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Abstract

This supplement includes additional results not reported in the main paper to conserve space.
First, it discusses in detail the examples of semiparametric estimators analyzed in the main
paper, and also introduces and discusses a new example of interest: ‘Hit Rate’, which involves
a non-differentiable functional of the nonparametric component and is briefly mentioned in the
simulation section of the main paper. Second, it reports a technical lemma useful to handle

kernel-based nonparametric estimators, which may be of independent interest.
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SA.1 Example 1: Average Density

We provide details on the examples given in the main paper, which illustrate different features of

our main results. This section considers the average density estimand
00 = Blro(a)] = [ ola)da.

where 7,(z) denotes the Lebesgue density of a random vector 2 € R?. In many respects this can
be seen as the simplest possible semiparametric problem, that is, we view it as the analogue of
the (sample) mean of a distribution in parametric mathematical statistics. This simple example
provides straightforward illustration of several interesting features of semiparametric estimators, as
already discussed in the main text briefly, and in more detail herein.

We consider three distinct semiparametric kernel-based estimators: (i) the plug-in sample av-
erage estimator 9,ALD =n 13" 4. (z;), where 4, () is a kernel-based density estimator; (ii) the
integrated square density estimator 9;SD = [ga¥n(2)?dz; and (iii) the “locally robust” estimator
0 o

As discussed in the main paper, this example is used to illustrate three main findings. First, 9le
shows that Stochastic Equicontinuity is a necessary condition, when a “master theorem” is applied
directly to this estimator, and hence such a condition must be replaced; in this case, BE! # 0 but
‘BIIT;'ZL = 0. This fact leads to our proposed weaker condition: Asymptotic Separability. Second,
0

D
n shows that changing the form of the estimating equation can have important implications for

small bandwidth biases; in this case, BE! = 0 but BN # 0, as argued in Cattaneo, Crump, and
Jansson (2013, Rejoinder). Finally, 91;:{
small bandwidths; in this case, BE! # 0 and BN #£ 0.

Suppose 1, ..., T, are i.i.d. copies of a continuously distributed random vector z € R? with

shows that “locally robust” estimators are not robust to

Lebesgue density v,. To obtain primitive bandwidth conditions for the conditions of Theorems 1

and 2, suppose that for some P > d/2, the following regularity conditions hold:

® 7 is P times differentiable, and v, and its first P derivatives are bounded and continuous.

e K is even and bounded with [, |K (u)| (14 |lul|”)du < oo and

1, ==l =0
/ul11~--uildK(u)du: ’ 1 ! d i
R4 0, if(lh,....,lg)€Zy andly+---+1lg <P

The smoothness assumption on 7y, can be relaxed substantially, though this is not the main

focus of our paper. See, e.g., Giné and Nickl (2008) and references therein.



SA.1.1 Average Density Estimator 9?

A sample analogue kernel-based estimator of 0y = E[y,(z)] is given by

n
0= 23l ) =S Kala o) Kl = e (1)

n 4 n o h¢ hy,
When verifying the conditions of Theorems 1 and 2 for this example, we set z = z, z(z,60) = z,
w(z,0) =1, vy(-,0) = v(-), and let 8,, be defined by Gy, (0,,4,,) = 0, where g(z,0,~) = v(z) — 0 =
g*®(x,0,7) is a linear functional of v = f.

Being a second-order V-statistic, the estimator is very tractable. Partly due to this tractability,
this estimator has been widely studied, and we include here in part because it provides a dramatic
demonstration of the fragility of Stochastic Equicontinuity (SE) with respect to bandwidth choice.
It also illustrates how to verify sufficient conditions, and their relationship to necessary conditions,
in arguably a very simple and transparent case.

If the bandwidth satisfies nh2” — 0 and nh% — oo, we show here that the conclusion of Theorem

1 holds with B,, = B + o(n~"1/2),

1

B~ L
d
nhé

K(0) and Yo = 4V[yo(x)].

Because .

the condition nh¢ — oo is weak enough to permit B, # o(n~'/2). On the other hand, \/n(6, —

0o — B,,) ~ N(0,%0) reduces to v/n(0, — 0g) ~ N(0,X) when imposing conditions requiring

nh2? — oo, so it is necessary to guard against this when the goal is to obtain the more refined

VB, = ViB + o(1) = K(0) +o(n"/2),

result given by Theorem 1.

SA.1.1.1 Condition AL

This condition holds with Jy = I4,, with dy = 1 in this example, and without any op(1) terms.
Therefore, B,, = B,, and Xy = ).

SA.1.1.2 Condition AS

Because

In(@.7) = g0 (@, %) + Gy (@) = Vls gnn(@)] = (1= n" )y (2),

Condition AS holds with g, = gn if V(gn~(2:)[3%]) = o(n). More precisely, the first part of

Condition AS is automatically satisfied, and the second part becomes

L - 5 () xT:) — €T = 0 = X x)axr
7 LB et =on(t) 0= [ oo



where ’Ay%i) (x) = (n—1)71 > i=1jzi Kn(z — xj). A simple variance calculation now shows that

Condition AS is satisfied if nh? — oo, because
V(gna(z)[32)) = (1= n™)?V[Kn (21 = 22) = 7, (21)] = O(1/hyy) = o(n).

SA.1.1.3 Comparison to SE

If nh2P — 0 and if nh¢ — oo, then
1 .
7 > @) = val@i) — vo(:) + bo)
i=1

== Y )+ (1 i) - a(a) = o) + o
=1

- \j(% + \/175 Z[(l - n—l)(Q’Yn(ﬂﬁi) —0,) — vo(x) — vo(x3) + 00] + 0op(1)
n =1
_ fn% n ;ﬁ > Dnla) = vo(e)] = Vit = 60) +oe(1) = K;fﬁid +on(1),

where the last equality uses E(|7,,(z) — vo(x)|?) = o(1) and 6,, — 8y = O(hL)) = o(n=1/?).
As a consequence, Stochastic Equicontinuity requires nh?? — oo in this example, which can
not be improved upon. In other words, in this example, the calculations are based on an exact

decomposition and hence give necessary conditions.
SA.1.1.4 Condition AN
We have:

RN N A 1 & .
% ;[gn(ff)i,’)/n) + Gn(’}’;)) - Gn(Vn)] = % ;[wn(l'z) + Bn],

where

Yo(2) =25 (2) = 0F],  Ba =07 — 0o,
0t = [ tame(@ds, @) =0T K0+ (L= 0.

If hy, — 0, then ¢, (z) — ¥(z) for every z, and it follows from the dominated convergence theorem
that B||v,,(2) — ¥ (2)||2 — 0 with ¢ (x) = 2[yy(z) — 0o]. Furthermore,

B, =B, =B + B+ B,

1

Y Bt + o(n_1/2), B =0,

BS = WEBS +o(hD),  BY =



where, using standard multi-index notation,

5= (0" 3 o ([ k) ([ o @),

|p|=P

and B§T = K(0) and BY* = 0. Therefore, Condition AN is satisfied with Qo = 4V[v,(z)] if h, — 0,
and B, = K(0)/(nh%) + o(n=1/?), provided that nh2F’ — 0.

In summary, if nh2” — 0 and if nh? — oo, then the conditions of Theorem 1 are satisfied and
V0, — 09 — By) ~ N(0,%0) holds with B, = B,, = BLI = O(1/(nh%)).

SA.1.1.5 Bandwidth Selection.

We can balance the leading bias terms to obtain a (second-order) optimal bandwidth selector:

1
BSB P+d .
<'|B°g|‘ i) if sgn(B3?) # sgn(B)

opt — ’

1
BSB P+d .
<g, ‘]B%’ 71L> if sgn(BSE) = sgn(B])
where the small bandwidth bias constant is
BS® = By + Byt = K(0),

and the smoothing bias constant is

8= (0" 3 o ([ k) ([ o @)

|p|=P

SA.1.1.6 Condition AL*

This condition holds with Jy = I4,, with dg = 1 in this example, and without any op(1) terms.

SA.1.1.7 Condition AS*

Because
an(@,7) = 05(@.40) + gr s @y = Al gny @] = (L= n"H)(2),
Condition AS* holds with g; = g, if V*(g;, (2} )vie']) = op(n). A sufficient condition for this to

occur is that nh? — oo, because then

EV* (g5, (20) 7)) = (1 = 0712 BV*[Ka(a] — 23) — 3, (21)] = O(1/h7y) = o(n).



SA.1.1.8 Condition AN*

We have:
1 ¢ _ ,
where, defining 4,7 (z) = n 71K, (0) + (1 — n=H4,,(z),

A+ At

Un(@) =204 () = 0,]), 0, = (i), By =n"K,(0) —n"'0,.

Suppose h, — 0 and nh% — co. Then B;’; =n1K,(0) — n=19, = B, + Op(n_l/Q) because 6,, =
Op(1). Because 0, — 0,, —p 0, n= 132 W% () — 4, (2:)|* —p 0 also holds provided

- Z |7n xl ’Yn wl)|2 —p 0.

A sufficient condition for this to occur is that maxi<;<n |¥,(zi) — v, (x:)| = op (1), which in turn
will hold if nhd/logn — oo. This could be established using the technical Lemma SA-1 below.
Sufficiency of the slightly weaker condition nh? — oo can be demonstrated by using a direct

calculation to show that if nh% — oo, then
Z [V (@i) — Vi xz)|2 = O(nilh;d) — 0.

In other words, Condition AN* holds if h,, — 0 and if nh% — oco.

In summary, if nh2P — 0 and if nh¢ — oo, then the conditions of Theorem 2 are satisfied.

SA.1.2 Integrated Square Density Estimator 97115D

We now consider the plug-in kernel-based estimator of 6y = fRd Yo()%dz, given by

~1SD . 9 . 1< e K 1 =
g = — n - 1 ) n = 77 7 .
Hn /]Rd ’Yn(x) d.’L’, Vn(x) n ;:1: ($ x]) (’LL) hé (hn>

When verifying the conditions of Theorems 1 and 2 for this example we set z = z, 2(z,0) = z,
w(z,0) = 1, 9(-,0) = 7o(-), and let 9 be defined by G, (Hn ,vn) = 0, where g(z,0,v) =

ISD
9"(
evaluation point.

