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This note works through parametric derivations required for the simulations and empirical

application in the paper “Nonparametric Stochastic Discount Factor Decomposition”.

1 Recursive preferences with linear-Gaussian state

1.1 Univariate case
First assume that:

g1 —p=r(ge — p) +oe1, e ~ iid. N(0,1). (1)

Step 1: fixed-point problem.

Guess a solution of the form h(g) = e®*%19 to the fixed-point equation:

- B
h(ge) = ]E[G;{’ (h(9t+1)) |94] - (2)
Then we have:

ebotbige — E[e(1—7)9z+1+ﬂbo+ﬁb1gt+1 |g4] (3)
_ eﬂboE[e(l—WBbﬂgtﬂ 9] (4)
— B0 o (1=7+8b1) (1=r) pt-(1=y+Bb1)kgr+3 (1—7+Bb1)%0 (5)

Collecting coefficients of g;:

K(l—7)

blzlﬂl(l—’)/—i—ﬂbl) = b= 1—/{5



Collecting constants:
1
bo = Bby+ (1 — v+ 6b1)(1 — k) + 5(1 — 5+ Bby)*0?
1 1
- = 1 o ~12 .2
= by 1_ 6 (bQ( li)ﬂ—i- 2b20' )

with by =1 — v+ 8b;.

Also notice that unconditionally g, ~ N (p, %) Therefore:

|2 = PRE[he] = PRI )| = ottt

and so: bt
0+b19gt o2
) _ € _ _(blli"rb% 1_N2)+b1gz __ _co+bigt
X(gt - > o2 e =€
eb()"l'bl/lz"l‘bl T—r2

where ¢ = —(byp + b%%) Finally,

A= 6(1_6)(b0+b1”+b%$) — e(1=B)(bo—co)

Step 2: Perron-Frobenius problem.

First, write the SDF as:

8
m(gugtﬂ) = thﬁl%

_ ée_'YgtJrl+5(50+b19t+1)_(00+b19t)

A

— ée(ﬁ—l)co e(Bb1=7)gt+1-bige

This gives:
B

Eflog m(ge, 1)) = log () + (8 = 1o+ (861 — 7 = bi)

which is needed for the entropy calculation.

Guess a solution of the form ¢(g) = €79 and plugging into M¢ = p¢, we obtain:

pe9t = 56(5*1)00e*blgtE[e(alJrﬁbr'Y)gtH |gt]

= ﬁe(ﬁfl)co o019t o(a1+8b1=7) (1=k)p+ (a1 +Bb1=7)kge+ 5 (a1+8b1=7)?0?

A

(10)

(11)

(16)

(17)



Collecting coefficients of g;:

_ —by + k(Bb1 — )

a;=—=b+ (a1 + 8 —v)k = @ T (18)
and so ag = —ap — a%%.
Moreover,
p= ée(ﬁ—l)coe(a1+5b1—’Y)(l—ﬁ)u+%(a1+ﬁb1—'y)202 _ ge(,@—l)coeu(l—m)u—s—éyQU2 (19)

where v = by — v + a;.
Step 2b: time-reversed Perron-Frobenius problem.

Now we guess a solution of the form ¢(g) = e%*919. Plugging into M*¢* = p¢* and using
reversibility of {g;} (Weiss, 1975), we obtain:

petiont § e B=1)e0 (B0 g1 o1 b)ot g, ] (20)
_ B (8-1)c0 y(81—9) 9141+ (a1 —b1) (1—r )+ (@ b )rgesr+ (af —b1)?0 (21)

Collecting coefficients of g;1:

* * * 6 — R bl -7
aj = pb —vy+(a; —b)x = CLl:( 1_),@ (22)
We choose ag so that:
* * 1 *\2 02
1 = E[eao+a3+(a1+af)gt] _ ptotastlartai)utszlatad)” %5 (23)
which implies af = —(ao + (a1 + af)p + 3 (a1 + a’{)Q%).
Step 3: Covariance of the permanent and transitory components.
The permanent component is:
P B o(B=1)co o (Bb1—7)ge+1—b
My _ € eI T gi—arge — o V(=r)u—51%0° jvgri1—(bi+ar)ge (24)
MF §6(5_1)006V(1_5)/J+%V2‘72
Therefore: b,
my., = log ( ]\4tj;1> = const — (by + a1)ge + Vgiy1 - (25)
¢



The transitory component is:

