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This note works through parametric derivations required for the simulations and empirical

application in the paper “Nonparametric Stochastic Discount Factor Decomposition”.

1 Recursive preferences with linear-Gaussian state

1.1 Univariate case

First assume that:

gt+1 − µ = κ(gt − µ) + σet+1 , et+1 ∼ i.i.d. N(0, 1). (1)

Step 1: fixed-point problem.

Guess a solution of the form h(g) = eb0+b1g to the fixed-point equation:

h(gt) = E[G1−γ
t+1

(
h(gt+1)

)β|gt] . (2)

Then we have:

eb0+b1gt = E[e(1−γ)gt+1+βb0+βb1gt+1|gt] (3)

= eβb0E[e(1−γ+βb1)gt+1 |gt] (4)

= eβb0e(1−γ+βb1)(1−κ)µ+(1−γ+βb1)κgt+
1
2

(1−γ+βb1)2σ2

. (5)

Collecting coefficients of gt:

b1 = κ(1− γ + βb1) ⇒ b1 =
κ(1− γ)

1− κβ
. (6)
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Collecting constants:

b0 = βb0 + (1− γ + βb1)(1− κ)µ+
1

2
(1− γ + βb1)2σ2 (7)

⇒ b0 =
1

1− β

(
b2(1− κ)µ+

1

2
b2

2σ
2

)
(8)

with b2 = 1− γ + βb1.

Also notice that unconditionally gt ∼ N(µ, σ2

1−κ2 ). Therefore:

‖h‖2 = e2b0E[e2b1gt ] = e
2b0+2b1µ+2b21

σ2

1−κ2 ⇒ ‖h‖ = e
b0+b1µ+b21

σ2

1−κ2 (9)

and so:

χ(gt) =
eb0+b1gt

e
b0+b1µ+b21

σ2

1−κ2
= e

−(b1µ+b21
σ2

1−κ2
)+b1gt = ec0+b1gt (10)

where c0 = −(b1µ+ b2
1

σ2

1−κ2 ). Finally,

λ = e
(1−β)(b0+b1µ+b21

σ2

1−κ2
)

= e(1−β)(b0−c0) . (11)

Step 2: Perron-Frobenius problem.

First, write the SDF as:

m(gt, gt+1) =
β

λ
G−γt+1

χ(gt+1)β

χ(gt)
(12)

=
β

λ
e−γgt+1+β(c0+b1gt+1)−(c0+b1gt) (13)

=
β

λ
e(β−1)c0e(βb1−γ)gt+1−b1gt . (14)

This gives:

E[logm(gt, gt+1)] = log
(β
λ

)
+ (β − 1)c0 + (βb1 − γ − b1)µ (15)

which is needed for the entropy calculation.

Guess a solution of the form φ(g) = ea0+a1g and plugging into Mφ = ρφ, we obtain:

ρea1gt =
β

λ
e(β−1)c0e−b1gtE[e(a1+βb1−γ)gt+1|gt] (16)

=
β

λ
e(β−1)c0e−b1gte(a1+βb1−γ)(1−κ)µ+(a1+βb1−γ)κgt+

1
2

(a1+βb1−γ)2σ2

. (17)
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Collecting coefficients of gt:

a1 = −b1 + (a1 + βb1 − γ)κ ⇒ a1 =
−b1 + κ(βb1 − γ)

1− κ
(18)

and so a0 = −a1µ− a2
1

σ2

1−κ2 .

Moreover,

ρ =
β

λ
e(β−1)c0e(a1+βb1−γ)(1−κ)µ+ 1

2
(a1+βb1−γ)2σ2

=
β

λ
e(β−1)c0eν(1−κ)µ+ 1

2
ν2σ2

(19)

where ν = βb1 − γ + a1.

Step 2b: time-reversed Perron-Frobenius problem.