2,0,7) = [gav(x)?dz — 6 is a non-linear functional of v = f, which does not involve an

~ISD ~AD
The estimator ¢,, is also a second-order V-statistic, but unlike 0, , it will not exhibit leave-in

bias. On the other hand, this estimator has a non-linearity bias. If the bandwidth satisfies nh2"" — 0



and nh¢ — oo, we show here that the conclusion of Theorem 1 holds with %B,, = B2 4 o(n~1/2),

1

B, = nhd /]Rd K(u)?du  and o= 4V[yy(z)].

Because /%8, = O(1/1/nh2%), the condition nh? — oo is weak enough to permit B, # o(n~'/?).

On the other hand, as above, \/n(0, — 6y — B,) ~ N(0,3) reduces to /n(6, — by) ~ N(0,%p)
when imposing conditions requiring nh2? — oo, so in this case it is also necessary to guard against

this when the goal is to obtain the more refined result given by Theorem 1.

SA.1.2.1 Condition AL

This condition holds with Jy = I,, with dp = 1 in this example, and without any op(1) terms.
Therefore, B,, = B, and ¥ = (.

SA.1.2.2 Condition AS

The estimator 8,, can be analyzed using direct calculations, after observing that

2

1 n
2 2
drx = - Ky(r—u; d
/Rdvn(x) v /R n; (@ —a) | do

= ;ZZ/RUZ Ky(x —2) Ky (x — x;)de

i=1 j=1
1 n n
= 322 Kal@i—zy)
i=1 j=1
where ) )
- u U
K = —(K*xK)|—|)=— Kw)K| — —v|dv.
)= g0 19 (57) = g [ R (5 o)
However, instead of using the above V-statistic representation, here we verify the high-level

conditions to illustrate our generic results. Therefore, define the (exact) quadratic approximation

1

Gn(T,7) = 9T, V) + Gny (T) [y — Yl + §§n,'y’y($)['7 ~ Y = Ynl>

with
o) = [ Bl =)+ (1 =m0 — 6,

()] =21 =n7h) /Rd [ K (u = @) + (1= 17 )y, ()] (u)du,

(@) =20 =0 [ st

The first part of Condition AS holds directly, without any remainder (cubic) term because the



quadratic approximation above is exact. The second part of Condition AS follows from Lemma 2

if nh¢ — 0 because, simple variance calculations, give
V(gn (235 — 1)) = O(h, %) = o(n),
V(g”W’Y(‘T’L)[;Y% — Tno fAYfL - f)/n]) = O(h;2d) - 0(712),
VB (Gny (20) ¥ = Vs Y = Yall22)] = O(By*%) = 0(n?),
V(G (@) 3% = Yo Y = Tal) = O(h,*) = o(n?),

where ¢ # j # k.

SA.1.2.3 Condition AN

Recall that we have

Zgn Zis Vi) (77(12)) Tz¢n %) n )
where
Gn(7) = Elgn(2i,7)] /Rd /Rd (u =)+ (1 =)y, (u)*duryg(z)dz — b,
Gy 1) = Bl (200 = 200 =) [ uwpr(u)du,
Gn,w[% 0 = Blgnqy (20) [, 0] = Gnqn ()71,
and

wn(z) = gn(Z”Yn) - Egn(27’7n) + 5n($),

dulw) =20 =07 [ (@)Kl 2) =y (w)ldu,

5 11~ »
B =Egn(2:70) + 5 D Gl = 700 30 = 7l
=1

In this example,

mer) = [ 07 Ko=)+ (=0 )Pdu = 6y

= n? | Ky(u—z)2du+2n"(1-n"Y) | K,(u—2z)y,(u)du
R4 R4

(1) / ()2t — O
Rd
= O(n2hd +nt 4 al)



and hence, if b, — 0 and if nh¢ — oo, then

Un(2) = ¥o(2) = do(x),  do(x) = 2[vo(x) — o],

for each z. Therefore, using the dominated convergence theorem, we verifies that B, (z) —

1o (2)||* — 0, and hence the asymptotic linear representation, and establishes that 3¢ = 4V[y,(z)].

Next, we have the representation

Gl =2 [ 9(wn(a)du
and therefore, if h,, — 0 and if nh¢ — oo, it is easy to verify the conditions of Lemma 3, namely
E(Hénﬁ’}’[’%z - ’Ympyiz - 771”’2) = O(l/hid) = O(n2)7

E(|Gnas[3n = ¥ns 30 = 1ll®) = O(1/B5) = o(n),

where ¢ # j.
Therefore, it remains to study the bias B,, = B,, = BS + B:! + BN, In this case,

Bg(2,7) = [ (wPdu = 6+ On™) = B
R

with BS = hl’BS + o(hE’) where, using standard multi-index notation,

g =2-0" ¥ ([ wxtan) ([ o) @) dz).

|p|=P

~TSD ~AD
That is, the smoothing bias of 6,,  is twice as large the smoothing bias of 6,, . In addition, we have
B: =0 and

NL
By,

11K~ _
57 2 BGn A =70 A = 7] + O
=1

LG () ) s

1
— K 2 —1h—d
7 [ Pk o),

and hence

1
— B 4 o(n"V?), By = K (u)?du.

BNL —
n d
nhn Rd

In summary, if nh2” — 0 and if nh% — oo, then the conditions of Theorem 1 are satisfied and
V0, — 09 — B) ~ N(0,5) holds with B,, = B, = B = O(1/(nh%)).



SA.1.2.4 Bandwidth Selection

We can balance the leading bias terms to obtain a (second-order) optimal bandwidth selector:

1
BB P+d .
(||BOS|| Tll) if sgn(B5?) # sgn(B53)
h°Pt - i SB PL—!—d ’
B N
(#51)™ sl = sanis)

where the small bandwidth bias is

BgE = B§' + Bt = K (u)?du
Rd

and the smoothing bias is

SA.1.2.5 Condition AL¥*

This condition holds with J = Ig,, with dp = 1 in this example, and without any op(1) terms.
Therefore, B,, = B,, and Xy = ).

SA.1.2.6 Condition AS*

The (exact) quadratic approximation

—x * N —% N 1 —% N A
gn(l" 7) = gn($> /}/n) + gn;y(m)h/ - Vn] + §gn,'y'y($)[’7 —Yns Y T 77},]7

with
90 (@ ) = / ™ K — ) + (1 — 0~ ), ()P — B,
Rd

@] =201 =07 [ 07 K= )+ (1=l

(@) =200 =07 [ (na)du.

Condition AS* holds if nhflZ — 00, because the conditions of Lemma 5 hold, since simple

calculations verify
V¥ [gny (@) G0 — Fnll = Op(hy?) = op(n),

V(G ()07 = A A0 = Anl) = Op(h™!) = 0p(n),
V(B (G (2D 307 = A A7 = Falle)] = Op (0 ) = op(n?),

V(G @R = Ans A0 = Anl) = Op(hy*?) = op(n?),

10



where, as before, i # j # k and the quadratic approximation g} (z,%,,) is exact.

SA.1.2.7 Condition AN*
We have: .
1 %[/ ok o~ k%, (1 Nk (o * * 5%
T 2l A0 + GLAE) — Gr)]l = = W) + Bl
i=1 ;

where
Vi (2) = gn(2,9,) — E* g, (2,9,) + 05,(2) = 6, (2),

@) =2 [ Al = 2) = o 0l

n
Z G:L,”W [,%*1,(1) - ’S/n’ ’3/:;7(2) - ’?n]
i=1

A% * ok A 11
Bn:E gn(Zvryn)—}_gﬁ

Therefore, assuming h,, — 0 and nh</logn — oo, we have
I I
=Y Wn(@i) = (@) = = > 165 (i) = du(@i)[* + Op(n™") —p 0,
i "ia

because maxi<i<n |¥;,(zi) — ¥, (x;i)| = op (1), which could be established using Lemma SA-1. Suffi-
ciency of the slightly weaker condition nh¢ — oo can be demonstrated by using a direct calculation.
Finally, employing Lemma 6, it is not difficult to show that under the side rate restrictions above,

we have
B: = B*B: + op(n~Y?) = B, + op(n~'/?).

In other words, Condition AN* holds if h,, — 0 and if nhe/logn — co.

In summary, if nh2" — 0 and if nhg /logn — oo, then the conditions of Theorem 2 are easily
satisfied.

SA.1.3 Locally Robust Estimator 9?

Finally, we consider the “locally robust” estimator

~LR ~AD ~ISD "
0 =20 —0. =2 4 — y (x)%d.
. =20, —0, > (@) /Rd (@) da

=1

11



When verifying the conditions of Theorems 1 and 2 for this example, we set z = z, z(z,0) = z,
w(z,0) =1, vo(-,0) = 7,(), and let 8, be defined by G,(0,,4,,) = 0, where

9(z,0,7) = g™(z,0,7) =2¢"(z,0,7) — ¢™°(z,0,7)
— 2(2) - / +(w)2dz — 0
Rd

= 2@ -6~ | [ 2@Pas -

is a “locally robust” estimating equation. Specifically,

V’YE[g<xa 007 ’7)] ‘70 = 07

where V., denotes the appropriate functional derivative (i.e., in most cases, Gateaux derivative).
If the bandwidth satisfies nht” — 0 and nh% — oo, we show here that the conclusion of Theorem
1 holds with

B, = (21((0) -

= K(u)Qdu> and  Xg = 4V]yy(z)],

Rd

once again showing that /n®B, = O(n~"/ 2h-4), and therefore the condition nhd — oo is weak
enough to permit B,, # o(n"1/2). On the other hand, as before, \/n(6, — 0o — B,) ~ N(0, %)
reduces to \/ﬁ(én —0p) ~ N(0,%g) when imposing conditions requiring nh2? — oco. Importantly,

this example shows that @I;LR has both leave-in and non-linearity small bandwidth biases in general.
SA.1.3.1 Condition AL

This condition holds with Jy = I4,, with dy = 1 in this example, and without any op(1) terms.
Therefore, B,, = B,, and X¢ = €.