T
Mt+1 ée(ﬁfl)coeu(lfn),qu%,ﬂ(ﬂealgtfa1gt+1

MT_

and so: .
M,

mtT+1 = log ( > = const + a19s — a19¢41 -

M
2 0.2
1— 52 K’m

Notice that:

~
\4
Therefore:
PoT N _ Py _ Ty _
Cov(myy,my, ) = vpVup Var(m,,,) = vpVup Var(my,,) = vpVop
where:

() ()

1.2 Multivariate case

Now assume that g1 = IV X;;1 where
Xt+1 — U= A(Xt — M) + 0€¢11 €1 ™~ 1.i.d. N(O, [)

and let ¥ = oo’
Step 1: fixed-point problem.
Guess a solution of the form h(x) = e®*7 to the fixed-point equation:

B
h(X:) = E[Gt—l-l (h(Xt+1)) | X]
= bt Xe E[e( NI Xi41+Bbo+8by Xi41 |Xt]

— eﬁbOE[e((l—’Y)F'f‘/Bbl)/Xt-&-l ‘Xt]

— b0 (1= T+Bb1) (T= A+ (1=7)T+B01) AX+5 (1=7)T+B00) (1) T+6b1)

(26)

(27)

(28)

(29)

(31)



Collecting coefficients of X:
by =A((1—yT+Bb) = b=(1-~)(I-BA)AT.
Collecting constants:

bo = Bbo + ((1 =TI+ Bb1)'(I — A)p + %((1 — )L+ Bb) (1 = )T + Bb1)

1-p

where by = by + (1 — )T

1 1
= by = —— <b’2(I — A)p+ 5552@)

The marginal of X; is N(u, V) where V solves V. = AV A’ + 3. Therefore:

HhHQ — €2b0E[e2b’1Xt] _ 62b0+2b’1,u+2b’1Vb1 = HhH — eb0+b’1,u+b’1Vb1

and so
ehothr , p b, Vb 4, X ¥, X
X(X0) = g = ¢ VP AVI TN — oottt Xo
e 1 1V 0

where ¢y = —(b\p + 01 Vb,). Finally,

A\ = e(I=B)(bo+biptb V) — (1=B)(bo—co)

Step 2: Perron-Frobenius problem.

First, write the SDF as:

BG—V X(XtJrl)B

X, X)) = =
m (X, Xi1) AT
— ée—’yF/XHJ+6(CO+bI1Xt+1)_(CO+b/1Xt)
A

— ée(ﬁ—l)coe(ﬂbl—’YF),Xt+1—b’1Xt .

This gives:

E[log m(X;, X;11)] = log (g) + (B —1)co + (Bbr — AL —by)'u

which is needed for the entropy calculation.

(36)

(39)

(40)

(41)

(45)



Guess a solution of the form ¢(x) = e®*%*, Plugging into M¢ = p¢, we obtain:

peallXt — §€(51)00€b/1Xt]E[6(a1+,8b1’)/F)/XH,l |Xt]

_ ée(ﬂ—l)coe—b’lXte(al+6b1—~yF)’(I—A),u,+(a1+Bb1—fyl")'AXt—&—%(a1+6b1—71")/2(a1+5b1—'yl") )

A

Collecting coefficients of X;:

a; = —by + A'(a; + Bby — ) = a;=(I—A)(=b + A (Bb — ).

Moreover,
p= §6(51)006(01+ﬁb1’YF)l(IA)/L+%(a1+ﬁb1’yF)/E(a1+,Bb1’yF) _ ge(ﬁl)coeu’(IA),quéu’Ey

where v = by — A" + a;.
Step 3: Covariance of the permanent and transitory components.
The permanent component is:

MP ée(ﬂ_l)COe(ﬂbl_vr)lxt+1_b/1Xt / / ’ 1. ’ /
t+1 A ealXt+1—a1Xt — e—V (]—A),U,—EV Zl/el/ Xt+1—(a1+b1) Xt

MtP - ge(ﬁ—l)coeV'(I—A)u—F%V’Eu

and so:
my. = const — (ay +by)' X + V' Xy 41 .

The transitory component is:

MEH B (B=1)co VW (I—A)p+iv'Sw o) X —a, X
= "¢ oel/ y2 211 1/6[11 t— A At4+1
MP A

and so:

T / /
my,, = const + a; Xy — a1 Xy .

