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This Online Appendix contains material to support the paper “Nonparametric Stochastic
Discount Factor Decomposition”. Appendix E presents additional simulation evidence. Ap-
pendix F provides further details on the relation between the identification and existence
conditions in Section 2.3 and the identification and existence conditions in Hansen and
Scheinkman (2009) and Borovicka et al. (2016). Appendix G presents proofs of results in

Appendix C of the supplementary material and this online appendix.

E Additional Monte Carlo evidence

This section presents additional simulation results using a cubic B-spline basis of dimension
k = 8 for the Monte Carlo design described in Section 5 of the main text. The knots of
the B-splines were placed evenly at the empirical quantiles of the data. As with the results
obtained using Hermite polynomials, the simulation results were reasonably insensitive to

the dimension of the sieve space.

Tables 4 and 5 present bias and RMSE of the estimators across simulations. Figures 5Ha—
He present (pointwise) confidence intervals for ¢, ¢* and x computed across simulations of

different sample sizes.

F Additional results on identification

In this appendix we discuss separately existence and identification, and compare the condi-
tions in the present paper with the stochastic stability conditions in Hansen and Scheinkman
(2009) (HS hereafter) and Borovicka et al. (2016) (BHS hereafter).



Power Utility

ng*

Recursive Preferences

QZ;*

n ¢ ¢ X

400 | 0.0144 0.0141 | 0.0009 0.0241 0.0116

Bing 500 | 0.0113  0.0132 | 0.0011 0.0190 0.0086
1600 | 0.0078 0.0101 | 0.0010 0.0145 0.0057

3200 | 0.0049 0.0068 | 0.0009 0.0128 0.0034

400 | 0.1106 0.1334 | 0.0283 0.3479 0.0988

RysE 500 | 00851 0.1043 | 0.0270 0.3151 0.0734
1600 | 0.0650 0.0814 | 0.0235 0.2747 0.0547

3200 | 0.0500 0.0627 | 0.0222 0.1702 0.0414

Table 4: Simulation results for ¢, ¢* and ¥ with a cubic B-spline sieve of
dimension k£ = 8.

Power Utility Recursive Preferences
n p j L p j L A

400 | 0.0036 -0.0030 0.0030 | 0.0010 -0.0009 0.0031 0.0028

Bias 800 | 0.0027 -0.0024 0.0024 | 0.0011 -0.0011 0.0027 0.0019
1600 | 0.0019 -0.0017 0.0017 | 0.0010 -0.0009 0.0020 0.0013

3200 | 0.0012 -0.0011 0.0011 | 0.0007 -0.0006 0.0013 0.0008

400 | 0.0345 0.0330 0.0272 | 0.0154 0.0130 0.0305 0.0348

RMSE 800 | 0.0254 0.0244 0.0206 | 0.0155 0.0133 0.0244 0.0209
1600 | 0.0190 0.0182 0.0157 | 0.0163 0.0136 0.0208 0.0153

3200 | 0.0142 0.0135 0.0118 | 0.0148 0.0123 0.0165 0.0110

Table 5: Simulation results for p, §, L and A with a cubic B-spline sieve of
dimension k£ = 8.
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Figure 5: Simulation results for a cubic B-spline basis with k£ = 8. Panels (a)-
(d) display pointwise 90% confidence intervals for ¢ and ¢* across simulations
(light, medium and dark correspond to n = 400, 800, and 1600 respectively;
the true ¢ and ¢* plotted as solid lines). Panel (e) displays results for the
positive eigenfunction y of the continuation value operator



F.1 Identification

Assumption F.1 Let the following hold:

(a) M is bounded
(b) There exists positive functions ¢, ¢* € L? and a positive scalar p such that (p, ¢) solves

(6) and (p, ¢*) solves (7)
(c) M is positive for each non-negative b € L* that is not identically zero.

Note that no compactness or power-compactness condition appears in Assumption F.1.

Proposition F.1 Let Assumption F.1 hold. Then: the functions ¢ and ¢* are the unique
solutions (in L*) to (6) and (7), respectively.

We now compare the identification results with those in HS and BHS. Some of HS’s conditions
related to the generator of the semigroup of conditional expectation operators E[-| X, = ]

under the change of conditional probability induced by M/, namely:

E[Y(Xo4r) X = 2] i= E| =5 9(Xop)

_ MP
&

X, = 4 . (OA.1)

In discrete-time environments, both multiplicative functionals and semigroups are indexed
by non-negative integers. Therefore, the “generator” in discrete-time is just the single-period
distorted conditional expectation operator 1 — E[()(X;41)|X; = -].