SA.1.3.2 Condition AS

In this case, the (exact) quadratic approximation is

N _ 1_
Gn(2,77) = gn(2,¥y) + Gy () [y — 70l + §gn,w($)[v ~ Y = Ynl>

with

(o 00) = 21a(a) = [ 07 Ko =)+ (1= 0y ()Pl = B

ny (@] =201 = n"H)y(z) - 2(1 —n7Y) /Rd [ K (u = @) + (1= 17 )y, ()] (u)du,

o)) = =20 =02 [ st

The first part of Condition AS holds directly, without any remainder (cubic) term because the

12



quadratic approximation above is exact. Next, if nhz — 0, simple variance calculations, give
V[gnﬁ('xl)[:ﬂz - ’VnH = O(hr:d) = O(”)?

V(Gnr (@) 3%, = Yo T = 1)) = O(h ) = o(n?),
VIE(Gn (@) [3% = Yo ¥ = Vallw)] = O(hy*!) = o(n?),
V(Gnr (@) 3, = Yoo ¥ = 1al) = O(h ™) = o(n),

where, as before, i # j # k and hence Condition AS holds via Lemma 2.

SA.1.3.3 Condition AN

We have:

n

1 ¢ e ey A | .
NG ;[gn(xi,fyn) + Gn(3D) = Gnly)) = NG S () + B,

i=1
where
U () = 4y (2) = 0] = 2(1 —n™) / V(W) [Kn(u — @) = v, (u)]du,
R4

A~

B, = 26} —

6o
( [ [ = o)+ 0= 07 )Pl - eo)
Rd JRd

LR EDY L, (696 =) du,

0 = [ vi@nol@ids, (@) =n K 0) + (1=t ()
R4
Proceeding as above, we have
P () = Po(x) = 2[f () — Oo]

for each x, and therefore B[||1),,(x) — 1o(z)||?] — 0 using the dominated convergence theorem. This
establishes that Yo = 4V[y,(x)]. Furthermore, as above, if h, — 0 and if nh? — oo, it is easy to

verify the conditions of Lemma 3:
E([|Gnry [T = s A — 7alll?) = O(L/R3Y) = o(n?),

E(|Gns[¥n = ¥ns 30 = 1ll®) = O(1/05) = o(n),

where, again, ¢ # j.

13



Finally, it remains to study the biases B,, = BS + BL! + BN, First, observe that

1 1, —
BI;LI = Egn(xar}/n) - E.go(m7’7n) = 72K(O) +o (TL 1h d) .

nhd

n

Second, we have

B Ego(z,v,) =2 [0 — 6o] — </Rd Yy (w)?du — 90> +o (n_2h,‘i + n_1>
= 2[6} —6o] — </Rd[fyn(u) — vo(w)Pdu +2 [0 — 90}) +o0 (n*2hf€ + n*l)
= = [ balw) = ()l = 042",

and therefore .
S _ 12PpS 2P
Bn_hn BO+0(hn )+O<7’Lhd>

where, using standard multi-index notation,

B=Y ;2 </R upK(u)du>2/Rd (OPo(2))? da

lp|=P

Third, we have

11 e~ - (i -
BELL = _772EGTL,’Y’Y[7() ’YnafygL) f}/n]—i_o(n 1)

- _/Rd /Rd< i (u_nv> —%(U)>2duvo(v)dv+0(nl)

= nhd/ K (u)?du + o(n~th, ),

In summary, if nhi" — 0 and if nh% — oo, then the conditions of Theorem 1 are satisfied and
V(0 — 0 — By) ~ N(0, ) holds with B,, = B, = B + B = O(1/(nhd)).

SA.1.3.4 Bandwidth Selection

We can balance the leading bias terms to obtain a (second-order) optimal bandwidth selector:

1
BSB m .
()™ st # s
hopt = ; Pra ’
BSB + .
<$ ‘yé) | i) if sgn(BS?) = sgn(5)

ow

14



where the small bandwidth bias is

B =B + B =2K(0) — | K(u)’du
R4

and the smoothing bias is

SA.1.3.5 Condition AL*

This condition holds with Jy = I,, with dp = 1 in this example, and without any op(1) terms.
Therefore, B,, = B,, and Xy = €.

SA.1.3.6 Condition AS*

The (exact) quadratic approximation

—x * 2 —x 2 1—* 2 2
gn(x? 7) - gn(;[;’ 771) + gn,'y(x)[fy - 771] + ign,’y’y(x)["y —Tns Y — 771]7

with

g:<x,@n>::2an<x>—-/;;nlﬁaxu-—a»-+<1—-nly%xun2du-—en,

Ina@)] =21 =0 Hy(z) - 21 —n7) /Rd [ K (u = 2) + (1= 17 )i (W) (w)du,

(@) = =20 =02 [ s
Condition AS* holds if nh¢ — 0o, because the same calculations used previously verify
V¥ [gn (@) e —Fnll = Op(hy?) = op(n),
V¥ (G (@) = Ao 1" = Anl) = Op(hy, %) = 0p(n?),
V(B (G (@) V5 = A 10 = Anl|2)] = Op(hy,*?) = 0p(n?),
\A (g;,'y'y(x:)[727j — Yn V;kLJ - ’AYn]) = Op(h‘;gd) = 0]}»(713),

where, as before, i # j # k and the quadratic approximation g} (z,4,,) is exact.

SA.1.3.7 Condition AN¥*

It follows directly from the calculations above that the conditions of Theorem 2 are satisfied,

provided that nh” — 0 and if nhd/logn — oo.
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SA.2 Example 2: Inverse Probability Weighting

This example is also discussed in the main paper. It illustrates two important features that are
absent in the previous example: (i) the parameter of interest is (implicitly) defined via a possibly
non-differentiable moment condition (i.e., Condition AL does not hold automatically), and (ii) the
unknown regression function is estimated using local polynomial estimators. Overidentification of
the parameter of interest could also be handled in this example, but we abstract from this additional
complication to save same space. Finally, see also the results in Cattaneo, Crump, and Jansson
(2013) concerning large sample distribution theory robust to (possibly) small bandwidths in the
context of weighted average derivatives for a simpler example of a non-linear (in the nonparametric
component) semiparametric problem that also fits into our general framework

Suppose z1, ..., 2z, are i.i.d. copies of z = (y,t,2’)’, where y € R is a scalar dependent variable,
t € {0, 1} is a binary indicator, and z € X C R? is a continuous covariate with density Yo- Assuming

the estimand 6y € © C RY% is the unique solution to an equation of the form

t
Ehwwm@wﬂ—o, do(z) = E(t]z) = Blt = 1]a],

where m is a known function of the same dimension as 6, an IPW estimator 9n of fy is one that
satisfies

(™12,

yza n) = op

where G, is an estimator of (the propensity score) gg. Define ro(x;0) = E[m(y; 0)|x,t = 1].
In what follows we assume that qg is estimated using a local polynomial estimator of order
P > 3d/4— 1. To describe this estimator, define dp = (P +d—1)!/[P!(d—1)!], and let bp(z) € R

denote the P-th order polynomial basis expansion based on x = (x1,...,24)" € R that is,
1 xf
z]! xp_lxg
wwy=| | =]
P

[z] g
That is, for u = (ug,uz, - - - ,uq)’ € RY, the basis vector bp(u) is defined by bp(u) = (1, [v']}, ..., [«/]F)
with

[u/]p: [uﬁlu?'“u? : |€’:€1+€2++€d:p7 62(617627“' 7€d) EZi]a

assumed to be ordered lexicographically without loss of generality. Also, let

Yen(T) = vecp[— prn z; — x)bpn(xi — ) Ky (z; — z))

16



and

1 n
) = - b n\Li — tiKn [ )
o) = 3 3 brales = )ik~ )

where bp,(z) = bp(x/hy,), Kn(2) = K(x/hy)/hd, h, is a bandwidth, K is a kernel, and where
vecp : RP*dr — RI% is the vectorization operator. The local polynomial estimator (of order P)

of go(x) is given by q(;4,,) = €&, (x), where
q(w;7) = ep(vecp [y (@)]) (), v = (1)

ep is the first unit vector in R4, and Vecl_g1 : R%P — RIPxdr ig the inverse of vecp. That is,
q(z;%,) = €p&,(x) with
n
¢, (x) = arg min (t; — bp(z; — )/ &)° K, (z; — ).
£cRP Py
Because 4,, is kernel-based, the associated IPW estimator @n is a kernel-based two-step semi-
parametric, which can be analyzed using the results of the previous sections by representing the

defining property of 0,, as

GTL(én:ﬂ/n),WnGn(én?;Yn) = OP(n71)7 Wn = Id97

where

We also define

Ta(@) = Bigla) = veorl | bo(bp(w)' K () fola + uhy )l

Yon®) = By @) = [ bp (K (wan(a + uha) fo(o + uha )

Rd
and
Yao(E) = vecp| / bp (u)bp () K (u)du] fo ),
Rd
Yeole) = | / bp (u) K (u)dulgo () fol2).
Rd
We also set /
éro(@) = (@), a” @) al? @), . a” (@)
with

1
@) = [P =k £ (bt ) €8]

17



using the usual multi-index notation

; ol

0 = 01! - 0y), T 9Ll ... ol

When verifying the conditions of Theorems 1 and 2 for this example, we also set z(z,0) = «x,
’U)(Z, 9) = 17 70("0) = 70() = (Wx,()(')/f}/t,()(')/)/a 'Yn(?Q) = ’Vn() = (Vx,n(')/ar}/t,n('),)c and

a(z) = q(z;7) = ep(vecp' [v.(x)]) (@),

qn(.T) = Q(x; ’Yn) = 6/}:‘(VGC1;1 [’Ym,n(x)])_lf}/t,n(x)v
qo(z) = q(z;70) = € (V20()) " v10(2).