(o)) G )

N

Notice that:

TV
\%

(48)

(49)



Therefore, the covariance of m{,; and m,, are as in display (29) with V from (54) and:

vp = ( —(a + b1) ) N ( _6l1 ) ' (55)

2 Recursive preferences with stochastic volatility in

consumption growth

2.1 Derivation

We use a specification of the consumption growth process similar to one studied in Backus,
Chernov, and Zin (2014) but without habits. Assume that:

Ger1—p = k(g —p) + Utl/Qeter et ~ ii.d. N(0,1)
Ut+1 - ARG(C’LH 901)7 6’0)

where ARG(¢y, v, 0,) is an autoregressive gamma (ARG) process of order 1 parameterized
by (¢y, v, 0) that is independent of the sequence of N (0, 1) innovations. We refer the reader

to Gourieroux and Jasiak (2006) for background material on ARG processes.

The state vector is Xy = (g4, v;)". The following derivations are essentially a special case of
Appendix H in Backus et al. (2014) but are included for compelteness. Throughout, we will
use the fact that:

]E[esvt+1|vt] _ e%”t*% log(1—scy) (56)

(see Appendix H in Backus et al. (2014)).
Step 1: fixed-point problem.

Guess a solution of the form h(g,v) = e®+019+a2v ¢4 the fixed-point equation:

hgiv) = EIGL (g, vi4)) g2, vl (57)

= elotaigitazve _ E[6(1_7)9t+1+B‘10+Balgt+1+ﬁa2vt+l |Gz, V] (58)
— eﬂaoE[e(l—v+ﬁa1)gt+1+ﬁazvt+1 |ge, V] (59)

_ eﬂaoe(lfwmé’al)(1*ﬁ)u+(1ﬂ+ﬁa1)ﬂgt+%(1*“/+ﬁa1)2vtE[€6a2vt+1 |v,] (60)

_ eﬁao6(1*v+5a1)(1*H)u+(1*v+/5a1)ﬂgt+%(lfﬂﬂrﬁal)%te%”t—% log(1—-Bazey) (61)



Collecting coefficients of g;:

(1 —7)
a1 = k(1 — v+ Baq) I
Collecting coefficients of v;:
1 SOUBCLZ vaﬂa2
= 2< Y+ Bon)” + 1 — Base, 2=V 1 — Base,

where v = 1(1 — v + fa;)?. Rearranging:

0= (ag — v)(1 = Beyas) — Bpyas
= 5%@% + (Bl — cov) = 1)ag +v

so we solve the quadratic and take the smallest root to obtain:

_(5(9011 - CUV) - 1) - \/(5(9011 - C’Ul/) - 1)2 — 4fc,v
203¢,

a9 =

(62)

(66)

provided (3(¢, — c,v) —1)? — 4Bc,v > 0. Taking the smallest root ensures that a; = 0 if the

variance of log g; is zero (see Appendix H in Backus et al. (2014)).

Collecting the constant terms:

ag = Pag+ (1 — v+ par)(1 — k) — 0, log(1 — Basey)

f%z«l—v+&ma—ﬁm—&m%ﬂ—5@%»

= ag =

provided Base, < 1.
Step 2: Perron-Frobenius problem.

First, write the SDF as:

o h(Xq)P
m(Xy, Xev1) = BGtJI%

— ﬁef’ygt-ﬂ +B(ap+a1gi+1+a2vi+1)—(ap+a1gi+azvt)
— ﬁe(ﬁfl)a0+(5a1*'y)gt+1+ﬁa2vt+1falgtfagvt

— doedl gt+1+davip1+d3ge+dave



where

do = ﬁe(ﬁfl)ao d1 = ﬁal -y d2 = ﬁaz d3 = —a d4 = —ay.

In this notation we have:

Oy Co
11—,

]E[log m(Xt, Xt+1>] = log(dg) + (dl + dg),u + (dg + d4)

which is needed for the entropy of the permanent component.

Conjecture a solution of the form ¢(g,v) = e©0te197<2? Plugging into M¢ = p¢ gives:

peclgt+02vt — doed3gt+d4vtE[e(d1+C1)gt+1+(d2+c2)vt+1 |gt7 Ut]
— d06d39t+d4vte(dl+01)(1—H)H+(d1+01)f’»9t+%(d1+01)2vt]E[e(d2+62)vt+1 |v,]
— doe(dl+Cl)(1—H)#e[d3+(d1+61)H]9t+[d4+%(dl+01)2]vtE[6(d2+62)vt+1 |Ut]
pu(dg+ca)
— doe(d1+cl)(17K)Me[d3+(d1+01)I€]gt+[d4+%(d1+cl)2]vte#ﬁbvt—dv 10g(1_cv(d2+c2))
+ pu(dg+ca)