The following are discrete-time versions of Assumptions 6.1, 7.1, 7.2, 7.3, and 7.4 in HS.

Condition F.1  (a) {M] :t € T} is a positive multiplicative functional
(b) There exists a probability measure $ such that

/ B (X,p) X, = 2] di(x) = / (x) dé(z)

for all bounded measurable 1 : X — R
(¢) For any A € 2 with S(A) >0,

[e.e]

> (X, € A}

t=1

E

onx] >0

forallz e X



(d) For any A € Z with {(A) > 0,

for all x € X, where
B(X. oo € AXo =) = [ BIOLMII{X.Ycy € ANX = o] i)

for each A € F;.

Condition F.1(a) is satisfied by construction of M* in (8). For Condition F.1(b), let ¢ and
¢* be as in Assumption F.1(b) and normalize ¢* such that E[¢(X;)¢*(X;)] = 1. Under this
normalization we can define a probability measure ¢ by (A) = E[p(X;)o* (X)) U{X; € A}]
for all A € 2. Proposition F.3 below shows that this probability measure is precisely the
measure used to define the unconditional expectation E in the long-run approximation (9).
Recall that () is the stationary distribution of X. We then have:

/ B[ (Xop) X, = 2] di(2)

= /E [p1m<Xt,Xt+1)%w(Xt+l)

= p~'E [¢"(X,)(M(¢9)(X,))]
= p 'E (M) (Xt41))O(Xe1 )0 (Xig1)]

— B0 (X)X )0 (X)) = / b(z) di(z)

X, - } 6(2)6" () dQ(x)

Therefore, Condition F.1(b) is satisfied. A similar derivation is reported for continuous-time

semigroups in an preliminary 2005 draft of HS with @ replaced by an arbitrary measure.

For Condition F.1(c), note that {(A) > 0 implies Q(A) > 0 under our construction of
. Therefore, ¢(A) > 0 implies ¢(z)1{z € A} is positive on a set of positive () measure.
Moreover, by definition of E we have:

E|Y 1{X, € A}

t=1

Xo = x] = @ ZP_tMt(¢(')ﬂ{' € A})(z)

v

% S°AM(6() - € A})(x)

-



for any A > r(M) where (M) denotes the spectral radius of Ml. Assumption F.1(c) implies M
is irreducible and, by definition of irreducibility, >~ A""M,(¢(-)I{- € A})(z) > 0 (almost
everywhere) holds for A > r(M). Therefore, Assumption F.1(c) implies Condition F.1(c), up

to the “almost everywhere” qualification.

Part (d) is a Harris recurrence condition which does not translate clearly in terms of the

operator Ml. When combined with existence of an invariant measure and irreducibility (Con-

dition F.1(b) and (c), respectively), it ensures both uniqueness of ¢ as the invariant measure

for the distorted expectations as well as ¢-ergodicity, i.e.,

5 {@D (Xe+r)
P(Xitr)

lim sup
T 0<yp<e

X, = x} - / zgg dé(m)‘ =0 (OA.2)
(almost everywhere) where the supremum is taken over all measurable ) such that 0 < ¢ < ¢
(Meyn and Tweedie, 2009, Proposition 14.0.1). Result (OA.2) is a discrete-time version of
Proposition 7.1 in HS, which they use to establish identification of ¢. Assumption F.1 alone
is not enough to obtain a convergence result like (OA.2). On the other hand, the conditions
in the present paper assume existence of ¢* whereas no positive eigenfunction of the adjoint
of M is guaranteed under the conditions in HS. Indeed, for non-stationary environments it
is not even clear how to restrict the class of functions appropriately to define an adjoint (for
instance, HS do not appear to restrict ¢ to belong to a Banach space). This suggests the

Harris recurrence condition is of a very different nature from Assumption F.1.

BHS assume that X is ergodic under the P probability measure, for which Conditions F.1(b)-
(d) are sufficient. Also notice that Condition F.1(a) is satisfied by construction in BHS.

The identification results in HS and the proof of proposition 3.3 in BHS shows that uniqueness
is established in the space of functions v for which E[1)(X;)/é(X,)] is finite, where E denotes
expectation under the stationary distribution corresponding to (OA.1). Under Assumption

F.1, their result establishes identification in the space of functions v for which

E[(Xe)/d(X:)] = E[¥(X,)¢*(X0)]

is finite. The right-hand side is finite for all ¢ € L? (by Cauchy-Schwarz). So in this sense

the identification result in HS and BHS applies to a larger class of functions than our result.