In this example, g(z,0,v) = mm(y; 0) is neither linear in  nor is assumed differentiable in 6.

We can handle over-identification, via Lemma 1, but we assume just-identification for simplicity.

The leave-one-out estimator 4\ ) (x;) = (’yg%(x)’ ) 'Aygz)z(x)’ )/ is defined as below. That is,
vep (Yo, (®)) = (n = 1) Kn(0)epep + vecy (31, (),

(@) = (n = 1) K, (0)ep + 48 (2),
(@) = ti(n — 1) KL (0)ep + A0 (),

where ep is the first unit vector of the required, conformable length in the above displays.

We impose the following primitive regularity conditions to verify the assumptions of Theorems
1 and 2:

e Oyc int(@).

o E[[lt - m(y; 00)l|"] < oo, sup,ex Bll|t - m(y; 60)[|*|2] fo(x) < oo and T = V[ihy(2)] is positive

definite, where

t ro(z; 6o)
Yo(z) = m(y; 0o) — ————(t — qo(2)),
where x = (r1, 2, -+ ,24). The Lebesgue density fy is bounded away from zero.

o M = {t-m(y;0) : 0 € O} satisfies the bracketing integral entropy condition J;(1, M, L2(P)) <

o0, where

5
J[]((S,j:, LQ(P)) :/0 \/IOgN[]((S,]:, LQ(P))dE < o0

with Nj(d, F, L,(P)) denoting the bracketing number for the class 7 under the usual L, (P)
metric; for more details and precise definitions see, e.g., van der Vaart and Wellner (1996).
Furthermore, suppose that E [supgcg [[tm(y; )[|?] < oo, E[t||m(y; ) — m(y;60)||] < 1|0 — b0,
and Efl|m(y; ) — m(y; 06)]12] < 10 — 6o|]” for some p & [1,2].
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e 79(+;0) is twice continuously differentiable in 6, with first and second bounded derivatives

denoted by 7o(x;0) and 7o(+;0), and E[supjjg_g,|<s [|7o(z;0)|] < oo for some ¢ > 0.
® (o is bounded away from zero, and P + 2 times continuously differentiable.
e K is even, compact supported, and continuously differentiable.

The third assumption controls the “smoothness” of 6 — m(y;#), allowing for discontinuous
(in #) moment functions. It holds, in particular, if m(y;#) is Lipschitz continuous in 6 (and the
implied Lipschitz constant is integrable). More generally, for example, the nondifferentiable moment
condition m(y;0) = 1(y < ) — 7 for the 7-th quantile of y, 7 € (0, 1), satisfies

E[llm(y; 0) — m(y; 60)|]] = E[1(min{6, 60} <y < max{0,00})] < [0 — 0o,

provided that y is continuously distributed with bounded density. The rest of the assumptions are
standard.

We also impose the following assumptions on the kernel-based nonparametric estimator:

e Uniform consistency:

Sup 175 (2) = ()| = 0p(1),
sup |9, (€) = g (@)[| = op(1).
rzeX

e Empirical uniform rate of convergence:

~ —1/6 ~ (1 —-1/6
max 4 (2:) = (i) || = 0p(n~V/°), lg%n\hﬁ)(xj) — Yn(z))|| = 0p(n™V6),

ok . ~1/6 a0 N A N ~1/6
max |19 (2:) = (@) = op(n™0), max (1970 (5) = 4] = op(n ).

e Bounded away from zero: for some gpin > 0,

Primitive conditions for these assumptions can be given using standard method in the literature

and Lemma SA-1 below. For example, using Lemma SA-1 below we have

A [logn oy
max 19 (2s) = Ya(@i)ll = 011»( nh;‘%) = op(n~1/9),
3d/2

provided that nh,”*/(logn)3? — oo, and similarly for the bootstrap and leave-one-out versions.
Furthermore, these assumptions imply sup,cx ||gn(z) — gn(2)|| = op(l) and maxi<j<y ||¢n(x;i) —
gn(z;)|| = op(n~1/6), and similarly for the bootstrap and leave-one-out versions. If, in addition,

sup,ex |lgn(x) — go(z)|| = o(1) holds, then the third assumption is satisfied.
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Finally, we assume throughout that 6, —p 6y. Similarly, for the bootstrap results we also
assume that 92 —p Og. This consistency results can be established using standard techniques

already available in the literature.

If the bandwidth satisfies nh2”?/(logn)3? — oo and nh2P+2 — 0, we show here that the
conclusions of Theorem 1 and 2 hold with B,, = BIFV 4 o(n=1/2),

B =0 (nlhd> and Yo = 4V[1y(x)].

Therefore, once again, because

A%, = O (1 / nh%ﬂ) ,

the condition nh¢ — oo is weak enough to permit B,, # o(n"*/2). On the other hand, \/n(f, —
0o — B,) ~ N(0,%0) reduces to /n(0, — 0y) ~» N(0,5¢) when imposing conditions requiring
nh2? — oo, so it is necessary to guard against this when the goal is to obtain the more refined

result given by Theorem 1.

SA.2.1 Condition AL

We apply Lemma 1 with p = 3 to verify Condition AL. In this example, W,, = Wy = I, and

A 1 t; _

and

_ t N N R CICH R
60.0) =B | mlui)| =B | 2 ru(win).
with qo(z) = q(z;7y) and ro(x;0) = Elm(y; 0)|z,t = 1]. ) )
Also, ro(z;0) = ro(x;00) + 70(x;00)(0 — Oo) + (0 — 00)'7o(x;0)(0 — p), for some 0 in between 0
and 6y, and hence
1G(0,) — G(60, ) — Gx)(0 — o) < 10— o]

with

G(y)=E [qO(m) 7”0(30390)] :

Therefore, we set G, = G(7,,) in this case, and obtain

|mwm—m%m:=/w$”“‘ 00| (s 00)]| () da

iL‘ 771 iL‘ 70)
< /mn (@) folx)dz = of1),

under the assumptions imposed, and provided that h,, — 0.
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Condition (i). Holds by definition of the estimator.

Condition (ii). Using the calculations above,

< 16— 6ol / M (s 60) | fo(w)dz < Op(1)]]6 = B2

because sup,cx ||¢n(z) — qn(x)|| = op(1), and gn(z) are bounded away from zero for all n large

enough. This implies, for every d,, = o(1),

wp IG(O.50) = GlO0.3,) = G3,)0 = 00)|

1/2y _
W 10— 6072 = Op(5;/7) = op(1).

Condition (iii). We have

A~ ~

||Gn(9a ’?n) - G(ea FA}/n) - Gn(907 ’?n) + G(HOa ’?n)H < Al,ﬂ(e) + A2,n(9)

where
A1p(0) = A11,,(0) + A12,0(0)
with
1 - t’L L. —m L. . tl m L. —m L.
Buaa0) = [ 32 4oy Onto ) = s 00) 8 | omts ) = i ) “ ,

A12,n(0) _ (max H(jn(l'z) - Qn(l'z)”> (:L Zti Hm(yl,a) — m(yl,eo)H — E[ti Hm(yl,ﬂ) — m(yl,«%)H]) s
=1

1<i<n |G (i) qn (i) ||
and
Ao 5 (0) = Aoy (0) + Aoz (0)
with

B (0) = [ HET LA 1 1) — a0 o)

llg(zs; ) a(@i; vyl

For the first term, for every d,, = o(1), we have

sup  Aqn(0) = O[p(n_l/2)
10—00]|<5n

because ¢, (x) is non-random, ¢,(z) is bounded away from zero for all n large enough, and the
class of n-varying functions M,, = {t;m(y;;0)/qn(x;) : 6 € O} satisfies easily the integral entropy
condition Jpj(en, My, La(P)) — 0 for all €, | 0.
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For the second term, for every d,, = o(1), we have

sup  Ajgp,(0) = OP(n_l/Q)

16—00l|<dn
because maxi<i<p ||Gn(zi) —qn(zi)|| = op(1), gn(z) is bounded away from zero for all n large enough,
and the class of functions M. = {t;[[m(yi;0) — m(yi;0o)| : 0 € O} satisfies the integral entropy

condition Jpj(1, M|, L2(P)) < oc.

For the third term, for every d,, = o(1), we have

Ao, (0) ~1/3 / . . _1/2
sup : = Op(n™ ') [ Nla(w; 4,) — a(@; v 170 (; 60) | fo(w)da = op(n~"/

19—8o]| <5, 1 +n2/3]|8 — bo]| ( la(; %) — a(; v l17o (25 00)] folz) )
because sup,ex ||Gn(x) — gn(z)|| = op(1), gn(z) is bounded away from zero for all n large enough,

I70(;8) — ro(; 60)|| = 116 — o[, and

/ (2 45) — a(@;7,) I fo(z)dz = Op (nlhd) — op(n1/3),

using standard results for local polynomial regression estimators and are assumed bandwidth rate

restrictions.

For the fourth term, for every d,, = o(1), we have

Nog (0 _ .
sup 22,0 (0) = Op(n 1/3) mag; lg(zi;5,) — a(@i; v,) |l = op(n

= 71/2)
l6—8o]j<s, 1+ n1/3]0 — o] 1<

)

by the same arguments given above.

