 4+ A2) = DHfi(2)| < 28O ER D < g e,

Third, consider the case when r(z) # r(z + Az) and |Az;| < hi/2.1f Wy) = Wy(zraz) =0
orz,z—+ Az ¢ Uinzl Bra

|D*fi(z+ Az) — D*f;(z)| = D" f;(z + Az) = D* f;(z) = 0.

If W,y # Wy(z1az O if one of z and z + Az is not in | J_, B,, then without a loss of
generality suppose that w,, = 1 or that z + Az ¢ |J", B,. Let |Az}| € [0, |Az|] and
Az =(0,...,0,Az;,0,...,0) be such that z + Az* is a boundary point of B,(,,. Then,
D*fij(z+ Az*) =0 and (44) imply

|D*fi(z+ Az) — D*fi(2)| = |D*f,(2)| = |D* fi(z + Az*) — D" f;(2)|

(1_s~d . i i
< ’Az; Bi (1=21=y k1/BY) <Az (1—Zf:1k1/ﬁl)‘

If w,;)=w,ay=1and z,z + Az e Uf':l B,, then by construction of f; and g,

|D*fi(z+ Az) — D*f;(z)| = |D* fi(z + Az + 0.5h;) — D* f;(z + 0.5h;)|

* d *
< |AZi|Bi -3 ki/By) ,

where the last inequality follows from (44).
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Finally, when r(z) # r(z + Az) and Az; > h;/2,

|D*fi(z+ Az) — D*fi(2)| < |D*fi(z + Az)| + | D* f;(2)|

<. gdpFiO-XlikileD
< |Az|BrO-Xi kB,
Now, let us consider a general Az such that for Az; #0, Zldzl ki/Bf+1/B:=>1:
|D*fi(z + Az) — D*fi(2)|
d
< Z\Dkfj(zl, cees Zity Zi+ Az zy 4+ Azy)
i=1
— Dkfj(zl, cees Zis Zig1 + AZ,'+1, ey Zq + Azd)|.
The preceding argument applies to every term in this sum and, thus, f; € C#fa!. Q.E.D.

LEMMA 6: Let f;:Y x X — R, i € {1, 2}, be densities with respect to a product measure
AxponY x X CRY. Fora finite set Y, let {A,, y € Y} be a partition of Y and let p;(y, x) =
fAy fl(j}’ X) d)\(j;) Thena

dr,(p1, p2) <di,(fi, f2), (45)
dy(p1, p2) <du(fi, f2), (46)
dxi(p1, p2) < dx(f1, f2)- (47)

Also, if for given (y, x), f»(y,x) > 0 forany y € A,, then

. fl(j)’x)<p1(y7x)< fl()?,x)
6.0 = ;s 0 =P G (48)

PROOF: Trivially,

aonr) =Y [|[ (1G9~ 6. 9) d5| i)

52/ / [AF.0) = (5,0 dAG) dp(x) = du, (F1, ).

By the Holder inequality,

dn(pr, p2) = 2(1 ->/ / [ LaGOAGL X AAGY - [ 14,62 dAG) du(X))

52(1-2 [ [1.0) fl(f’:x)fZ(f’:x)d)\(f’)dM(x)>=dH(f17f2)-



BAYESIAN ESTIMATION OF DISCRETE-CONTINUOUS DISTRIBUTIONS 7

For fixed (y, x),

~ fl(jj’x)/pl(y’x) 5 >
[, (G010 0 or IR ar ) 20

since the Kullback-Leibler divergence is non-negative. Thus,

f1(y, x) pi(y, x) pi(y, x)
oA = /fl(y,x)log LR dAG) = pi ) log EEE

This inequality integrated with respect to du(x) and summed over y implies (47). The
last claim follows from

/ (710

hGx) f1(2 %)
 RG ) SN0 =h0-0supEETs. OED

LEMMA 7: For T',, h;, 0;, and B defined in Section 4.2, (i) B: > B, fori=1,...,d and
@) oie(1,2)forieJinN{l,...,d,}.

(¥, x) | 1nf

PROOF: For i ¢ J,, 87 = B; by definition. For i € J,, from the definition of I',,

2484

* —1
1_‘ - [N]*/Nl ] 2+B +B 1_‘2+ﬁ.2€1+ﬁ;1 N2+B;§1+E;l
n =

=1 i 3

n

which implies N, * > T',. By the definition of 3, N;BT =T, and, thus, 8} > B,.
For i € J¢, from the definition of T',,

N_[*Nl 208,887 Ny, 2+/§;§
n L n ’

which implies

248, -p7!
PR LA R e
n N,‘
—1
and, therefore, I‘f" N; > 1. Next, define
B!
[T Ni/2|+1
=T
I’ N2
—1
Then o; € (1,2] as To' N, > 1. Q.E.D.