F.2 Existence

We obtain the following existence result by replacing Assumption F.1(b)(c) by the slightly
stronger quasi-compactness and positivity conditions in Assumption 2.1. The following result
is essentially Theorems 6 and 7 of Sasser (1964).!° Say that M is quasi-compact if M is
bounded and there exists 7 € T and a bounded linear operator V such that M, — V is
compact and (V) < r(M)”. Quasi-compactness of M is implied by Assumption 2.1.

Proposition F.2 Let Assumption 2.1(a) hold and let M be quasi-compact. Then:

(a) There exists positive functions ¢, ¢* € L* and a positive scalar p such that (p, ¢) solves
(6) and (p, ¢*) solves (7).
(b) The functions ¢ and ¢* are the unique solutions (in L*) to (6) and (7), respectively.

(c) The eigenvalue p is simple and isolated and it is the largest eigenvalue of M.

A similar existence result to part (a) was presented in a 2005 preliminary version of HS. For
that result, HS assumed that (M) was positive and that the (continuous-time) semigroup of
operators had an element which was compact. The further properties of p that we establish
in part (c) of Proposition F.2 are essential to our derivation of the large-sample theory. A

similar proposition was derived under different conditions in Christensen (2015).

HS establish existence of ¢ in possibly non-stationary, continuous-time environments by
appealing to the theory of ergodic Markov processes. Equivalent conditions for discrete-time
environments are now presented and compared with our identification conditions. As with
the identification conditions, we use analogues of generators and resolvents for discrete-time

semigroups where appropriate.

Condition F.2  (a) There exists a function V : X — R with V > 1 and a finite constant
a > 0 such that MV (z) < aV(x) for allz € X

15T thank an anonymous referee for bringing Theorems 6 and 7 of Sasser (1964) to my attention. Theorems
6 and 7 of Sasser (1964) replace Assumption 2.1(a) in Proposition F.2 by the condition that M is quasi-
positive, i.e. for each non-negative ¢ and 1* in L? that are not identically zero there exists 7 € T such
that (¢¥*,M,¢) > 0. Notice that quasi-compactness also requires that (M) > 0. Assumption 2.1(a) is
sufficient for these two conditions (i.e. quasi-positivity and (M) > 0). The condition (M) > 0 together with
power-compactness of Ml (Assumption 2.1(b)) is sufficient for quasi-compactness.



(b) There exists a measure v on (X, Z") such that JU{- € A}(z) > 0 for any A € X with
v(A) > 0, where J is given by

e MV ) (@)
-2

= z)

fora>a
(¢) The operators J and K are bounded, where K is given by

=Y A (I -sov))(x)
=0
where s : X — Ry is such that [ sdv > 0 and Ji(x) > s(z) [ dv for all p >0 (s
exists by part (b)), (s @ v)(x) := s(x) [ dv, and X € o(]).

HS show that Ks is a positive eigenfunction of Ml under the preceding conditions (see their
Lemma D.3). Condition F.2(b) is satisfied under Assumption 2.1 with v = @ whenever
a > r(M). To see this, take A € 2" with Q(A) > 0 and observe that:

Za_tMt N € AV (z Za 'M,I{- € A} >0
t=1
(almost everywhere) where the first inequality is by positivity and the second is by irre-
ducibility. It follows that JlI{- € A}(x) > 0 (almost everywhere). This verifies part (b), up

to the “almost everywhere” qualification.

On the other hand, Conditions F.2(a)(c) seem quite different from the conditions of Propo-
sition F.2. For instance, Assumption 2.1 does not presume existence of the function V' but
imposes a quasi-compactness condition. HS do not restrict the function space for Ml ex ante
so there is no notion of a bounded or power-compact operator on the space to which ¢ be-
longs. The requirement that K be bounded (or the sufficient conditions for this provided in

HS) do not seem to translate clearly in terms of the operator M.

F.3 Long-run pricing

We now present a version of the long-run pricing approximation of HS that holds under our

existence and identification conditions. We impose the normalization E[¢(X;)¢*(X;)] = 1



and define the operator (¢ ® ¢*) : L* — L? by:

(6® 6)(x) = $(z) / 60 dQ.

Proposition F.3 Let Assumption 2.1 hold. Then: there exists ¢ > 0 such that:

lp™ ™M — (¢ @ ¢7)[| = O(e™)

as T — O0.