Now we guess a solution of the form φ(g) = ea
∗
0+a∗1g. Plugging into M∗φ∗ = ρφ∗ and using

reversibility of {gt} (Weiss, 1975), we obtain:

ρea
∗
1gt+1 =

β

λ
e(β−1)c0e(βb1−γ)gt+1E[e(a∗1−b1)gt |gt+1] (20)

=
β

λ
e(β−1)c0e(βb1−γ)gt+1+(a∗1−b1)(1−κ)µ+(a∗1−b1)κgt+1+ 1

2
(a∗1−b1)2σ2

. (21)

Collecting coefficients of gt+1:

a∗1 = βb1 − γ + (a∗1 − b1)κ ⇒ a∗1 =
(β − κ)b1 − γ

1− κ
. (22)

We choose a∗0 so that:

1 = E[ea0+a∗0+(a1+a∗1)gt ] = e
a0+a∗0+(a1+a∗1)µ+ 1

2
(a1+a∗1)2 σ2

1−κ2 (23)

which implies a∗0 = −(a0 + (a1 + a∗1)µ+ 1
2
(a1 + a∗1)2 σ2

1−κ2 ).

Step 3: Covariance of the permanent and transitory components.

The permanent component is:

MP
t+1

MP
t

=
β
λ
e(β−1)c0e(βb1−γ)gt+1−b1gt

β
λ
e(β−1)c0eν(1−κ)µ+ 1

2
ν2σ2

ea1gt+1−a1gt = e−ν(1−κ)µ− 1
2
ν2σ2

eνgt+1−(b1+a1)gt . (24)

Therefore:

mP
t+1 = log

(MP
t+1

MP
t

)
= const− (b1 + a1)gt + νgt+1 . (25)
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The transitory component is:

MT
t+1

MT
t

=
β

λ
e(β−1)c0eν(1−κ)µ+ 1

2
ν2σ2

ea1gt−a1gt+1 (26)

and so:

mT
t+1 = log

(MT
t+1

MT
t

)
= const + a1gt − a1gt+1 . (27)

Notice that: (
gt

gt+1

)
∼ N

((
µ

µ

)
,

(
σ2

1−κ2 κ σ2

1−κ2

κ σ2

1−κ2
σ2

1−κ2

)
︸ ︷︷ ︸

V

)
. (28)

Therefore:

Cov(mP
t+1,m

T
t+1) = v′PVvT Var(mP

t+1) = v′PVvP Var(mT
t+1) = v′TVvT (29)

where:

vP =

(
−(a1 + b1)

ν

)
vT =

(
a1

−a1

)
. (30)

1.2 Multivariate case

Now assume that gt+1 = Γ′Xt+1 where

Xt+1 − µ = A(Xt − µ) + σet+1 , et+1 ∼ i.i.d. N(0, I) (31)

and let Σ = σσ′.

Step 1: fixed-point problem.

Guess a solution of the form h(x) = eb0+b′1x to the fixed-point equation:

h(Xt) = E[G1−γ
t+1

(
h(Xt+1)

)β|Xt] (32)

⇒ eb0+b′1Xt = E[e(1−γ)Γ′Xt+1+βb0+βb′1Xt+1|Xt] (33)

= eβb0E[e((1−γ)Γ+βb1)′Xt+1|Xt] (34)

= eβb0e((1−γ)Γ+βb1)′(I−A)µ+((1−γ)Γ+βb1)′AXt+
1
2

((1−γ)Γ+βb1)′Σ((1−γ)Γ+βb1) . (35)
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Collecting coefficients of Xt:

b1 = A′((1− γ)Γ + βb1) ⇒ b1 = (1− γ)(I − βA′)−1A′Γ . (36)

Collecting constants:

b0 = βb0 + ((1− γ)Γ + βb1)′(I − A)µ+
1

2
((1− γ)Γ + βb1)′Σ((1− γ)Γ + βb1) (37)

⇒ b0 =
1

1− β

(
b′2(I − A)µ+

1

2
b′2Σb2

)
(38)

where b2 = βb1 + (1− γ)Γ.

The marginal of Xt is N(µ, V ) where V solves V = AV A′ + Σ. Therefore:

‖h‖2 = e2b0E[e2b′1Xt ] = e2b0+2b′1µ+2b′1V b1 ⇒ ‖h‖ = eb0+b′1µ+b′1V b1 (39)

and so

χ(Xt) =
eb0+b′1x

eb0+b′1µ+b′1V b1
= e−(b′1µ+b′1V b1)+b′1Xt = ec0+b′1Xt (40)

where c0 = −(b′1µ+ b′1V b1). Finally,

λ = e(1−β)(b0+b′1µ+b′1V b1) = e(1−β)(b0−c0) . (41)

Step 2: Perron-Frobenius problem.