D.3. Proofs of Posterior Contraction Results
D.3.1. Proof of Theorem 4 for J¢ # )

Define B =dsc[Y ;e Bi'l™"s Bmin = minjcsc B;, and o, = [€,/1log(1/€,)]"?. For & de-
fined in (22)-(23), b and 7 defined in (17), and a sufficiently small § > 0, let ay =
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{(8B + 4& + 8+ 8B/Bmin)/ (O}, a,, = ap{log(1/,)}/", and b, > max{1, 1/28} satis-
fying €’1{log(1/€,)¥’* < €,. Then, the proofs of Theorems 4 and 6 in Shen, Tokdar, and
Ghosal (2013) imply the following two claims for each y; = k € ), under the assumptions
of Section C.1. _

First, there exists a partition {Uj, j =1, ..., K} of {x € X : || X|| < 2a,,}, such that for
j=1,..., N, Uy is contained within an ellipsoid with center u%, and radii {o}/#&", i e
J}

dye

Upe 152D [(E = ) /(o0 @) <1y

i=1

for j=N+1,...,K, Uy is contained within an ellipsoid with radii {o?/#i,i € J°}, and

1<N<K<( a-,fd"'{log(l/é,,)}df"*df"”, where C; > 0 does not depend on 7 and y;.
Second, for each k € ), there exist W j=1,..., K, with oy = 0 for j > N,and Wi €
U for j=N +1,..., K such that for a positive constant C, and o}. = {c?/?i for i € J°},

du(fou (1K), 5 (1K) < Coaf, (49)

where fl} is defined in (33). Constant C, is the same for all k € ); since all the bounds on
foiy assumed in Section C.1 are uniform over k.

Note also that our smoothness definition is different from the one used by Shen, Tokdar,
and Ghosal (2013). In Lemmas 8 and 9, we show that our smoothness definition (fy; €

such that the argument on page 637 of Shen, Tokdar, and Ghosal (2013) goes through.
Third, by Lemma 12, which is an extension of a part of Proposition 1 in Shen, Tokdar,
and Ghosal (2013), there exists a constant By > 0 such that for all y; € ),

Fou(I1X || > a,,|ys) < Byoi#+? g8, (50)
where

— mi B/Bi
gn - mln O-n "
ieJ¢

For m = N;K, we define 6* and Sy as
o ={{ui, .o m ) = (e ) i =1,.... K, ke W},
{a;, e, afn} = {a}k =aj,my(k),j=1,...,K, ke y,},
o7’ = {07 =1/[64N;Blog(1/0,)],i €]}

5= for =t i< )],
Sor = {{Mu coos b} = { (s i), f =1, K, k € Vi,

1 1 .
Wikse € Ui, Wjk,i € |:ki - 4_N,-’ki+ 4_]\]1]’ iel,

a'l.2 € (0, 0;2),ie],
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1

(ala-'-7am):{ajk?j:1"-"KakEyJ}EAm_la

oie (o (1+0¥) L oP)ie

m 2B+djc
* 2B : 0y
E ‘a,—a, <20,"7, min oy > >
T J<K,keyy 2m
r=

2

where A™~! denotes the m-dimensional simplex.

The rest of the proof of the Kullback—Leibler thickness condition follows the general ar-
gument developed for mixture models in Ghosal and van der Vaart (2007) and Shen, Tok-
dar, and Ghosal (2013) among others. First, we will show that for m = N,K and 6 € S,.,
the Hellinger distance d% (po(-, -), p(-, -|6, m)) can be bounded by o> up to a multiplica-
tive constant. Second, we construct bounds on the ratios p(-, -|6, m)/po(-, -) and combine
them with the bound on the Hellinger distance using Lemma 11. Finally, we will show
that the prior puts sufficient probability on m = N;K and S,-.

For f; defined in (33), let us define

PG xlyr) = f £ G xly) .
Ay,

For m = N;K and 6 € Sy, we can bound the Hellinger distance between the DGP and the
model as follows:

dlz-l(pﬂ(" ')’ p('a '|05 m))
= d?i(pOIJ('l’)WO(‘)’ p(’a ’|07 m))
< dy (po 1m0 (), Py G170 () + di (P C1) ms (), (s 16, m)).

It follows from (49) and Lemma 6 linking distances between probability mass func-
tions and corresponding latent variable densities that the first term on the right-hand
side of this inequality is bounded by (C,)*0f. Combining this result with the bound on
dy (P (1) (), p(- |0, m)) from Lemma 13, we obtain

dIZ{(p()("')’ P(','|9, m))gaﬁﬁ, (51)

where “<” denotes less or equal up to a multiplicative positive constant relation.

Next, for 6 € Sy and m = N, K, let us consider lower bounds on the ratio

p(s, yr, x16,m)/ po(ys, y1, x). In Lemma 16, we show that lower bounds on the ratio
f1(yr, 16, m) /fo (X|y;)mo(y,) imply the following bounds for all sufficiently large n: for
any x € X with ||x|| < a,,,

p(yhyhxlga m) - C3 Oﬁﬁ

PU()’J, Yr, x) - 2m2

=\, (52)

for some constant C; > 0; and for any x € X with | x| > a,,,

6 8lx|”
PO 10 ol ST gl (53)
po(YJ,YI,x)

—n
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for some constant C, > 0. Consider all sufficiently large » such that A, < e~! and (52) and
(53) hold. Then, for any 0 € Sy,

pO(yJ’yI’x) )2 {p(yf’yl’x|07m) }
lo 1 <Ay , Vi, xX)dx
y%;/x< ® 0O, yi. x10,m) Po(yss Y15 X) polys, i, %)

22/22<10g Po(Yrs Y1, X) >z

yey POy, yi, |6, m)

1{ p(YJ, Yi» X|9, m)
Po(Yrs Vi, X)