Proposition F.3 is similar to Proposition 7.4 in HS. Proposition F.3 establishes convergence of
p~ ™M, to (p®¢*), with the approximation error vanishing exponentially in the payoff horizon
n. A similar proposition (without the rate of convergence) was reported in a 2005 draft of
HS. There, HS assumed directly that the distorted conditional expectations converged to
an unconditional expectation characterized by ¢, ¢*, and an arbitrary measure. Proposition
F.3 shows that in stationary environments the unconditional expectation E[()(X;)/p(X;)]

appearing in the long-run approximation (9) is characterized by ¢, ¢* and @, namely:

e
. [¢(Xt>

} _ E[(X)6 (X))

G Proofs of results in Appendices C and F

G.1 Proofs for Appendix C.1
Proof of Lemma C.1. Lemma 2.2 of Chen and Christensen (2015) gives the bound
|G — I|| = O,(&x(log n)/+/n). We first prove that [|[M° — Me|| = O, (&L (logn)/y/n).

Let {T,, : n > 1} be a sequence of positive constants to be defined below. Let bh = G2k
be the orthogonalized basis functions and let Z,,, = n "0 (X;)m(X;, Xo1)0¥(X;p1)'. Write:

|
—

n—1 n
M°—M°=> Z/me+ Y =%’ where

t,n
t=0 t
S = B l{[|Zenll < To/n} = EEm1{[|Zenl < Tn/n}]
S = Zeal{l|Zenll > To/n} = E[EenI{[IZeall > T/n}] .

Il
o



Note E[Z{"*"¢] = 0 and ||Z{"*"¢|| < 2n~'T,, by construction. Let S*~! = {u € R* : |ju = 1}.
For any u,v € S*! and any 0 < t,s < n — 1, we have:

R EY ol S S0 MK X m(Xs, XX
: %E[rmm,xtmw < B[l (B (X)) x B[ ()|

< LR[OI x B @O0

where the second line is by Holder’s inequality choosing ¢ such that 1 = % + % and the third
is because E[|[m(X;, X;41)|"] < oo. Since E[(b*(Xo)u)?] = ||u||? = 1 for any u € S*', we
have:

B[ (B (X)) < (Bl (X)) = 7

and so:
—trunc (—trunc —trunc (—trunc 24-4/r
[E[EremeZremey]|| < sup  [WEEme(Zreme) o] = 06" /n?).
u,veSk—1
The same argument gives ||E[(Z]v"¢)Z || = O( 247 1n2). By Corollary 4.2 of Chen and

Christensen (2015):
—1

—trunc
‘—'t n

=0

L(6:7 " (logn) /v/m)

provided T, (logn)/n = o( 1+2/r/\/_)

Now consider the remaining term. If m is bounded we can set J‘“l = 0 by taking T,, = C&2

for sufficiently large C'. Otherwise, by the triangle and Jensen inequalities:

E[ o } < WE[|Z, | 1{ ol > Ty /)]
t=0
2n” — — gk
< 2 B{IZ0 U [Zun ] > Tu/n)] € R Elm(Xo, X)),

By Markov’s inequality:

= Op(&" /T3 ) -

n—1
—tail
—t,n
t=0

choosing T, so that £2/T7—' < ¢/ (logn)/+/n, we obtain:

Htazl
—t,n

=0

(6 (log ) /v/m) .

10



The condition T),(logn)/n = o(&, 2/ /+/n) is, with this choice of T),, equivalent to the con-
dition (& (logn)/y/n)"=2/=1 = o(1), which holds because & (logn)/y/n = o(1) and r > 2.
We have therefore shown that ||ﬁ" — M?|| = O,( 1+2/T(log n)/v/n).

Result (1) now follows from Lemma D.3(b), noting that
I(G*)™'M° — M|l = 0,(&," (logn) /v/n)

which is 0,(1) under the condition §,1+2/ "(logn)/v/n = o(1). Result (2) follows from Result
(1) and definition of the operator norm. Result (3) is immediate from the fact that |Go—1|| =

0,(&(logn)/y/m) and [|M° — M°|| = O,(&, /" (logn)/y/n). =

Proof of Lemma C.2. Similar arguments to the proof of Lemmas 4.8 and 4.12 of Gobet
et al. (2004) give the bounds ||G® — I|| = O,(&+/k/n), (G — Déx|| = O,(&/v/7n), and
Hé’,;’((/io — )|l = O,(&/+/n). We first establish analogous bounds for Me.

Let w1, ..., u; be an orthonormal basis for R*. Then:

E[|M — M°|[2] < ST E[|(M” — M?)u|?]

=1
k k 1 n ~ ~

=3 ) Var EZ(bkj(Xt)Qm(Xt,Xt+1)2(bk(Xt+1)’ul)] :
=1 j=1 t=1

Now, by the covariance inequality for rho-mixing processes:

c :
E[M” — M| € = 37 DB (b (X0 m(Xe, X205 (X))’
=1 j=1
e & -
< SRS [ X (X))

1=1
where the constant C' depends only on the rho-mixing coefficients. By Holder’s inequality:

2r .r—2

E[m(Xs, Xep1)2 (08 (Xer)'w)?) < ElJm(Xo, X727 x E[(08(Xo) w)72]
E[Jm(Xo, X1)|"1%" x &7 x E[(0*(Xo)'w)?]