Condition (iv). Follows directly by the results established in the following subsections, because

~ R B 1 n £ )
Gn(e();qn) = ni:l dn(xl)m(yueo)
e &
o ﬁ P qn(l,l)m(y’bve())
e~ & A
0 2 a5 00 () = (2]
i=1 "\
1~ & A ,
+5 Z mm(yﬂ 90)[Qn(xz) — qn(xl)]
i=1 2"
_l - t—lm( - ) )[q (x.)_q (x)]?)
nz:l Qn(xz)gé_?n(xi) Yi3 70)14n T A
where
I
_ 7 m y)e -0 n—1/2 =0 n—1/3 ,
i qn (i) ( ’ 0) P( ) ( )




n

%Z q (t;.)zm(yi% 00)[Gn (i) — gn(2i)] ‘ = Op (nlhd + n_1/2> = op(n/3),
i=1 " n
I b N2l 1 —1/2y _ ~1/3
H n > 7 (x.):sm(y% 00)[Gn (i) = gn(z)]"|| = Op <nhd> +op(n™ /%) = op(n= "),
i=1 n

" i=1 C_[n(:EZ) én(x,
< li#llm(y..e Mldn () — gn(z:)|P
on i=1 q"(xz)3|qn($l)| GRaY n\Lq (s
- NEE " . - (logn)3/2\ s
= max [[F, (i) = (@) n;nm@“emn —0p (U8R ) —ontan)

provided that nho”?/(logn)3/? — co.

Condition (v). Holds by assumption because 6 is an interior point.

Condition (vi). We have W,, = I3, = Wy, and
n () — gn(z)

/ i@y | P 6o)ll folw)dz

[ 1a@ = (@)l folade = 0z (, /mlﬂ) = op(n 1%,

because sup,ex |Gn (i) — gn(z)| = o(1), gn(z) is bounded away from zero for all n large enough, and
3d/2 3/2
nhy ' °/(logn)>/* — oo.

|GG = G)

A

Condition (vii). In condition (iii) we already showed

sup  Aq1n(0) = OP(n_1/2).
”0_00”§6n

Proceeding as in condition (iii), for every 8, = O(n~1/3), we also have

sup  Ag1n(0) = Op(dn) / la(235) = a(@; ) llIFo(; 60) | fo(w)da = op(n~"/?)
[160—00(|<67

and

sup Aoz n(6) = Op(dn) max [lq(@i;4,) — a(@i;7,) || = op(n'/?).
6—061 <5 1=
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SA.2.2 Condition AS

We now show that Condition AS holds using direct calculations and Lemma 2. A quadratic

approximation to g,(z,7) is given by

_ _ 1_
9n(2,7) = gn(2,70) + Gny(2) [y — v0] + §9nm(2) Y = Yoo Y — Yl

where
gn(zv fyn) = %m(yla ‘90)7 q:j(ﬂf) = elp VeC;l (Wz—g_,n(l‘))_lryz,rn(zv)a
V;n(‘r) = (TL - 1)71Kn(0)€]3 =+ Wx,n(w%

)

Vin(@) = (n = )7 Kn(0)ep + 75, (2),

)

and for appropriate choice of linear and quadratic terms. To be precise, letting
Don() = vecp (Vou(2))  and T, (x) = vecp' (77, (2))

to save some notation, we have the linear term

_tm(y;QO) l —1( )’Vt( )

gn,’y(z)['y] qﬁ(:n)2 €p
W T (@) veey! (1, (@) Ty (@) (2)

and the quadratic term

Gy (2 Z Gtz

with, using v = (v}, 1) and n = (1, n})',

Gy (2o = —me;r;m—l vecs! (1 ()T ()~ vee 5 (7, (2)) T (2) 70 (2),

Gn2(2) 1) = = ;?) o), pLE (@)~ veep! (0, (2) T3, (2) 7  veep! (7, (@)1, (@) 71, (@),

G = T p ) veent (1, ()T (1) (a),

an ()?

Gnrra(2)ra] = Waﬁrzml vecs! (1, ()T (2) (),

_ tm(y; bo) - -
gn,’Y’Y,5(z) [77 77] = WBIPF;”(IE) 1%(3:)77,5(1:)'1“;”(@ lep,

_ tm(y; 0 _ _
Gn.6(2)[7,m] = Me}F;n(x) 177t(:13)7t(m)’1“;n(:n) lep,
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= %eprjcin(a:)ilveclgl(’)/w( ))F;rn(x)ilﬁy?,_n(m)fyz_n("I’,)/F;n(‘r)il Vec;’1<77a:( ))P;n('r)ilef%

=meﬁrmm)-lvec;(nx(x))r;n(:s) Lt (@i (@) T (2)~ veep (e (2))TEn(z) ep,
Gnrpro ()] —We’pr;n<m>—1%<x>vzn<x>’rzn<x>—1nx<a:)r;n<x>—w:n<x>,
Gnto(2) ] = —We’pr;hn<m>-1m<x>vzn<m>'rzn<x>—m<x>r;n<w>—1v:n<x>,

where in the above ¢, (z) can be treated as non-random because for any function a(-) we have:

t-a(gh(z) = t-a(eplf, (z) 7, (2))
1
~ tea <6'P [(?_(01)) epel + rm(x)] [t (fsn_(Ol)) ep+ ”ytm(a:)])

- t.a (6/13 [(17?1—(01)) epep + Fx,n(x)] h [(?_(01)) ep + %,n(x)]) :

that is, whenever ¢ = 1, the leave-in part of 'ﬂf () is non-random anymore.
If nh3%2 /(log n)3/2 — o0, we have

n
Zgn zz,fyn TZ zz,'yn —|—0]P>(n_1/2)’

which gives the first part of of Condition AS.

Moreover, the second part of Condition AS is verified by Lemma 2 as well, because
V[gnq (20)[3, = 7all = O(hy, ") = o(n),
V(gnﬁﬁ’(zi)[ﬁl}jz — Tno ’A)/?]i - Vn]) = O(h;2d) - 0(n2)7
VIEGn,n (20) (3% — Vo ¥ = Yall20)] = O(h,*T) = o(n?),

V(Gn (20 [ = s ¥ = Tnl) = O %) = o(n),

provided nhl — oo, with i # j # k.
Putting the above together, Condition AS is verified if h,, — 0 and nhid/Q/ (log n)3/2 — 00.

25



SA.2.3 Condition AN

First we show that B[||1,,(2) — ¥0(2)]|?] — 0. Recall that

90(2,70) = qofx)m(y; 6o),

and note that

E [llga(z,72) = 90(z,7)|1%] = —E [[CI%L(UC) - QO(w)PWHm(y; 90)!2]

n

, B ¢
< B (00 () = 0)” s 00

K (0)? A,
T [<qx<x>qo<:c>>2 Im{u(£); o)l }
— 0

provided that nhd — oo and hy, — 0. Therefore, E [||gn(z,7,) — go(2,70)|/*] — 0.

Next, for the correction term 6, (21) = Gp o lfin1] With Gp o] = E[gn~(2,7,,)[-]], we have:

%o(v) ro(u; 00)epTE, (u) ™! [Kin(@ — w)t — vy, (w)] fo(u)du

qo(v) ro(u; QO)G/PF;_,n(U)_l [R:c,n(x —u) — Fw,n(u)} I‘;n(u)_lfy;‘:n(u)fo(u)dw

where we set <

Therefore,

(
Sa(2) = [ o o) )3 ol

Sa.n(2) = / D) s 00) T E (1) Ko — )T () () o)

_ qo(u) . !t -1 + -1+
danl2) = = [ o B0)e () T )T ) 00 o
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Then, we have

din(z) = —/ %o(v) ro(u;Qo)e’PI‘;n(quKtyn(w—u)tfo(u)du

ro(2 — vhn; 00)epT, (x — vhy) 1 bp(v) K (v) fo(x — vhy)dv
P+ xn

qo0
because
/e'PPx,n(x — vhy) "1bp(v) K (v) fo(z — vhy)dv
— e Tyn() / bp(v)K (0) folx — vhn)dv + o(1) = pep + o(1) = 1.
Next,
Son(z) — / q?(Z)Q 3 80) T (1) () fo ()l
_ / qu (Z (13 00)€pT e ()00 () o) + O(n~hir%)
= /q?((Z)Q w; 00)qo(u )fg(u)du—|—0< 2(1 +hP+1>
Next,
() = [ B (us0ep (1) K = ), ) o
_ / o — vh: GO)M €T — vhn) b (0)bp (0) K (0) fol — vhn)dv + o(1)

—  ro(x;0p).

Finally,

Sanl(z) = j/%mhﬂw%MJQWYTMWWQWYW%MEWWL

— _/ qo(v) ro(u; 00)qo(u) fo(u)du + O(n~th,%).

¢ __ro(x;6o)
qo()

(t — qo(x)).
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Putting the above together, we have

E [(¥n(2) = %0(2))°] =0, wol2) = m(y; o) —

Next, we study the biases. First, we have

Bian(z)] = B miyato)| =B | o)
= E [qot&)?“o(mi;@o)} —E {[Q:{(x) — qo()] qOI;)QTO(xi;QO)} {1 + o(n_l/Q)}

- E [[qm - ao@)] —
where

gy (2) = go(z) = €p[ld,(2) 17 (2) = Tanl@) (@) + €pTan(@) vy p(2) — go(2)
= t(n— 1) K, (0)eplyn(z) tep
t(n — 1) 2K, (0)? / 12
- 1+ (n - 1)71Kn(0)elprx,n(ﬂ?)71€P (6Prx7n(x) 16P)
(n — 1)~ K, (0) /
- I+ (n - 1)_1Kn(0)6}>Pw,n($)_1eP

""e}'rx,n (z) 717t,n () — qo(x).