:ZLOOg Po(Yr» Y1, X) >2

yey P(J’J,yz,xlﬂ,m)

1{ p(yl’ yl?xloa m)
Po(ys, yi, X)

Y } 151 € A, for (s ) di

<A 1] > s i € Ay,}fw(yf,fc) d

Po(yrs 1, %) )2 _ o
< lo 1{y;e A,} ,X)dx
yg);/;fcil)cba(m}( oGy alo.my) S oG, 3)

128 - - -
<X [ [t aCutosm? |6 € 4, dimu ()
{Z:llxll>acy }

g
yey

—n

128 . ) )
<3 [ R 2(Cutogn)? ol di (0)
{ENEN> a0, }

YIeYy Gy
128 = o\1/2 < 172
< 2 Eu (1K1 (B, (11 > ) 0 (32)
—n yjeyy
+2(Cylogn)*Byoift*g®
< Csa, Pt (54)

for some constant Cs > 0 and all sufficiently large n, where the last inequality holds by the
tail condition in (17), (50), and (logn)*a****a® — 0.
Furthermore, as A, < e™!,

po(ys, Yr» X) l{p(yf,yz,xl(?, m) - }
POy x10,m) | po(yr, yi, x) !

< (10g po(}’],YI,x) ) l{p(ylaythB’m) <A }
N p(yl’yl’xle’m) pU(yJ’yI’x) !

and, therefore,

3 [ 1og Po(Yr» Y1, X) l{p(yj,ynxle,m)

< /\" ) , X dx
yey VX P(Yh i, X|0, m) po(y],yl’x) }PO(}’J Vi )

< CsaPte. (55)
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Inequalities (51), (54), and (55) combined with Lemma 11 imply
2
E0<10g Po(yr» Y1, X) > < AEi,Eo<|:10g Po(Yrs Y, X) :| ) < A2
p(y;,y;,xl@,m) p(y;,y;,xl@,m)

for any 6 € Sy, m = N,K, and some positive constant A (details are provided in
Lemma 17).
By Lemma 18 for all sufficiently large n, s=1+41/8 + 1/7, and some C; > 0,

(K (po, &) = TI(m = N,K, 6 € Sy-)

> eXp[—C6N_]€;d‘IC/B {IOg(H) }d]chrmax{rl,l,Tg/r}] )
The last expression of the above display is bounded below by exp{—Cné?} for any C > 0,
g, = [%]ﬁ/(zﬁ‘*dﬂ)(log n)v, any

t; > (djes+max{r, 1, ,/7})/(2+dj/ B), and all sufficiently large ». Since the inequal-
ity in the definition of ¢ is strict, the claim of the theorem follows.

When J =@ and N; =1, the preceding argument delivers the claim of the theorem
if we add an artificial discrete coordinate with only one possible value to the vector of
observables.

D.3.2. Proof of Theorem 4 for J¢ =}

In this case, the proof from the previous subsection can be simplified as follows. For
m = N, and for any 8 > 0, we define #* and S as

0‘2{{MI,---,M;}Z{k,kEM},

{ed, .} ={at ke Vi) = {m(K)}, .

1
0'*2:{0';2: ) ,ZGJ}},
64N:Blog(1/0,)
1 1 )
SG": {{Ml)"':um}z{ﬂk,key]}:#‘k,ie [kl_ 4—M9ki+4—]\,l:|,l€‘la
0':{0',-6 (0, Ui*),ief},

{aj7j=17"'7m}:{ak7keyf}6Amil7

2B
*
(693 < mlnak > —— .
Zi k keyy 2m2

keyy

For m = N; and 6 € S, a simplification of the proof of Lemma 13 delivers
&, (po(-), (10, m)) < 2max/ O (s s ) iy + 3| — | S 0.
keyy
A simplification of derivations in Lemma 16 shows that for all y; € )},

p(y110, m)

1 a'
——==A,.
Po(yr) = 22m
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Then, for any 6 € S,

3 <log Po(y) )21{p(yJ|9, m) _ /\n}po(yf)=0,

yIeYy P(}’J|9, m) po(yJ)
Po(yr) p(ul0.m) B
y;j(log p(yl0, m))l{ po(yr) )‘"}PO(YJ) =0,

as ”(;’(';’ ’)”) > ), for all y; € V). As A, — 0, by Lemma 11 for A, < Aq, both Ey(log p(py”(lszn))

and E,([log -22%)_12) are bounded by C;log(1/A,)?02# < A& for some constant 4. By

p(ys10,m)
the simplification of Lemma 18 for this particular case for all sufficiently large n and some

Cg > O,
H(K(po, &) = T1(m = Ny, 0 € Sir) = exp[ G {log()} ™.
The last expression of the above display is bounded below by exp{—Cné?} for any C > 0,

€, = [%]1/2 (logn)¥, any t; > max{r, 1}/2, and all sufficiently large ». Since the inequality
in the definition of ¢, is strict, the claim of the theorem follows.