4/7"

IA

since E[|m(Xo, X1)["] < oo and ||w|| = 1. Substituting into the above, we obtain

E[|M° - M°|?] < & k/n

11



which, by Markov’s inequality, yields Hﬁo MOH O,(&, 2/ "\/k/n). Similar arguments
: /\o o\ 2/r % 0 o 2/r
give [|(M° — M?)ér|| = O, (/" /v/n) and [|g (M2 — M?)|| = O, (" /v/n).

Result (1) now follows from Lemma D.3(b), noting that

1(G) ™ M° — M?|| = O, (&, \/k/n)

which is 0,(1) under the condition sz/rx/k'/n = o(1).

For result (2), note that whenever ||(§° —1I|| < 3, we have ||((A3r°)*1|| < 2 and hence:

I((G*)7M° = M) | < [[(G) ™ (M — M)ayl| + [[((G) ™ = DM
< 2)|(M° = M?)é | + 21| (G = D]

The result for ¢ follows form the bounds H((A}O —1)é,|| = Op(&k/+/n) and H(ﬁ" — MP°)é|| =
0,(¢&, rr /+v/n). The result for & follows similarly.

Result (3) is immediate from the fact that |G° —I|] = O »(Exy/k/n) and ||1\/I" M| =

Op(&, ™" /k/n). m

Proof of Lemma C.3. The proof will follow by the same arguments as the proof of results
(1)—(3) in Lemma C.1, provided we show that ||ﬁ0—1\/10|| = Oy( 1+2/T(10g n)/+/n) also holds

in this case. First write:

Me — < Zl < (Xt, Xiy1;0) — m(XtaXtH;OCO))Bk(XtH))

-1
1 <—- . ~ ~
+ (E bk(Xt)m(Xt, Xt-i—l; Oé())bk<Xt+1) — MO> = ALk + AQ’]{;
=0
where [|Agsl| = O,( 1Jr2/r(log n)/y/n) by the proof of Lemma C.1. For A, condition (a)

implies that & € N wpal. Whenever & € N we may take a mean value expansion (valid by
condition (b)) to obtain:

Om(Xy, Xy1:a)
|A1 k|| - H Zbk Xt Xt+1) ( m( taa/tJrl Oé) (CY - Oz())) H Wpal

12



for & in the segment between & and «g. Therefore, wpal we have:

n—1

LS @ (X)) 0B (Xon)) (am(Xta’j”“ %) & a0)> ‘

n
t=0

1ALkl = sup

u,veSk—1

< & X ( sup —Z|ubk V)| % m(Xt,XtH)) x ||é — |

ueSk— 1nt 0

N1 = 1/2
< & X ( sup uf(;ou) <ﬁZm X, Xi41) ) X [|& — o]

k—1
u€esS t

where the first line is because ||A| = sup, ,cgw—1 [¢'Av| and the second and third lines
are by condition (b) and the Holder and Cauchy-Schwarz inequalities. Finally, notice that
SUD, e gh—1 W Gou = ||@°|| = 1+40,(1) by the proof of Lemma C.1, and < S (X, Xe)? =
O,(1) by the ergodic theorem and condition (b). Therefore ||£1k|| = 0,(&/+/n) and so
IMe — Me|| = O,( 127 (log n) /y/n), as required. m

Proof of Lemma C.4. The proof will follow by the same arguments as the proof of results
(1)-(3) in Lemma C.1, provided we show that

o 1+2/T 1 2_ 23v k.l k
[N - M) :op< oEn) b TyToER)
n n

As in the proof of Lemma C.3, it suffices to bound:
1 n—1 _ _
Ay = ” Z b*(X1) (m(Xt, Xiy1; &) — m(Xe, Xiga; 040)>bk(Xt+1) :
t=0
Let ho(zo, x1) = m(zg, x1; ) — m(xg, x1; ) and let:
he " (0, 21) = ha(o, 1) {5 (o) [|1B* (21)|| E(x0, 21) < T}
het (20, 1) = ha (w0, 21) I [[0* (o) | " (21) | E (w0, 1) > T}

13



where {T}, : n > 1} be a sequence of positive constants to be defined below. Then:

-1
1A 4] < sup Z (X)hiy " (Xp, Xeg)b" (Xia) — BB (XA (X, Xp)b (X)) |
=0
-+ sup Z X Rt (X, Xt+1)bk(Xt+1>
acA -0
+sup HIE EOX) R (X, Xy )P (Xisn) H + HE [ Xt)hd(Xt,XtH)I;k(XtH)]H
ac

= Ay 1+ Al,k,Z + Al,k,B + Al,k,4 .