First, write the SDF as:

m(Xt, Xt+1) =
β

λ
G−γt+1

χ(Xt+1)β

χ(Xt)
(42)

=
β

λ
e−γΓ′Xt+1+β(c0+b′1Xt+1)−(c0+b′1Xt) (43)

=
β

λ
e(β−1)c0e(βb1−γΓ)′Xt+1−b′1Xt . (44)

This gives:

E[logm(Xt, Xt+1)] = log
(β
λ

)
+ (β − 1)c0 + (βb1 − γΓ− b1)′µ (45)

which is needed for the entropy calculation.
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Guess a solution of the form φ(x) = ea0+a′1x. Plugging into Mφ = ρφ, we obtain:

ρea
′
1Xt =

β

λ
e(β−1)c0e−b

′
1XtE[e(a1+βb1−γΓ)′Xt+1|Xt] (46)

=
β

λ
e(β−1)c0e−b

′
1Xte(a1+βb1−γΓ)′(I−A)µ+(a1+βb1−γΓ)′AXt+

1
2

(a1+βb1−γΓ)′Σ(a1+βb1−γΓ) . (47)

Collecting coefficients of Xt:

a1 = −b1 + A′(a1 + βb1 − γΓ) ⇒ a1 = (I − A′)−1(−b1 + A′(βb1 − γΓ)) . (48)

Moreover,

ρ =
β

λ
e(β−1)c0e(a1+βb1−γΓ)′(I−A)µ+ 1

2
(a1+βb1−γΓ)′Σ(a1+βb1−γΓ) =

β

λ
e(β−1)c0eν

′(I−A)µ+ 1
2
ν′Σν (49)

where ν = βb1 − γΓ + a1.

Step 3: Covariance of the permanent and transitory components.

The permanent component is:

MP
t+1

MP
t

=
β
λ
e(β−1)c0e(βb1−γΓ)′Xt+1−b′1Xt

β
λ
e(β−1)c0eν

′(I−A)µ+ 1
2
ν′Σν

ea
′
1Xt+1−a′1Xt = e−ν

′(I−A)µ− 1
2
ν′Σνeν

′Xt+1−(a1+b1)′Xt (50)

and so:

mP
t+1 = const− (a1 + b1)′Xt + ν ′Xt+1 . (51)

The transitory component is:

MT
t+1

MT
t

=
β

λ
e(β−1)c0eν

′(I−A)µ+ 1
2
ν′Σνea

′
1Xt−a′1Xt+1 (52)

and so:

mT
t+1 = const + a′1Xt − a′1Xt+1 . (53)

Notice that: (
Xt

Xt+1

)
∼ N

((
µ

µ

)
,

(
V V A′

AV V

)
︸ ︷︷ ︸

V

)
. (54)
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Therefore, the covariance of mP
t+1 and mT

t+1 are as in display (29) with V from (54) and:

vP =

(
−(a1 + b1)

ν

)
vT =

(
a1

−a1

)
. (55)

2 Recursive preferences with stochastic volatility in

consumption growth

2.1 Derivation

We use a specification of the consumption growth process similar to one studied in Backus,

Chernov, and Zin (2014) but without habits. Assume that:

gt+1 − µ = κ(gt − µ) + v
1/2
t et+1 , et+1 ∼ i.i.d. N(0, 1)

vt+1 = ARG(cv, ϕv, δv)

where ARG(cv, ϕv, δv) is an autoregressive gamma (ARG) process of order 1 parameterized

by (cv, ϕv, δv) that is independent of the sequence of N(0, 1) innovations. We refer the reader

to Gourieroux and Jasiak (2006) for background material on ARG processes.

The state vector is Xt = (gt, vt)
′. The following derivations are essentially a special case of

Appendix H in Backus et al. (2014) but are included for compelteness. Throughout, we will

use the fact that:

E[esvt+1|vt] = e
ϕvs

1−scv
vt−δv log(1−scv) (56)

(see Appendix H in Backus et al. (2014)).