D.3.3. Auxiliary Results for Posterior Contraction Rates
For a multi-index k = (ky,...,k,) € Z¢, let k! = ]_[?:l k;, and for z € RY, let zF =
l_[?:l Zf g

LEMMA 8—Anisotropic Taylor Expansion: For f € CPiPelgnd re{1,...,d},

f(x1+Y1,~-~,xd+)’d)

k
=Z%Dkf(x1,.-.,xr,xr+1+yr+1,...,xd+yd) (56)
kel "
+ZZ Dkf xl,...,xl—|—§,k,xl+1—}—ym,...,xd—{—yd) (57)
I=1 kel! :
_Dkf(xh"'axlsxl+1+y[+l"-~7xd+yd))5 (58)

where {f € [x;, x;+ U [x+ yi, xi],

i—1
[1:{k:(kl,...,kz,ﬂ,---,o)GZiikif \f%(l—zkj/ﬁj)J ,i=1,...,l},
-1
f’:{kel’:lq: LB!(l—ij/lB)J }’
j=1 s

and the differences in derivatives in (57)—(58) are bounded by

L|§;(|B1(1*Z?:1kf/ﬁi).
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PROOF: The lemma is proved by induction. For r =1, (56)—(58) is a standard univari-
ate Taylor expansion of f(x + y) in the first argument around (x1, X, + V2, ..., Xa + V).
Suppose (56)—(58) hold for some r € {1, ..., d}. Then, let us show that (56)—(58) hold for
r + 1. For that, consider a univariate Taylor expansion of D*f in (56). The following no-
tation will be useful. Let e; e R?, i =1, ..., d, be such that ¢; = 1 for i = j and e; = 0 for

i#jand k!, = |Bri (1= Xy k;/By) ). Then,

Dkf(xl, cees Xy Xpg +yr+17 ---)xd+yd)

kfﬂ Kyl
r+1 k+k,. -
= P CHF(X1y e Xep1s Xep2 T+ Yeg2s + - o> Xa + Ya)

ky41=0 r+1-
ki1
r+1 Dk+k* 1erel k+k;k+l-er+1

+k* ‘( r+ f(xl’~-~9xr9xr+l+§y+] ,xr+2+yl+2,-~-,xd+)’d)
r+1°
k-

— DM f (X, o Xy Xty X2+ Yi2s -5 Xa + Ya))-

Inserting this expansion into (56) delivers the result for r 4 1. Q.E.D.

LEMMA 9: Let R(x,y) denote the remainder term in the anisotropic Taylor expansion
((57)-(58) for r = d). Suppose f € CPrPal and L satisfies (20)-(21). Let o = {o; =
oflBi i=1,...,d}and o, — 0. Then, for all sufficiently large n,

[1RG)|6050. 0@y S L),

PROOF: Note that |R(x, )| is bounded by a sum of the following terms over k  I' and
ledl,..., d}:

k
%‘Dkf(xla"'7xl+glkaxl+l+yl+1)"'7xd+yd)

— D f(x1, .o, X0, X1 +YI+1,---’Xd+J’d)|
k

| <

v kg
L(x+(0,...,0,y114), §1k€1)|§1k|ﬁl(l kil

=

I

!

54 ki/B;
() exp{rollyierall’} expfm| £ [} g M

e

=

e

k
Y _yd kB
< L(x) 7y exp{molly Pyl 0= 5080,

where we used inequalities (4), (20), and (21) and that || < |yi|.
For all sufficiently large n such that 7, < 0.5/ max; o7,

k
/'L(x)% eXp{To||Y||2}|YI|B’(FZ?:11€"/B") ¢(y;0,0)dy

-1
SL(X)]_[/ 3l (3i; 0; 0:'2) dy;-/ylk’lyzlﬁ’“Zf—lk"“*"’qﬁ(yz;ﬂ; ov/2) dy,
i=1
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2 k ki_y kB (1= ki/B;
SL(X)O-llu'O-[—lllo-ll Bi(1=3"i_1 ki/Bi)

B g 5.

— l";(x)o_r]:lﬁ/ﬁl o O_rllclﬁ/ﬁl o_nﬁl Bi(1 Z;j:1 ki/Bi) _ E(X)chf,
where we use [ |z|?¢(z,0, w)dz Sw” and kjyy=---=k,=0fork € I,. Thus, the claim
of the lemma follows. O.E.D.

PROOF: For x,Ax € X, y; € Y, and some y; € A4,,, by the mean value theorem,

D* fiys (% + AFlys) — D* fos (1)
1 v by oy ~ ~ ~
- mos (1) (DOMO’ka(YJa X +AX) — DO""’U’ka(J’J, X)) dy;
Ayy

_1/N;
B mor (Vr)

(D" £y (5, % 4+ AF) = D" (57, 7))

O.E.D.

LEMMA 11: There is a Ay € (0, 1) such that for any A € (0, Ao) and any two conditional
densities p, q € F, a probability measure P on Z that has a conditional density equal to p,
and d,, defined with the distribution on X implied by P,

V4 2 1 p q
Plog=— <d (p,q <1+210 —>+2P{(lo —)1(—5)\>}7

P<log §>2 <d;(p,q) (12 + 2<log %)2) + SP{ <log§>21(% < /\> }

PROOF: The proof is exactly the same as the proof of Lemma 4 of Shen, Tokdar, and
Ghosal (2013), which, in turn, follows the proof of Lemma 7 in Ghosal and van der Vaart
(2007). Q.E.D.