Let Mo = {(chb*(20)) (0% (1)) A (zg, 21) : o, e € S, a0 € A} where S¥! is the unit
sphere in R*. Then:
Ay < n~Y? x SUPpe, . | Z,(h)|

by definition of the operator norm, where Z, is the centered empirical process on H,, ;. By
Theorem 2 of Doukhan et al. (1995):

. an@2(gn,k)
Elsuppey, , [2n(h)[] = O (so(%,k) =R ﬁTn@z) (OA.3)

where ¢ € {1,2,...}, 0pk > Suppey,,, [|1l2,5 for the norm [|-||2 5 defined on p. 400 of Doukhan
et al. (1995), and (o) is the bracketing entropy integral:

o) = [ flog N, Ho [ )
0
Exponential S-mixing and Lemma 2 of Doukhan et al. (1995) (with ¢(z) = z¥) imply:
I llzp < Cll [l on L (OA.4)

for any v > 1, where the constant C' < oo depends only on v and the S-mixing coefficients.

Taking 1 < v < 2s, by Holder’s inequality and condition (a) we have:

9_2s5—v
sup ||hllzs < C sup ||hllzy < CE =7 || Elas -

he€Hn k h€Hn k

_2s—v
We therefore take o, = Cfi 20 || E\4s-

To bound the bracketing entropy, define ., , = {bo(z0)b1(z1)h(z0, 21) : bo, b1 € Bj,h € H}}
where Bf = {(¢VF)/& : ¢ € S*'} and HE = {h*/E : a € A}. For B, note that

14



|60 () /& — 10 (2) /&l < (7105 (@)]) % lleo — exl where [[([[6* ()l /&)l < (k /€)' for
any p > 2. By Theorem 2.7.11 of van der Vaart and Wellner (1996) and Lemma 2.5 of van de
Geer (2000):

x _ 8(k/E2)\/p k
Nij(u, B, [ - ) SN(W@UWS% Ll ||> < (%4_1) )

It follows by Lemma 9.25(ii) in Kosorok (2008) that:
8(k/H)Vr  \* .
Mol 1) < (S ) N 0as)

Let [f, fu] be a e-bracket for H} ; under the L= norm. Then EEf, EEf.) is a & E||ase-
bracket for M, ; under the L? norm, because [|E2E(fy, — fi)ll2e < & E| sl fu — fil

451}

4571 .

Taking p = in display (OA.5) and using the fact that truncation of M* doesn’t increase

its bracketmg entropy, we obtain:

u
Nu(uﬂn,k,||-u2u>SNH(W, R
k

2s—v

U Ellus ORI\
< ]_ N * 4vs . A
<( v 1) M (g M1l - (©046)

Now, by displays (OA.4) and (OA.6) and condition (b):

o) = [ flog N Ho | a) du
0
< [ \los N/ C. s a)
0

ol=¢

1-¢
- +29 v U/(24CHE”4S£k W]CT_UU) ; C
S Bty / og(1 1 1/a) du + (2| E]|..)
0

g _2s—w s—v
s | \/ log (1+24C| Bllasgy = K55 fu) du + (&1 B]a,)*
0

ol=¢

1—

I

_2s—v
Since o, 1 = C{i 0 | E||4s, we obtain:

25 v
1 s—v .
P(onk) S HEH455 R / log(1+ 1/u) du + (&|El4s) (&, > || Elas)*™
—U | ~25=v
< HEH4S€k 2 klogk + || El|asé, Zov o 2es
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since fo Viog(1+1/u)du = O(0y/—logd) as 6 — 0. If fC 20 < Vklogk then the first
term dominates and we obtain ¢(o, ;) = (fk = Vklogk). It follows by display (OA.3)
that:

T T k1
7 VITGRE | Taghlost +mq)‘

El,k,l - Op( \/ﬁ

By Markov’s inequality we may deduce Ay o = O,(&35/T471) and Ay s = O(€8/T1),
Choosing T, so that:
PG JETogk
RN
)

and g = Cplogn for sufficiently large Cyy ensures, in view of the condition logn = O(¢,

22511

that 31,;@,1, 31,;@,2, and 31,;@3 are all O,(* 2 y/(klogk)/n). For the remaining term, by

condition (c) we have:

| . .
—= Vil [6 = ao] + O(lla — aol%) = Op(n1?)