Step 1: fixed-point problem.

Guess a solution of the form h(g, v) = ea0+b1g+a2v to the fixed-point equation:

h(gt, vt) = E[G1−γ
t+1

(
h(gt+1, vt+1)

)β|gt, vt] (57)

⇒ ea0+a1gt+a2vt = E[e(1−γ)gt+1+βa0+βa1gt+1+βa2vt+1|gt, vt] (58)

= eβa0E[e(1−γ+βa1)gt+1+βa2vt+1|gt, vt] (59)

= eβa0e(1−γ+βa1)(1−κ)µ+(1−γ+βa1)κgt+
1
2

(1−γ+βa1)2vtE[eβa2vt+1 |vt] (60)

= eβa0e(1−γ+βa1)(1−κ)µ+(1−γ+βa1)κgt+
1
2

(1−γ+βa1)2vte
ϕvβa2

1−βa2cv
vt−δv log(1−βa2cv)

. (61)
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Collecting coefficients of gt:

a1 = κ(1− γ + βa1) ⇒ a1 =
κ(1− γ)

1− βκ
. (62)

Collecting coefficients of vt:

a2 =
1

2
(1− γ + βa1)2 +

ϕvβa2

1− βa2cv
⇒ a2 − ν =

ϕvβa2

1− βa2cv
(63)

where ν = 1
2
(1− γ + βa1)2. Rearranging:

0 = (a2 − ν)(1− βcva2)− βϕva2 (64)

= βcva
2
2 + (β(ϕv − cvν)− 1)a2 + ν (65)

so we solve the quadratic and take the smallest root to obtain:

a2 =
−(β(ϕv − cvν)− 1)−

√
(β(ϕv − cvν)− 1)2 − 4βcvν

2βcv
(66)

provided (β(ϕv − cvν)− 1)2− 4βcvν ≥ 0. Taking the smallest root ensures that a2 = 0 if the

variance of log gt is zero (see Appendix H in Backus et al. (2014)).

Collecting the constant terms:

a0 = βa0 + (1− γ + βa1)(1− κ)µ− δv log(1− βa2cv) (67)

⇒ a0 =
1

1− β
((1− γ + βa1)(1− κ)µ− δv log(1− βa2cv)) (68)

provided βa2cv < 1.

Step 2: Perron-Frobenius problem.

First, write the SDF as:

m(Xt, Xt+1) = βG−γt+1

h(Xt+1)β

h(Xt)
(69)

= βe−γgt+1+β(a0+a1gt+1+a2vt+1)−(a0+a1gt+a2vt) (70)

= βe(β−1)a0+(βa1−γ)gt+1+βa2vt+1−a1gt−a2vt (71)

= d0e
d1gt+1+d2vt+1+d3gt+d4vt (72)
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where

d0 = βe(β−1)a0 d1 = βa1 − γ d2 = βa2 d3 = −a1 d4 = −a2 . (73)

In this notation we have:

E[logm(Xt, Xt+1)] = log(d0) + (d1 + d3)µ+ (d2 + d4)
δvcv

1− ϕv
(74)

which is needed for the entropy of the permanent component.

Conjecture a solution of the form φ(g, v) = ec0+c1g+c2v. Plugging into Mφ = ρφ gives:

ρec1gt+c2vt = d0e
d3gt+d4vtE[e(d1+c1)gt+1+(d2+c2)vt+1|gt, vt] (75)

= d0e
d3gt+d4vte(d1+c1)(1−κ)µ+(d1+c1)κgt+

1
2

(d1+c1)2vtE[e(d2+c2)vt+1|vt] (76)

= d0e
(d1+c1)(1−κ)µe[d3+(d1+c1)κ]gt+[d4+ 1

2
(d1+c1)2]vtE[e(d2+c2)vt+1|vt] (77)

= d0e
(d1+c1)(1−κ)µe[d3+(d1+c1)κ]gt+[d4+ 1

2
(d1+c1)2]vte

ϕv(d2+c2)
1−cv(d2+c2)

vt−δv log(1−cv(d2+c2))
(78)

= d0e
(d1+c1)(1−κ)µ−δv log(1−cv(d2+c2))e

[d3+(d1+c1)κ]gt+[d4+ 1
2

(d1+c1)2+
ϕv(d2+c2)