Therefore, if nh3%/2/(logn)®/? — co and h,, — 0, we have

—B [[qi () — qo()] ! ro(zi; 90)} = B 4 BS + o(n~Y/?)

qo(z)
where
B = B (0 1) KO Tan(e) ep—ro(aito)
= _IZ}(L(C)I)/e,PF:v,n(x)_lquO%x)TO(x;HO)fU(:E)d:E

_ K(0), 1 ,
= — i epl’, ep/qo(x)ro(x,%)d:p+0(hn),
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and

B = B [[esarz,m)—l%,n(m) ol o eo>]

qo(
= — [l z) T)— r L
_ /[ PLan(®) " 76n(2) = a0(@)] s

= [ [eplan(@) Opn()dl” 0]

ro(x; 0o) fo(z)dx

ro(x;00) fo(z)dr + O(h5+2)

qo(x)
1
— ([ ot o)l ) e ) 0T ep + O, + 7).
where

Fx,n(x)_l%,n(ff) = Fx,n(x)_lrx,n(x)HnéP,o(ff)
Hhl D (2) e (@)al D (@) + O(hE )

with H, = diag(bp(hy)),

o) = [ be(wbp(w) K () foe + ubn)du

Drn(e) = [ bp(@lulf 1 ) ol + uha)da,
Enole) = [w0(), 6 @) P @)+ af @)

1
qék)(:c)/ — [E‘aéq()(:r) =k, 0= (1,0, ly) € Zi} ‘

Finally, we study the NL bias. We compute the quadratic functional first:

10
(=1

where, letting wo(z) = qo(z)ro(x; 0p) fo(x) to save some notation,

= wolT _ _ _ — —
Grorali N = = [ S hr o) vecp! ()T o) v ()DL (0) 0 ()

~ _ [ wo(=)
Gyl Al = /;(x)z

epLy (@) vecp! (1, ()07, () 7 veep! (7,(2))0 () ™1, () da,

Gropali N = [ ;0(%2 T () veep! (7, (@) (@) "y (@),

— wol\ T _ _ —
Gyl N = [ FEELD L o) vec! (@)L o)1),

—~
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nwwA—/Z%eJ%@ Y@m(e) T @) e,
ol = [ EOEL T (@) ) o) T ) e
Gmwﬁ["f: Al
= [ e a) e () o) i (70 D) e (o, () ) e
én,wﬁ [k, Al
= [ @) e DL ) () T ) e (3, ()T ) e,
Gupyoli X = = [ S0 @) (o) T o) ()0 (o)l
Gopysole ] = = [ 2O (@) )i (0 T (o) @) )

Next, using standard bounding arguments, we have

— Ai Ai 1
Bl Gy A = Vi A — Vil IIP] = O (nh2d> )

and )
BlIG 3~ 7ok~ 3l = O ()
n
with ¢ # j. Therefore, we need to analyze

Gn,'w ['%z — Tn> ’S/ill"l, = V]

= é”?’Y’le [’Aﬁz ~ Tno ’?’;’L - ’}/n] + Gn,’Y’Y,?’[FA}/% ~ Tno fAﬁL - f}/n] + Gn,’Y’Y,E’ﬁ/iL — Tno fAﬁL - 7n]

+ Gnﬂ%ﬂ’%z — Tno ’%1 - ’Yn] + Gn7’7%9[’%z — Tno ’AY;L - Vn]

N | =

and hence we have only 5 terms to consider. To give some interpretation to the kernel constants

we define:

)

T, = /R bp(u)bp(u) K () du
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For the first term,

EG”:'Y’YJ[’?% — Tns ’/}\/il - 'Yn]

_ —E/ ;UO( ) pF ( )_1K;p,n(33i — .I‘)F;—’n(x)_lf(x’n(xi _ $)F;r,n($)_17in(w)dm+ 0(1)

//;ljro( epT n(T )_1Kx’"(u_m)rin(x)_lkrvn(u_x)F;_,n(ﬂU)_lﬁn(:U)dxfo(u)du+O(1)
hid {// ePF () Ka ()T, (2) 'K (v)Hnépo(z) fo(z + vh )d:vdv—i—O(hP“)
}jd[/?"oxeo dx el lK()lekx( Yepdv + O( 1hd+h)]+0()

hl% </ ;0 daz) <e’PF;1/bp(u)bp(u)Tglbp(v)K(v)?dv) + hidO(n‘thJrhn)’

n

where we use

T (@) (@) = Hubpo(z) + O(n™ hy + Wi,

and where the O(1) terms capture the centering terms. That is, the three additional terms are:

_E/ Q?(i)é TO(]:; Ho)e%rin(x)ilrxm(x)ratn(x)ilkz,n(mi - «T)F;r,n(ﬂf)ilfya_n(x)fO(«T)d:C
_E/ q?((z))QTO(x;HQ)EQJF;’n(SC)1_[_(1.771(:172- — :C)F;"<x)7111“37”(‘r)rin(x)il’ﬁn(m)fo(x)d:c
+E/ ?((z))QTO(x;HO)e%F;”(x)IF%"(Q:)F;n(@1Fx,n($)F;n(:c)1fyzfn(q;)fo(x)dx

For the second term,

EG"W’Y,?’[:}/% — Tn> ’AY% - Vn]

wWolT 4= e

wo()
G (x)?

wo()
g (x)?

e (a) ™ Ra(t)T L (o) b () K ()i + o) ol -+ v+ O(1)

| |
= =
— —

e}:F;n(x)_lkLn(:ni - x)F;n(x)_lkt,n(azi —x)qo(x;)dx + O(1)

:&"‘ :i"‘ :i"‘ —

—_ T

T (@) Ko (1 — )08, (2) ™ Ky — 2)g0(w) fo(u)duda + O(1)

~—

/]
[/ z;00) da: epr K. (v) glbp(v)K(v)dv—i-O(n_lhg+hn)}
f

=7

) dm) (ePF / bp(v)bp(v)’rglbp(U)K(U)Zdv) + th( nhe + hy,).
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Therefore, we find:

Eénﬂ%l[’?z — Tn> f%z - ’Yn] + EG"/Y%?’[’AY?L — Tns ’S/n ’Yn} hd O( lhi + hn)

For the third term,

= / ;ﬂ)ro((jl eol“j;n(x)_lf(t,n(xi — )t Ky (2 — :L‘)T;n(x)_leodm +0(1)
n

)
L fwo(x) o1 2 et (-1
) @) epla,(2) " bp(v) K (v)bp(v) T, ()" epgo(x + vhy) fo(x + vhy)dudz + O(1)
1 1
=— [ / ro(z; o) da / epTy ' bp(v) K (v)%bp(v) T, tepdv + O(n™ ' hi + hy,)
hn qg(m)
_ L / o (a 0p)da (epTrilaal7ier ) + Lo + h).
h,,rdl qO(ZE) ) z,1 ) x,1 hd n

For the fourth term,

EGn,'y’y 7[’3/ ~ Tns 'Vn ’yn]

-5 [ 7“;0(“””) ey <>1Km<z DL () i @1 (2 TE () Ko — )T (2) e pd

|

[/m(:ﬂ;90)d33/e’PF;le(v)epe};Kx(v)Fglepdv—I—O(n_lh‘fl—I—hn)

epTh (@) Ko(0) Hu po(@)E po (0 Hy Ko ()T (@) ep fol + vhy)dadv + O(HE)

1
- hg
1
hd
1

= ([t (st ater) o)
n

>

For the last term,

EG 1,079 = Vs Y = Tl
_E/2wo( ) o T (2) " Ko (5 — 2)00(2: )10 (@) T ()" Ko (1 — )T ()7 ()t
= +( )3 Plazn qo\T; 2 (T . v

it | [ L) b0 ()€ o) H () oot + ob) foi + v s + 2 O(E )

4 (x)3 a

= ~h (/ o(;00) fo(z)d ) </ elpfglbp(v)K(v)de> + ;ZO(n—lhmhn)

1
= h70(n—1hg + hn),

because

/ro(a:; 0o) fo(x)dx = Blro(z;00)] = 0.
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Therefore,

LA N ci
B;\ILL = %EGny’Y’Y[’Yn ~TnsTn — ’Yn]
1 1+ qo(x) _ _ _ _
= o (/ (@) ro(z; 0o)dx <e’PFw711F$72ijep> +O0(n 4+ hd

The final rate restrictions are: nh3%/? /(logn)'/? — oo and nh2P+2 — 0, which forces
3
-d—1.
D> 1
Under these conditions, we obtain
V(0 — 0o — By) ~ N(0,%)

with
B, = Bt + B = O(1/(nhd)).

SA.2.4 Bandwidth Selection

As in the previous example, We can balance the leading bias terms to obtain a (second-order)

optimal bandwidth selector:

P+d
;) if sgn(BS®) # sgn(B5)

BB Ptd )
(g ‘]B% 711> if sgn(BSE) = sgn(B§)
where the small bandwidth bias is
B = Bit+ B
= (— / L7"0(33; 00)d:c> K(0) (e’PI’;:llep>
qo(x) ’

1+ a@), o A
T </ QO(JU) 7"0(.%', 00)d.’,13 (ePFm,IFCEQFz,leP)

and the smoothing bias is

5= </ qixyo@ %)qé””(a:)’fo(a:)dfc) (vprzier).

SA.2.5 Condition AL*

We apply Lemma 4 with p = 3 to verify Condition AL*, following as close as possible our calcula-

tions above for Lemma 1. We have 9:; — 6o = op(1), which can be established using classical results
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in the literature. Using Lemma SA-1 we can (give primitive conditions and) verify

. ) o logn _ ~1/6

pax [[95(27) = n(z)ll = O (\/Thg{) = op(n™""7),
. logn —1/6

1I£a<x 19 (77) = v (27)]| = Op (W) = or(n / )

provided that nh3d/2/(log n)3? — co.
Condition (i*). Holds by definition of the bootstrap analogue estimator.
Condition (ii*). Is verified exactly like condition (ii) in Lemma 1 was verified above.
Condition (iii*). We have
1G(0,97) = G(0,37) = Gr (00, 37) + G (00, 47|
< (G (0, A*) a, (90, n) = Gr(0,7,) + G (00,7,

< ATR(0) + A% ,(0)

where
1n(0) = AT1 1 (0) + A11n(0) + ATy, (0) + Als, (0)
with
* _ln —mu*: _timA. — (v
ll,n(g) ~n - { yz ) 9) (yz ) 00)) qn(mz) ( (ylv 0) (ylv 00))} ‘
Aui(0) = ’ y qn?@) (m(yi8) = (s 60)) = B | - ms) — (00 ' ,

o) = (s M0 el )( Zt lm(y:6 m(y:;eow—ti||m<y¢;e>—m<yi;eo>u>,

1G5

iiSn (|35 (@])an

fo0) = (o 1950 2 ol ”)( Ztnm o m(yz-;emu—E[tinm(yi;e)—m<yi;eo>|u>,

and
2.0 (0) = A5 ,(0) + A3, (0)
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with

" _ [ la(An) —a@ya)lly oo e

S G 11 e L A VR
85500) = ( gue VD=0 6 om0 0) = s )

For the first new term, for every d,, = o(1), we have

sup  Afy,(0) = op(n™?)
16—00]|<dn
because ¢,(x) is non-random, g, (z) is bounded away from zero for all n large enough, and the
class of n-varying functions M,, = {t;m(y;;0)/qn(z;) : 0 € O} satisfies easily the integral entropy
condition Jj(€n, My, L2(P)) = 0 for all €, | 0, using standard results for bootstrap empirical
processes.