Appa = [M(M©® — M)|g, || < £5(a) = NG

which is of smaller order. m

G.2 Proofs for Appendix C.2

Proof of Lemma C.5. Lemma 2.2 of Chen and Christensen (2015) gives the bound
|Ge —I|| = O,(&x(logn)/y/n). Let {T,, : n > 1} be a sequence of positive constants to be
defined and let:

Gy = thifﬂ{llf)’“( O (@)1 Gyl | < T}
G = G W @) 18 (e 1P| Gos T | > T} -

We then have:

sup || T — T%]| < sup
v:||v||<c v:||v||<c

—1
Z (X)) G| R (X ) o] — B[OE (X)) GUrere b (X, ) 0]
=0

-1

1 o~
=S PGP (K)ol
t=0

E[Bk(xt)Ggf{|6k<xt+1)'v|ﬂ]H = T+ T+Ts

+ sup

vif|vf|<e

+ sup

villvl<e
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Let o = {w'b*(z0)Gne|b* (z1)'v]? : v € R, ||Jv|| < ¢,w € S¥1}. Then:
T\l <n V% x SUPpey, , |Zn(h)]

where Z,, is the centered empirical process on H,, ;. Each h € H, , is uniformly bounded by
PT,. Therefore, by Condition (a) and Theorem 2 of Doukhan et al. (1995):

AT, q0% (0,
E[suppey, , |2n(h)]] = O (go(crmk) + w + \/ﬁc’BTnﬁq) (OA.T)
' O-n,k\/ﬁ

where ¢ € {1,2,...}, Oni > suppeqy, , ||P]|2,5 for the norm |- ||2 s defined on p. 400 of Doukhan
et al. (1995), and ¢(o) is the bracketing entropy integral:

o) = [ e N0 o o)
0

To calculate o, 1, by (OA.4) and Hélder’s inequality we have:

sup [|hflos < C sup |[hlas < OG5,

hEHH,k heHn,k

where ||G'~7||4, is finite by condition (b). Set o, = Cc?||G' 7|25 7.

To bound the bracketing entropy, first fix ¢ > 2 and let wy, ..., wy, be a e-cover for S¥~1
and vy, ..., vy, be a et/P-cover for {v € R* : ||v|| < c}. For any w € S*~* and v € {v € R* :

|v|| < ¢} there exist v; € {v1,...,vn,} and w; € {wy, ..., wy,} such that:

wib (o) Gy () vil” - 6((1 + cﬁ)||6k(x0)|y||z3'f(x1)||ﬁ|c;§wn0|)
< w'bF (o) G0 (1) 0]

< w}[;k<x0)G§TunC|l~)k(xl)’vilﬁ —+ 8((1 -+ CB)”E]C(SCO)H Hgk(xl)uﬁ'Gtirunc’)
where:
J2=(@+ N @B Il ),, < 220+ G el = <ol

where Cy = 2(1 + ¢?)||G'7||25. Therefore, given a e-cover of S¥~! and a e'/#-cover for

{v e R": |ju]| < ¢} we can construct eCoé P-brackets for 4, under the L? norm, and so
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by Lemma 2.5 of van de Geer (2000):

4Co€,1+’8 n 1)’“ <4C(CO€;+B)1/B + 1)’“ '

u ul/ﬁ

N (s M | - ) <

By (OA.4) and the above display:

p(o) = / \/109;Nu(ua7in,ka - ll2,6) du
0
< / \/logN[](U/C, Honer || - ||2s) du
0
0 0

Since o, = C’OBHGl*VHQSﬁ;JFB, by a change of variables we obtain (o, ) = O(S;JFB\/E).
Substituting into (OA.7):

N 1+5\/% T,qk
fi=o, (S + 2

By Markov’s inequality we may deduce Ty = O, (% /T25-1) and Ty = O(£L 9% j2s-1y,
Choosing T, so that €](€1+5)25/T3571 = f,i#} k/n and ¢ = Cylogn for large enough Cj
ensures, in view of the condition (logn)@~1/6=Vk/n = o(1), that Ty, Tb, and Ty are all
Op(&17V/k/n).

7).

The expression for v, now follows from display (S.18) and the rates for G° and T°. m

G.3 Proofs for Appendix F

Proof of Proposition F.1. We first show that any positive eigenfunction of M must
have eigenvalue p. Suppose that there is some positive ¥ € L? and scalar A such that
My (z) = AMp(z). Then we obtain:

Mo, ) = (67, My) = (M"¢",4) = p(¢7, 1)

with (¢*, 1) > 0 because ¢* and 1) are positive, hence A = p. A similar argument shows that

any positive eigenfunction of M* must correspond to the eigenvalue p.