1−cv(d2+c2)
]vt . (79)

Collecting coefficients of gt:

c1 = d3 + κ(d1 + c1) ⇒ c1 =
d3 + κd1

1− κ
. (80)

Collecting coefficients of vt:

c2 = d4 +
1

2
(d1 + c1)2 +

ϕv(d2 + c2)

1− cv(d2 + c2)
. (81)

Let c3 = c2 + d2. Then:

c3 = d2 + d4 +
1

2
(d1 + c1)2 +

ϕvc3

1− cvc3

= ξ +
ϕvc3

1− cvc3

. (82)

where ξ = d2 + d4 + 1
2
(d1 + c1)2. Rearranging:

(c3 − ξ)(1− cvc3) = ϕvc3 (83)

⇒ 0 = cvc
2
3 + (ϕv − 1− cvξ)c3 + ξ . (84)
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Solving the quadratic and again taking the negative root, we obtain:

c3 =
−(ϕv − 1− cvξ)−

√
(ϕv − 1− cvξ)2 − 4cvξ

2cv
(85)

provided (ϕv − 1− cvξ)2 − 4cvξ ≥ 0. Finally, set c2 = c3 − d2.

We also obtain

ρ = d0e
(d1+c1)(1−κ)µ−δv log(1−cv(d2+c2)) (86)

provided cv(d2 + c2) < 1.

Step 3: Covariance of the permanent and transitory components.

The permanent component is:

MP
t+1

MP
t

=
d0

d0e(d1+c1)(1−κ)µ−δv log(1−cv(d2+c2))
e(d1+c1)gt+1+(d2+c2)vt+1+(d3−c1)gt+(d4−c2)vt (87)

and so:

mP
t+1 = const +

(
d3 − c1

d4 − c2

)′
Xt +

(
d1 + c1

d2 + c2

)′
Xt+1 . (88)

The transitory component is:

MT
t+1

MT
t

= d0e
(d1+c1)(1−κ)µ−δ log(1−cv(d2+c2))e−c1gt+1−c2vt+1+c1gt+c2vt (89)

and so:

mT
t+1 = const +

(
c1

c2

)′
Xt −

(
c1

c2

)′
Xt+1 . (90)

It remains to construct the covariance matrix V of (Xt, Xt+1). From Gourieroux and Jasiak

(2006) we have:

E[vt] =
cvδv

1− ϕv
(91)

Var(vt) =
c2
vδv

(1− ϕv)2
(92)

Cov(vt, vt+1) = ϕvVar(vt) =
ϕvc

2
vδv

(1− ϕv)2
. (93)

10



It follows that

Var(gt) =
cvδv

(1− ϕv)(1− κ2)
(94)

Cov(gt, gt+1) = κVar(gt) =
κcvδv

(1− ϕv)(1− κ2)
. (95)

Finally, note that Cov(gt, vt+1), Cov(vt, gt+1), and Cov(vt+1, gt+1) are all zero. The covariance

matrix of (X ′t, X
′
t+1)′ is therefore:

V =


cvδv

(1−ϕv)(1−κ2)
0 κ cvδv

(1−ϕv)(1−κ2)
0

0 c2vδv
(1−ϕv)2

0 ϕv
c2vδv

(1−ϕv)2

κ cvδv
(1−ϕv)(1−κ2)

0 cvδv
(1−ϕv)(1−κ2)

0

0 ϕv
c2vδv

(1−ϕv)2
0 c2vδv

(1−ϕv)2

 . (96)

The covariance of mP
t+1 and mT

t+1 are as in display (29) with this V and with:

vP =


d3 − c1

d4 − c2

d1 + c1

d2 + c2

 vT =


c1

c2

−c1

−c2

 . (97)

2.2 Estimation

We estimate the parameters (µ, κ, ϕv, cv, δv) by indirect inference. The auxiliary model for

{gt} is an AR(1) process with a GARCH(1,1) process fit to the AR(1) residuals. We use

500 simulated series. In fitting the auxiliary model, we first estimate the AR(1) parameters

µ and κ by regression then and fit the GARCH(1,1) process to the residuals by maximum

likelihood.
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