For the second term, for every d,, = o(1), we showed above that

sup  Aq1n(0) = op(n~1/?).
10—00]|<dn

For the third term, for every ¢,, = o(1),

sup  Afy,(0) = op(n™?),

10—080lI<6n
because maxi<i<p ||Gn(zi) —qn(zi)|| = op(1), gn(z) is bounded away from zero for all n large enough,
and the class of functions M. = {t; [[m(yi;0) — m(yi;0o)| : 0 € O} satisfies the integral entropy

condition Jﬂ(l,MH.H,LQ(P)) < 0.

For the fourth term, for every d,, = o(1), using the same arguments as above we have

sup Ay, (0) = op(n~1/?).

”9_00”§5n

s

For the fifth term, for every §,, = o(1), we have

;1 (6) _1 /
A n /3 2] dr = —-1/2
su Z; yn Zlf n To\T; f X op\n
10— 90|I|)<6 1 nl/3”9 90” ||q 7Y )HH 0( 0)” 0( ) P( )

because sup,ex ||Gn(2) — gn(z)|| = op(1), gn(z) is bounded away from zero for all n large enough,
I7o(a;0) — ro(; 0o)|| = 110 — o, and

[ las2) = atws )P afodts = Oz ( 1 ) = ox(n),

n

as discussed previously.
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For the sixth term, for every d,, = o(1), we have

A;?,n (0)

= —1/3 i (r¥) — *\ || — —-1/2
g gy = 07" max 145(aT) — an(eD)l = op(n %),

sup
10—00||<s, 1 + 10

by the same arguments given above.

Condition (iv*). Follows directly by the results established in the following sections, because

Ay A~k _ 1 - t;k *,
Gn('g()v qn) - n P qA;;(xr)m(yz ) 00)
I t*
= ——m(y;;0
S (s 00 ) — )]
. ~ *mei; 0)19n\Z; ) — Gn\Z;
n 2 Gu(a)
e~ t*
——m(y}; 00) [ (27) — Gn(a])]?
[ Gn(x})? [ |
LS~ 0 ) — e
T ) A 3wl x i Y00\ T ) — dn\T;
n 2= 4o (@} a5 (x7)
where
1o~ t . _ _
w27 (;*)m(yiseo) = Op(n~ %) = op(n~1/%),
i=1 1"\
1 <& t; * o - —1/2 -1/3
Z in (2 )2m(91700)[qn($1) — gn(z7)]|| = Op W—Fn = op(n ),
i=1 1\ n
I . a2 ~1/2 ~1/3
7 2 T 00 (D) — @) = Op 5 ) + or(n %) = op(n /%),
i=1 1"\ n
1 ¢ t N (o A (o
n WMW(% 100)[a5 (x7) — Gn(2; )]3
1 n t;k * Ak ES ~ * 3
< o Z W”m(yueo)||”qn(%) — Gn(z7)]|
i=1 A\ TR

Ak [k A *\ 13 1 - * *, _ (log n)3/2 _ —-1/3
= ax 197 (27) = (@)l o ;ti [m(y;;6o)ll = Op W = op(n="'7),
provided that nhidﬂ/(log n)3/? — oco.

Condition (v*). Is verified exactly like condition (v) in Lemma 1 was verified above.

Condition (vi*). Is verified exactly like condition (vi) in Lemma 1 was verified above.
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Condition (vii*). Follows from the results used to verify Condition (iii*) above, as discussed

when verifying Condition (vii) previously.

SA.2.6 Condition AS*

A “quadratic” (in v — 4,,) approximation to g} (z,~) is given by

_ . _ . 1_ . .
In(2:7) = 9n(2:90) + Gn A (D)7 = Anl + 53047 (DT = Fns ¥ = Fn)s

2
where the linear term is
—% 4 ! T+ -1
gn,'y(z)h/] = _ﬁm(y;eo)ePFLn(m) Y¢()
qn (2)
t A _ _ IS 1
+Wm(y;90)€lpr;:n($) 1V6CP1(PY$($))F;—£7L($) 17:71(30),
n

with v = (v, 7), A:c n(@)
and g} (z) = epl'f, (2) 714

T,n

(n = 1) Kn(0)epelp + Lo (@), 4in(x) = (n = 1) Kn(0)ep + 31 5(2)
(z), and the quadratic term is

10
g;,'y’y (2:) h/a 77] = Z g:z,'y'y,i(z) [’7) 77]
=1
with

A

tm(y; 0 . _ _ - _ _ 14
EmW:00) 1 pt () veer (v (2) P ()~ vees ! (ma (@) EF (@) 4 (a),

Tny1 (D), = ——
n,w,l( [ ] q;f(x)Q

A

. tm(y; 0 . _ _ . _ _ 1.
G2 () =—q+“(gc)§)eaarzn<x> yecy! (@) (@) vees! (1 (@) EE (@) 470 (2),

g o] = wewzml vecy! (1 (@) EE () My (),

g (D = we;m(w)l veey! (1, () (2) (),

tm(y; o) , - - 2 -
) ) o (o) T ) e

- tm(y; bo) , ¢ - - -
gn,’y’y,G(z) [’77 77] = (j+(.’ll')3 eIPF;n(m) lnt(x)’)/t(x)/r;‘_,n<x) 1€p,
n

g;kz,v'yb(z) h/a 77] =

g:z,'y'y,'f(z) [’77 77]
_ tm(y; o)
gt ()?

A ~

epLan(@) ™t veep! (o ()17 (2) Ty ()7 (2) T3 (2) ! vee ! (0, ()07, (2) " ep,
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g;;,’y'y,S (Z) ['77 77]

tm(y; 0o . _ _ A _ - _ _ - _
= P o) v (1 () ) 7 (200 P ) e (1,0 0) e,
% 2tm(y; 0o A B N B . B
Goro( o] ——Me'pr;nm Ly @)y @) T () s () (@) i (@),
- 2tm(y; 0o) , - _ . _ . _
7100, n]z—ﬁ((m)g)e;r;,n(x) (@) (@) e (@) (@) i (),

Recall that h,, — 0 and

max 195 (:) = v (@) || = Op(1/y/nhi/ logn) = op(n~"/%),

<i<n

using, for example, Lemma SA-1 below. Then, the first part of Condition AS* is satisfied provided
that

S () — A () ]]3 — ~1/2
15’%””% (27) = An(@))[]” = op(n™/7),

3/2

a sufficient condition being nh3Y/? / (logn)** — oc.

The second part of Condition AS* is satisfied provided nh% — oo, because it can be shown that

Vg (DI — Al] = O [ ! <1 T 1)} ,

hg \" O nhd

1 1 \?2
T%d 1+n7h/% .

[Tk [ =% *\[27],% N g,k N * 1 1
VG B — 338 = 3l = O [ (1 1) .

A [g;,'y'y(zz*)[’?gz’* - ﬁn? ’?ZV* - @n” = OIP’

* [ =% *\[2],% N 27,k 2 1 1
Vo G~ 0= 08 [ (14 2]

where, as always, i # j # k.
Putting the above together, Lemma 5 implies Condition AS* if h,, — 0 and nhid/Z/ (logn)3/? —

SA.2.7 Condition AN*

First we show that
SN
=3 ez — a2l -2 0,
=1

where

Un(2) = gn(2,9m) = B lgn (2" )l + 05(2),  0n(z) = Gy L[ — 1),
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and hence

n

on(z) = izwpr (@) 7 [Kin(z — 20)t — 4y (20)]
i=1 n

> ) o) R = ) = P B2 o) 9 00
=1

Using the fact that 6,, —p 0y and maxi<j<n || Y5 (£;) —vn (z5) || = op (1), it can be shown that
1 - * N 2
E Z ”gn(zla 'Yn) - gn(zi; 771)” —p 0,
and

E*[g7(2" 40)] = Blgn(z,7,)] —p 0.

Also, it can be shown that

121?2; 107 (2i) — dn(z:)|| —p O,

implying in particular that

fZHcs* zi) — 6n(z)|? —p 0.

As a consequence, if h,, — 0 and nh3Y/? / (log n)3/ ? — o0, the first part of Condition AN holds.

Finally, employing direct calculations for kernel-based estimators we verify

V(G 0 = A 3" = Anl) = Op(1/137),
v (G:L 'y'y[ - %L,’%’* - ’?n]) = OP(l/h:lz)v
and
*[ % 1 - * * * A ~ k(1 o
=1

= Byt + By + op(n” 1/2),

provided that h, — 0 and if nh3’ /2/ (log n)3/2 — 00.
Therefore, using Lemma 6, Condition AN* holds if h,, — 0 and if nh d/2/ (log n)3/2 — 0.

SA.3 Example 3: Hit Rate

This example is Example 1 in Chen, Linton, and van Keilegom (2003), which corresponds to

a particular instance of a so-called ‘Hit Rate’. While simple in many respects, this example is
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interesting because it allows to compare our results with previous influential work in literature in
a tractable setting where the semiparametric estimator 0, is given in closed form but it involves
a discontinuous functional of a kernel density estimator 4,. Thus, we illustrate how Condition
AS (and AS*) can be verified in a non-smooth example to construct valid, more robust inference
procedures where standard empirical process methods cannot be applied to obtain asymptotic
normality for two-step kernel-based semiparametric estimators when 9B,, # o(n~1/2).