It remains to show that ¢ and ¢* are the unique eigenfunctions (in L?) of M and M* with
eigenvalue p. We do this in the following three steps. Let F' = {4 € L? : M) = pip}. We first

18



show that if ¢ € F' then the function |¢| given by [¢|(z) = |¢(x)]| also is in F. In the second
step we show that i) € F implies ¢ = || or ¢ = —|¢|. Finally, in the third step we show
that F' = {s¢ : s € R}.

For the first step, first observe that F' # {0} because ¢ € F' by Assumption F.1(b). Then
by Assumption F.1(c), for any ¢ € F' we have M|y| > |[My| = p|¢| and so M| — p|ip| >0

(almost everywhere). On the other hand,

(0%, M| = plib]) = (M7, [¢]) — p(¢", &) =

which implies that M|y)| = p|)| and hence || € F.

For the second step, take any ¢ € F' that is not identically zero. Suppose that ) = || on
a set of positive ) measure (otherwise we can take — in place of ¢). We will prove by
contradiction that this implies [¢)] = 1. Assume not, i.e. [¢)| # ¥ on a set of positive @
measure. Then [¢)| — ¢ > 0 (almost everywhere) and || — 1) # 0. But by step 1 we also have
that M(|¢o| — ) = p(|1o| — 1). Then for any A > (M) we have

(p/) e
mua—s):;() (Il = &) = S A (] - ) >

n>1

(almost everywhere) by Assumption F.1(c). Therefore, |¢)| > 1 (almost everywhere). This
contradicts the fact that 1 = [1| on a set of positive () measure. A similar proof shows that
if —1) = |¢| holds on a set of positive () measure then — = |¢|.

For the third step we use an argument based on the Archimedean axiom (see, e.g., p. 66 of
Schaefer (1974)). Take any positive ¢ € F' and define the sets Sy = {s € R : ¢ > s¢} and
S_ ={s € R:( < s¢} (where the inequalities are understood to hold almost everywhere).
It is easy to see that S, and S_ are convex and closed. We also have (—o0,0] € S, so
Sy is nonempty. Suppose S_ is empty. Then ¢ > s¢ on a set of positive measure for all

€ (0,00). By step 2 we therefore have ¢ > s¢ (almost everywhere). But then because L?
is a lattice we must have ||| > s||@]| for all s € (0,00) which is impossible because 1) € L.
Therefore S_ is nonempty. Finally, we show that R = S, U S_. Take any s € R. Clearly
1 —s¢ € F. By Claim 2 we know that either: 1) — s¢ > 0 (almost everywhere) which implies
s € Sy or ¢ —s¢p < 0 (almost everywhere) which implies s € S_. Therefore R = S, U S_.
The Archimedean axiom implies that the intersection S, N S_ must be nonempty. Therefore
Sy NS_ = {s*} (the intersection must be a singleton else ¢ = s¢ and 1 = §'¢ with s # )
and so ¥ = s*¢ (almost everywhere). This completes the proof of the third step.
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A similar argument implies that ¢* is the unique positive eigenfunction of M*. m

Proof of Proposition F.2. Assumption 2.1(a) implies that r(M) > 0 (see Proposition
IV.9.8 and Theorem V.6.5 of Schaefer (1974)). The result now follows by Theorems 6 and 7
of Sasser (1964) with p = r(M). That p is isolated follows from the discussion on p. 1030 of
Sasser (1964). m

Proof of Proposition F.3. Consider the operator M = p~'M with p = r(M). Proposition

F.2 implies that {1} = {\ € o(M) : |A\| = 1}. Further, since M is power compact it has
discrete spectrum (Dunford and Schwartz, 1958, Theorem 6, p. 579). We therefore have
sup{|A| : A € o(M), A # 1} < 1 and hence M = (¢ ® ¢*) +V where 7(V) < 1 and M, (¢ ® ¢*)
and V commute (see, e.g., p. 331 of Schaefer (1974) or pp. 1034-1035 of Sasser (1964)). Since
these operators commute, a simple inductive argument yields:

V=M= (¢®¢") =M —(¢®¢") =p M, — (¢®¢")
for each 7 € T'. By the Gelfand formula, there exists € > 0 such that:

lim V7Y =r(V) <1—¢ (OA.8)

Let {7 : k > 1} C T be the maximal subset of T" for which ||[V™|| > 0. If this subsequence is
finite then the proof is complete. If this subsequence is infinite, then by expression (OA.8),

log ||V
lim sup M <0.

Tl —> 00 Tk

Therefore, there exists a finite positive constant ¢ such that for all 7 large enough, we have:
log ||[V™|| < —emp

and hence:
[P~ ™My, — (9@ %) < e™

as required. m
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