— doe(d1+cl)(1_“)“_5“ log(l—cv(d2+ca))€[d3+(d1+01)H]9t+[d4+%(d1+61)2 oo (g rep ¥t '

Collecting coefficients of g;:

. d3 + Iidl

01:d3+/€<d1+01) = C1 11—~

Collecting coefficients of v;:

©o(da + c2)
1-— Cv<d2 + CQ) '

1
Cy = d4 —+ §(d1 + 01)2 +

Let ¢3 = ¢3 + dy. Then:

1 vC vC
g =dy+dy+ S (dy + 1) + o :f‘f‘&-
2 1—cyes 1—cyes

where £ = dy + dy + %(dl + ¢1)?. Rearranging:

(c3 = (1 —cues) = pucs
:>0:cvc§+(g0v—1—cy§)03+£.

(73)

(74)

(80)

(82)



Solving the quadratic and again taking the negative root, we obtain:

3 = _(9011 —-1- Cvg) - \éi@v -1~ CvS)Q - 40116 (85)

provided (o, — 1 — ¢,€)? — 4¢,& > 0. Finally, set ¢y = c3 — ds.

We also obtain
p= doe(dlﬁl)(lfﬁ)#*% log(1—cy (d2+c2)) (86)

provided ¢,(dy + ¢3) < 1.
Step 3: Covariance of the permanent and transitory components.

The permanent component is:

P
MH—I = do e(dl+01)gt+1+(d2+02)vt+1+(d3—c1)gt+(d4—02)vt (87)
MP — dyeldrte)(1—r)u—0vlog(l—cv(datez))
and so: ) /
ds — ¢ dy +c
mirl = const + oo X+ P Xiiq - (88)
dy — o dy + co
The transitory component is:
M, (di+c1)(1—k)u—6 log(1—cy (da+c2))
— +c1)(1—kr)pu—9dlog(l—cy(d2+c —c —coVi1+C1gttcav
MtT — doe 1+c1 K g 21C2)) o C19t+1—C2Vt4+1TC1 gt TC2Vt (89)

and so:

/ !/
mf,, = const + ( “ ) X — ( “ ) X1 - (90)
C2 €2

It remains to construct the covariance matrix V of (Xy, X;41). From Gourieroux and Jasiak
(2006) we have:

Co 51)

o] = 1 (o1)
25,
Var(vt) = m (92)
Co = _ _#utly
V(’Ut, Ut+1) = gov\/ar(vt) = m . (93)

10



It follows that

CyOy
Var(g;) = 0= o)1= 12 (94)
Cov(gt, ge+1) = kVar(g:) = - :UC)U((Slv_ ot (95)

Finally, note that Cov (g, ve+1), Cov(ve, git1), and Cov(vey1, grr1) are all zero. The covariance

matrix of (X, X7, )" is therefore:

[ CyOy
i B S s e
O Cvé'u - O ()0 C%(S»U .
1—py v (1-
V = s, ( (8)0 ) s, ( 090 ) (96)
(=p0)(1=#7) g (T=p0)(1=#7)
0 culo 0 by
Poli=p,)? =)’

The covariance of m{, and m,, are as in display (29) with this V and with:

dg —C C1
dy — ¢ C2
UVp = Ur = . (97)
dy + ¢ —C1
dz + Co —C9

2.2 Estimation

We estimate the parameters (p, K, @y, ¢y, 0,) by indirect inference. The auxiliary model for
{g:} is an AR(1) process with a GARCH(1,1) process fit to the AR(1) residuals. We use
500 simulated series. In fitting the auxiliary model, we first estimate the AR(1) parameters
p and k by regression then and fit the GARCH(1,1) process to the residuals by maximum
likelihood.

References

Backus, D., M. Chernov, and S. Zin (2014). Sources of entropy in representative agent models.
Journal of Finance 69(1), 51-99.

Gourieroux, C. and J. Jasiak (2006). Autoregressive gamma processes. Journal of Forecasting 25(2),
129-152.

Weiss, G. (1975). Time-reversibility of linear stochastic processes. Journal of Applied Probabil-
ity 12(4), 831-836.

11



	Recursive preferences with linear-Gaussian state
	Univariate case
	Multivariate case

	Recursive preferences with stochastic volatility in consumption growth
	Derivation
	Estimation