LEMMA 12: Under the assumptions and notation of Section 4.3, for some B € (0, 00) and
any y; € Yy,

o 4B+2e 8
F0|J(||X|| > azrnly]) =< BoanB+ ‘T,

PROOF: Note that in the proof of Proposition 1 of Shen, Tokdar, and Ghosal (2013), it is
shown that a3 > a, where a3'® = {(88 +4&+16)/(b6)}/" and a$'° = aj"°log(1/0,)"/".

Oy

n
As ay > a}'® and a,, > a1, therefore a,, > a. Define E; ={X € R : fy,(X]y,) >

o [PH2et 8B Bnin)/2y Note that by construction of s, in the proof of Proposition 1 of Shen,
Tokdar, and Ghosal (2013) and as o, < s, it follows that

4 2e +8 1 1 - _UBt2e48)
(ﬁ_!_b—88+)10g<_) > Elogfo = o, 5 > fO'

n
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Forx e E} ,

f0|J (ﬂ)ﬁ) > 0_,54B+2$+8[3/Bmin)/5 — 0583+48+85/Bmin+8)/3O-n—(45+28+8)/5

- . - Tb —_ 1
> fooSPHersimnto = fol" = f exp{ ~bay log(?) }
n

ool o(afie(L) ")) |- ot

As a,, > a and as fy,(X|y;) > foexp{— ba, }, then the tail condition (17) is satisfied only
if ||x|| < a,,. Therefore, E;, C{X € R% : ||x|| < a,,}. As in the proof of Proposition 1 of
Shen, Tokdar, and Ghosal (2013) by Markov’s inequality,

Fou(1X11 > a,,|ys) < Fou(E:lys)
— FO|J (f0|J(5C|YJ)_5 > O—;(4B+23+85/Bmin)|yl)

< B, 0.33+2s+8/3/3mm — B, 0_33+2£ Qi

as desired since o?/Pmin = g and the tail condition on fy;(:|y;), (17), implies the existence
of a 6 > 0 small enough such that E0|,(f0’|f) < B, < oo for any y; € ). Q.E.D.

LEMMA 13: Under the assumptions and notation of Section 4.3, for m = KN; and any
0 € Sy,

di(py C1)m (), p(- 16, m)) S o7
PROOF: Let us define

£, (s, 5160, m) = [ £ G £10, m) 5.
Ay,

Then,

df,(PfJ('|')WO('): p('s '|6a m))
= dLl(pr('|')7To('), r(, 10, m))
<du, (s ()mo(), £ 16, m))

=3 [ X S apmkttk = (i iy, )

YIEY) x key; j=1

- ajk/ ¢()~7/, Mjk,J s 0'1) d}~’1 : ¢(9~C, Mjk,Jes 0’16) dx
AY]

K
<y / 120D @k =y (F, wigs 07) — @ Mk = y3b(E, i se, 0se) | d
keyy j=1

yreyy v X
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>

yevr v ¥

K
Z Za;kl{k =Y (X, wjkge, oc)

keyy j=1

~ f S s 02) A5 (Fo pse 07e) | dF,
Ay,

where the first inequality follows from d3, (-, -) < di, (-, -), the second inequality holds by
Lemma 6, and the last inequality is obtained by the triangle inequality.

Let us explore the two parts of the right-hand side in the last inequality independently.
First,

K
D> a Mk =y (%, wlys 07) — ey Mk = Yo (R, e, 0sc) | dE

key; j=1

>

yrevy v X
K
=D I IAUTSAY TIENRINCSERICTINS
ey keyy j=1 X

= max du, (6 s ), D, ises 070)) S 0,7,

dx

where the fact that o, =0 for j > N by design is used to get j < N rather than j < K in
the max subscript. The last inequality is proved in Lemma 14.
Second,

>

yevy U

K
Z Z a;kl{k = yrd(X, Wik e, o)

keyy j=1

- ajk/ (V1 Mjk,gs 07) dYrd (X, Wik e, 0yc) | dX
Ay,
K
= (Z Z oy Kk =y} — ajk/ S (75 ks, 07) dyy / & (F, wikse, 07¢) dj)
j=1 NyyeYytkeyy Ayy X
K
= Z Z Z ay ik =y} — ajk/ S (Vs ks 07) dys
j=1 yjey;'key; Ayy
K
= Z Z Z a;kl{k =y}— a;k/ ¢’()~’J, Mojk,J > UJ) df’J
Y€y keyy j=1 Ay,

LY YY

Y€y keyy j=1

Y Y Y

Yredy keyy j=1

01;/( / drs kg5 07) dYr — ajx & sy Hjss 07) dYy
Ay,

Ay,

Uk =y} — / (Vs ik, 07) dYy
Ay,
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K
+ Z ZZM}« _ajk’/; b (Y1, Mjk,ss 07) dYy
YJ

Y€V keyy j=1

SHACHS

)

Wk =y} - / oy, Mk, 7> o) dy;
A}’J

keyy j=1 yeyy
K
+ Z Z(|a}k — a}-k’ Z / d(Vrs Mjks> T7) d}N’J)
keyy j=1 wevy ¥ A

K
=< Z Za;‘k |:/A” S (1, ks> 07) Ay + Z s> js» 07) dj’]]
k

keyy j=1 vk A

K
+ Z Z|“;k _ajk|

keyy j=1
K K
* = = *
= E E X '2/0 o0, Mjk,1 5 ay) dy; + E E |ajk - ajk|
keyy j=1 Ak keyy j=1

K
<2 max / S (Vs Mjk,a» 07) dys + Z Z|a;k - al’ki S O'r%B‘
Ay

J<N,key; keyy =1
The last inequality follows from Lemma 15 and the definition of S,..
LEMMA 14: Under the assumptions and notation of Section 4.3,

jfrfgléaé(y] dL1 (d)(’ /“’;|ka O-;L‘)a ¢(7 Mjk,ges O-J“)) S Uiﬁ-

PROOF: Fixsome j <N and k € )J;. It is known that
dL1 (d)(’ M;|k, U';C)a (b(’ Mjk,cs 0'10))

5 2\/dKL(¢(a I*L;|k’ O-;C)a ¢)(> Mjk,]"? O-J"))

and

dKL(¢('? :Uv;ua 0'}2.), (-, Mjk,ges O'Jv))

2

o
= “1-log 2L ¢
1t 2y Wi

ieJ¢ 1 i i

2
g;
*2

From the definition of Sy,

(50— )
Z Miik,i — Mk,
*2
ieJ¢ g;

<&l < gk,

17

Q.E.D.
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Since a? € (072(1 + o?#)7!, 07?) and the fact that [z — 1 —logz| < |z — 1> for z in a
neighborhood of 1, we have, for all sufficiently large #,

2 2 2\ 2
Sfg) s
i 2 o !
The three inequalities derived above imply the claim of the lemma. Q.E.D.

LEMMA 15: Under the assumptions and notation of Section 4.3, for 6 € S,

max / . ¢(5’1, Mk, T 5 (TJ) dy; S Ufﬁ-
k

j=N.keyy J 4

PROOF: Fix j <N, k €Y, and 0 € Sy.. Since pj; € [k; — 7, ki + 771

1 1
/‘f)(yhmkh"f)dy’<zpr<y’ [k’ Z—Ni’kiJrZ—NiD

ie

- 1 1
=< ZPT<)’i ¢ |:1U«jk,t T AN Mjk,i + W])

ie

_22/ (5,0, 1) 5,

ie

< ZZeXp{ 24N, 01)2} Z 0-2B < 0-23

iel iel

where the last inequality follows from the restrictions on oy in S¢ and the penultimate
inequality follows from a bound on the normal tail probability derived below.

If Y; has N(0,1) distribution, then the moment generating function is M(6) =
exp{0*/2}. Note that exp{6(Y; — (4N;0;)"")} > 1 when Y; < (4N,0;)"! and 6 < 0; there-
fore,

s 3

f $(5.,0,1)d5,
< %rslgIP’eXp{G(Yi — (4N;io) )}
= infexp{—0(4N, ;)| M(0)

= infexp{—6(4N;0:) "'} exp{6°/2} = exp{—(4Nio) */2}. Q.E.D.

LEMMA 16: Under the assumptions and notation of Section 4.3, for any (y;, y1) € Y, some
constants Cs, Cy > 0, and all sufficiently large n,

2B
p(Qyr, yi, x|0, m) > G, Unz =, (59)
p()(y]) be) m
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when | x| < a,,, and

8 2
P(YJ,}’I:XWa m) >exp{_ ||x2|| —C410gn} (60)
pO(yJ’ yl, x)

—n

when ||x|| > a,,.

PROOF: By assumption (17), fu, (¥|y) < fo, and my, (y,) < 1 for all (%, y;). Therefore,

[y, X0, m)
Jou (&lyr) 7o, (s

) > f:flff(}’h x|0,m). (61)

Let k* = y;. Then, by Lemma 15, for any j € {1, ..., K},

1

/ SV ke g, 1) dyy > =
Ayy 2

for all n large enough as o;, — 0.

For any x € X with ||X|| < 2a,,, by the construction of sets Uju, there exists
jr€{1,...,K} such that X, wpu+ € Upp+ and for all sufficiently large n, ), . (%; —
/J,j*|k*’l-)2/0'i2 < 4 Then,

b (X, ppppes 0c) = 2m) 4] o exp{ —0.5) (% — M*lkni)z/‘fiz}

ieJe ieJe
Z (277)7d!c/20;d‘lc 672.
Thus,
K
[y, X10) = Z Zajk/ drs jkgs 07) AYr b (X, Wik ge, Oc)
Ay,

key; j=1

> jegr (X, Wjrpr e, (TJC)/ (V5 Wjkrg> 07) dYy,
Ay,

and for C; = f, ' (2m)~4</?e72/8,

f]({’], X|0, m) > ‘0—1 . min aj - (277)—11,[/20_”_@[6_2 ) 1
Jou Flyr)mmor () <K keyy
28
> 202G =22, )
m

By assumption (18), for any x € X, any y; € )}, and all sufficiently large #,

/A Jour(Xlyn)mos (yr) dyr < 2//1 Jour (Xlyr)mos (yr) dyi. (63)

y r:yrl<acy,}
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For any x € X with || x|| <a,, and y; € A,, N{y; : |||l < a,,}, we have | X|| <2a,, and

/ £,Gu. 16, m) 3
P, yi, x|0,m) — Ja,

Po(Yrs Y1, X) / f0|J()~C|YJ)7TOJ(YJ) dy,
Ay,

/ f1(ys, X|6, m) dy,
Ay 0r:llyrli<ac,

= A,

2 / Fo GEly) s () 5
Ay Nr:lyrl<ac,

(64)

where the first inequality follows from (63) and the second one from (62) combined with

Lemma 6.

Next, let us bound £, (y;, £|6, m) /fo (%]ys) o (3, ) from below for ¥ € X such that || x| >
dq, and |||l < a,,. Forany j < K and k € Yy, 1% — wjsell> < 20117 4 | e 1?) < 1611

as [[wjk el < 2a,, by construction of U and 2||x|| > ||x|. Then

(b()?, Mk, gy O'Jc) = (27T)_djc/2 l—[ (Ti_l eXp{—OS Z(il — [.ij’i)z/()'iz}

ieJ¢ ieJ¢

2

—n

2
> (Zw)—djwz O-n—d]c CXp{ _ 8||x ” }
Then, for n large enough,
fJ(yJ’ )El@, m)

= Zzaﬂf_/ b1y ijkss 01) AYr (X, pjk e, 07c)

keyy j=1
Bix|” .
> (27T)—dje/20'n_djc { } Za]k Z / (l)()ﬁ, Mijk,J» O'J) dyj
" j=1 keyy
8 1
> (2m) " reng e exp{ ||x2” }EK m%{n Qj.
g, Js
Combining this inequality with (61), we get
f,(yj,ﬂ() m) _(2 ) d!‘/zf 7d]cK0-35+dJC eXp{_BHXHZ}
Jou(Xlyr)mos () — 0 2m? a’

zexp{ TP }
O'

—n

for sufficiently large C, because |log[K o2 /m?]| < logn.

(65)
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Thus, for | x| > a,,, (65) and the first inequality in (64), which holds for any x € X,
deliver

2
p(yb e x|0, m) - exp{—8”x2”
pO(yJ7 Y, x)

~n

— Qlogn}. (66)
Q.E.D.

LEMMA 17: Under the assumptions and notation of Section 4.3, for A, < Ao, where A is

defined in Lemma 11,
2
E0(|:10g PO()’],)’I,X) ])SAE%I,
p(yj,yl,xlﬁ,m)

E0<[log PoQys, 1, X) DgAég.
p(y-ﬁy17x|03m)

PROOF:

2
E0<|:10g pO(y]7 )’1, x) j| >
p(yh y1,X|0, m)

<d(po(-5-), p(-5 -1, m))<12 + 2(1°g %)2)

2
+8P{<log polc. ) ) 1{p("'|0’ m) _ /\}}
p(" '|07 m) pO(" )
S o7 (12+ 2log(1/A,)?) + 2P+ Slog(1/M,)aF,

where the first inequality is derived using Lemma 11 and the penultimate inequality is
derived using inequalities (51) and (55). Similarly,

Po(Yr» Y1, X) >
P, i, x|6, m)

E0<108
<d;(po(-5), p(:5-16, m))(l + 2(log %))

2o i M iy <

< o2f(1+2log(1/A,)) + o287 <log(1/A,) a2

Furthermore,

2N,K?

28
a-l’l

2
) & (log(,")
—de — djc+dje/mT\2 _
< <log[2Nf(C1<fn " {log(&, )} ) o, ZB])ZE%
= log(e,") '

where the term multiplying €2 on the right-hand side is bounded by Assumption 5 (N; =
o(n'™)) and definitions of €, and o,. Q.E.D.

log(1/A,) 0% <log(1/A,)’ 02 = 10g<
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LEMMA 18: Under the assumptions and notation of Section 4.3, for all sufficiently large n,
s=14+1/B+1/7,and some Cs > 0,

(m = N,K, 0 € S,) > exp[—CeN, &, /P {log(m)} 177,
PROOF: First, consider the prior probability of m = N;K. By (3) for some Cg > 0,
II(m = N,K) o exp[ —yN;K (log N;K)™ |
> exp[—Cq N;€,“/*{log(1/€,) }Sd’f (logn)™]
> exp[_CmNJg;d]c/B{log(n)}sdjc+71] (67)

as Ny =o(n'") by (24) and €, < n.

Second, consider2 the prior on {a;;}. There exist (jo, ko) such that o, > L and suppose
5 . .
that |a;k —a| < 2 for all (j, k) # (jo, ko). Then,
28 28
R o o
|aj0k0 - ajoko| = Z Qe — Q| = (m—1) mnz = ,:1 ’
(7R)#joko)
O s
Yioko = Fioko ~ T =T T T T2
Furthermore,
K 2B 2B
R o g,
22 law—apl = (m—1)"Er 4 "t <207,
j=1 keyy
It then follows that
K O_2B+d]c
IT ajp—at| <20, min oy > 2
2D lae—a| <207, min o= =
Jj=1 keyy
0'26 O'Zﬁ . .
= H(‘a/‘k - Ol;k| = #a Qj = 2—;12, U, k)e{l,...,K} x Y\ {(]0, ko)})

> exp{—CeN,;K log(N,K/a?)},

where the last inequality is derived in the proof of Lemma 10 in Ghosal and van der
Vaart (2007) for some Cg, > 0 (see, also, Lemma 6.1 in Ghosal, Ghosh, and van der Vaart
(2000)). Note that

Klog(N,;K/a?)

<€ Uelb log(é;l)d’” log(N; &, /P! log(égl)d’”sﬂ)

5 é;djc/ﬁ log(n)d‘]CS“’l' (68)
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Assumption (9) on the prior for o; implies that for i € J,

dy
[ [1(o7> = 32N; Blog o, ")

i=1

dy
> [T(as(64N?Blog ;") exp{—as(64N7 Blog o7, ") )
i=1
> exp{—CeNylog(a, ')} = exp{—CsN; log(n)},
and for i e J¢,

dje

[[1(o; <o <07 (1 + %))
i=1

dye

> 1_[ (as (Ui,_nz)a7 0P exp{ _a90'i,_n1 })
i1
dye dye

- [Tewl-Gsort ) =] Terpl~Coso?®) = expl ~Casdro |
i=1 i=1

> exp{—Ces€, /" log(n)d”/ﬁ}.

Assumption (10) on the prior for u;, implies

K 1 1
TTTTTT0 s [ o= gk )

j=1 keyy iel ¢

> (an2 ¥ N; ' exp{—an))™""
> eXp{—C67N]K lOg(NJ)}

> exp{—CesNs€, /P log(n) ¥}

and

K ) NyK
l_[ 1_[ H([.ij’]c c Uj|k) > (6111 exp{—algafﬁn}Irjl}{nVol(Uﬂk))

J=1 keyy
= (an exp[—anaz jorgne) ™"
> exp{—CeN;€, /P log(n)restmatbm/ny,
It follows from (67)—(72) that, for all sufficiently large » and some C; > 0,
I(K(po, €.)) = I(m = N,K, 0 € S;»)

> exp[—CsN, €,/ {log(n) }d’”maX{T' ’I’TZ/T}].

23

(69)

(70)

(71)

(72)

Q.E.D.
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LEMMA 19: For H e N,0 < o <7, and > 0, let us define a sieve

={p(y,x|0,m):msH,,u,je[—ﬁ,ﬁ]d,jzl,...,m,
oye[g,ﬁ],i:l,...,d}. (73)

For0<e<land o <1,

Mcle, 7 di) <H- Pz;dr" ' [gr ' Log(lfgijﬁ)zd])r'

For all sufficiently large H, large o, and small o,
II(F°) < H*dexp{—asm™} + exp{—yH (log H)™ }
+ da, exp{—a,o >} + da, exp{—2aslog 7}.
PROOF: The proof is similar to proofs of related results in Norets and Pati (2017), Shen,
Tokdar, and Ghosal (2013), and Ghosal and van der Vaart (2001) among others.
Let us begin with the first claim. For a fixed value of m, define set S} to contain centers
of |S7'| = [12ud/ (€)1 equal length intervals partitioning [, &]. Let S} be an €/3-net

of A™! in the L, distance (Va € A", & € S, d;, (e, &) < €/3). From Lemma A.4 in
Ghosal and van der Vaart (2001), the cardinality of S is bounded as follows:

|57 < [15/¢]".
Define S, = {o/,/ = 1,...,[log(c/a)/(log(1+€/(12d)], o' = o, (¢ — d')/o' =
e/(12d)}.
Let us show that

Sr={p(y,x|0,m):m<H,aeS), 0,€S,,m €S, j<m,i<d}

is an e-net for F in d;,. For a given p(:|0, m) € F with ¢'i < o; < o'i*,i=1,...,d, find
&eS;",ﬂjieSl’fv,and&,-:aliES(,suchthat,forallj:1,...,mandi:1,...,d,
- ge e |o; — ol €
L] < =— — — <
b = il = g0 Z'“’ =3 & - 12d

L

By Lemma 6, dp, (p(:10,m), p(:|6,m)) < dp,(f(-|6,m), f(:|6, m)). Similarly to the
proof of Proposition 3.1 in Norets and Pelenis (2014) or Theorem 4.1 in Norets and Pati
(2017),

dL] (f(|97 m)’ f(|é7 m)) = Z |aj - &J| +2]£ilamed)(7 M 0-) - d)(v /:Lj’ 6-) H1

<€/3+4Z{ |/-le /-le |‘0-i_0-i~| }56

min(a;, 0;) mln(a,-, 0;)

This concludes the proof for the covering number.
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The proof of the upper bound on I1(F¢) is the same as the corresponding proof of
Theorem 4.1 in Norets and Pati (2017), except here the coordinate specific scale param-
eters and slightly different notation for the prior tail condition (11) lead to dimension d
appearing in front of some of the terms in the bound. QE.D.

LEMMA 20: Consider €, = (N;/n)Pr/CPr*D(logn)" and €, = (N;/n)Pr/CPretD x
(logn)" with t; > t; + max{0, (1 — 7,)/2} and t; > ty, where ty, is defined in (25). Define
F as in (73) with € = €,, H = ne*/(logn), a = e, g = n V%) G = ¢", and @ = n"/™.

Then, for some constants c, c; > 0 and every ¢, > 0, F, satisfies (28) and (29) for all large n.

PROOF: From Lemma 19,
logM.(€,, Fu, p) < cHlogn= clm-:f,.
Also,
II(F;) < H? exp{—ay;n} + exp{—yH (log H)"' }
+ a, exp{—a,n} + asexp{—2asn}.

Hence, I1(F¢) < e~ @& for any c, if €2(logn)™~'/&2 — oo, which holds for #; > 7, +
max{0, (1 —7)/2}. Q.E.D.
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