Suppose 21, . . ., z, are i.i.d. copies of z = (y,2')’, where y € R is a scalar and the vector € R?

is a continuous explanatory variable with density v,. The estimand is

0o = Ply = 7o()]

and the corresponding estimator is

n n

A 1 R R 1 1 U
On == Wy >A(@)l,  Anl2) == Kn(z—m)),  Kn(u)=5K (),
n nig hé hn
where 1(-) is the indicator function. In this example, z = (y,2'), z(z,0) = =z, w(z,0) = 1,

Y0(+»8) = Y0(*), and Gy (b, 4,) = 0, where g(z,0,7) = 1y > 7(2)] — 0, and v = f.
To obtain primitive bandwidth conditions for the conditions of Theorems 1 and 2, suppose that

for some P > 3d/4, the following regularity conditions hold:

® 7 is P times differentiable, and v, and its first P derivatives are bounded and continuous.

. (-|x), the conditional cdf of y given x, has three bounded (uniformly in x) derivatives.

ylz

e K is even and bounded with [pq [K(u)|(1+ [|u]|”)du < oo and

1 ifly=---=1;,=0
/ulll---uildK(u)du: ’ 1 ! d g .
R 0, if(l,....la) €Z% andly+ - +1lg< P

Let fy,(:|7) and fy|m(|:c) denote its first and second derivatives of Fy,(-|z). As in the average

density example, the smoothness assumptions can be relaxed but this is not the main focus of our

paper.

SA.3.1 Condition AL

This condition holds with Jy = I4,, with dp = 1 in this example, and without any op(1) terms.
Therefore, %B,, = B,, and Xy = .

SA.3.2 Condition AS

Define
gn(@,7) = Blgn(z,7)|2] = (1 = 00) = =Fyja[n 'K (0) + (1 = n™)y(2)|2].
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Being a defined through a projection, g, (z,~) is likely to be close to g, (z,7) in the the appropriate

sense and, indeed,

1 - ~ (7 o ~ (7 o
2 Dlon (A7) = i A) = a2 1)+ 2 700)] = 0 (1)
=1

if A, = maxj<i<p \’yﬁf)(ml) — v, (zi)] = op(1), because then
1 n 2
E (\/ﬁ D 190(26:49) = G2, A7) = gn (20, 70) + én(xi,’yn)]) | X
i=1

n
i=1

where X, = (21,...,2,)" and 40 () =(n—-1)""t > i=1jzi Kn(® — ;). Next, being smooth gn(z,)

admits the quadratic approximation

_ 5 y 1,
gn(xa ’7) = gn(x, 771) + gnﬂ(x)h/ - 7n] + 5971777('%')[7 Y Y — 771]7

where
Inr (@) = —(1 =) fyelvd () |2y (@),

Gnomy (@), m] = =(L =072 byt (@) ey (2)n(e),

where 7" (z) = n 1K, (0) + (1 — n~ 1Y)y, (2),. It follows from standard bounding arguments that

1 &y N = o AN w _
NG > 190, A) = Gn(@6,4) = Gu(@i,70) + Fn (@i, 7)) = 0p(1)
=1

provided A, = op(n~/6). These results, which employ Lemma SA-1, verify the first part of

Condition AS, provided that nh%d/ 2 /(logn)3/? — co. Moreover,

V(Jnny ()7 = 7al) = O(L/By),

V(G oy (@) [, = Vs Ao — Val) = O(1/B2Y),
VB (G (2) 3, — Y Y — Yall20)] = O(1/R2Y),
V(gnﬁ’)’(xi)ﬁ/% — Tn>» ;Y%, - P)/n]) = O<1/h%d)a

where, as before, i # j # k and hence Condition AS holds via Lemma 2, provided nh% — oo.
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SA.3.3 Condition AN

We have: .
fzgn 27n) + Gul3D) = Gu(7,)] = jﬁizlwn(zmén],
where
Vn(2) = 9n(2,7n) — Egn(2,7,) + 0n(2),
ba(2) = —(1 —n- / Fyelrt I (r = @) = 7, (r)]ro(r)dr,
and
By, = Bgn(2,7,) %%ZG ner VD = 13 = 7l

If hy, — 0 and if nh? — oo, then

¢n(z) - 1/]0(’2) = .90(2770) + 60(37)7 (50($) = _fy|xh/0( )|ZL‘ 70 / fy|m 70 )|‘/L‘]70( ) xz,

for every z and it follows from the dominated convergence theorem that E[||v,,(z) — vy(2)|?] —

Also, the conditions of Lemma 3 are satisfied if h,, — 0 and if nh¢ — oo because the representation

Gl = == [k @lah(@n(ano(e)ds

can be used to show that

9

E(HG /Y’Y[’Y 7n77n 7n]||2) = O(l/hozld)v

E(||Grn [0 = s 4 = 1lllP) = O(1/ 1),

with 4 # j. Condition (AN) is therefore satisfied with ¥ = E[tp(2)?], if b, — 0 and if nhd — oo.
It can be shown that, under the bandwidth conditions imposed, that B, = B, + o[p(nfl/ 2), where
By, = Bt + B + B8 with

B = = KO) [ fiebot@lelofalds )

B = = (5 [ frebol@lel KwPro(oho o - uby) dodu).

and BS = O(hF). Tt follows that BY* admits a polynomial-in-h,, expansion of the form

By = — =By + Bi*hy + Byhy, + ..,

i

n
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the constants BY-, BYL, By, ... being functionals of K and the data generating process. Symmetry
of the kernel implies that BN is of order 1/(nh%) and that the polynomial expansion of nhd BN

involves only even powers of h,,.

In summary, if nh2 — 0 and if nh3Y/2 /(logn)?/? — oo, then the conditions of Theorem 1
are satisfied and v/n(6,, — g — By) ~ N(0, o) holds with B,, = B, = BLL + B = O(1/(nhd)).

SA.3.4 Bandwidth Selection

As before, we have BS = hP’B5 + o(h?) with

B = -0 S L [wrtm) ([ gta@lon@ @o@)d).

lp|=P

Therefore, in this example we can balance the leading bias terms to obtain a (second-order) optimal
bandwidth selector:
SB ﬁ
()™ s £ s
hopt - 1 5
(#IE)™ i) = s

where the small bandwidth bias is
BE = B +BE

= &) ([ febo@laho@itr) - 5 ([ gw2an) ([ dblei)

and the smoothing bias is given above.

SA.3.5 Condition AL*

This condition holds with Jy = I4,, with dp = 1 in this example, and without any op(1) terms.
Therefore, B,, = B, and ¥ = (.

SA.3.6 Condition AS¥*

Let g (x,v) = gn(z,7) and define

gl ok 2 o N 1 ok R R
In(@,7) = G0, 95) + G (@) [y = Anl + 5507 (@)Y = T ¥ = Ty

2
where
Iny@h] = =1 =n"NfRelEs @)z (),
Grm@ M = =1 =07 fu 4 (@)]aly(2)n(z).
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Defining N; = 377, 1(z] = ;) and using the fact (about the multinomial distribution) that

n~13°" | N2 = Op(1), it can be shown that

fzgn 2 AND) = (@A) = G (2 An) + (25, A)] = 0p(1)
if A¥ =op (1), because then
1 & ’
(ﬁ D lgnGEARD) = gn@h, A0 — gn (2, An) + Ga(a], %)]) |, Xy
i=1
1 . * 7 */ % 2 * *
= Y (Zw 2 A @) — gn<zmn>]|»cn,xn) < sup,,, fyl (7] ( ZN2> A = op(1),

=1

where XF = (z7,...,2}) . Also, it follows from standard bounding arguments that
NP2 Z T35 Yni) = In (@35 Vi) = Gn (275 V) + (@7, 9)] = op(1)

provided A* = op(n~1/6). The latter rate result can be easily verified using Lemma SA-1. The
above results verify the first part of Condition AS* is satisfied when nh3/? / (log n)3/ 2 _ 00 and

hy, — 0. Moreover, it can be shown that
V(G (@) A5 = Aal) = Op(1/R)),
V*(gn 'y'y( )[’7 g — f)/na’)/n - 771]) = OP<1/h%d)’
VB (g (@D A5 = A A7 = Anll?)] = Op(1/R3%),
V(G (@A = Ao A = Anl) = Op(1/B39),

so that the conditions of Lemma 5 also hold, and hence the second part of Condition AS* will be

satisfied provided nhé — oc.

SA.3.7 Condition AN*

We have:
1 & _
=Y (52 A) F G D) = Gr() = —= Y [Wn(2)) + By,
77 0 e 0) + G = G fg

where

Tﬂ;( )_gn( n _*Zgn ZZ?Vn)+5*( )

=1

op(z) =—(1—-n" nykz: (@i)|zi) [Kn (i — ) — fn($2)]v
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Zgn Zu’Yn + 90 ZGn Yy 7n ’Ayna’?:f(i) - :Vn]

3 .
Suppose h, — 0 and nh%d/ (log n)3/2 — 00. Using Lemma A-2 and the fact that 6,, —p 0y it can
be shown that n=1 Y7 | |[¢%(2;) — ,,(2:)||> —p 0. Also, the conditions of Lemma 6 are satisfied

because the representation

Gl =~ =22 S B @l ()

=1

can be used to show that
V(G 1 57 = Ams A7 = AallI?) = Op(1/h2%),

V(G g 307 = A A5* = Anll?) = Op(1/15),

with j # k. Finally, it can be shown that B*(B) = B, + o, (n=1/2) if nhid/z/ (logn)®? = oo. In
other words, Condition AN* holds if h,, — 0 and if nh3/? / (logn)*/? = .

In summary, if nh2” — 0 and if nh d/2/(log n)3/2 — oo, then the conditions of Theorem 2 are
satisfied.

SA.4 Uniform Convergence Rates for Kernel-Based Estimators

Various results on uniform convergence rates for kernel-based estimators are used to verify the
conditions of Theorems 1 and 2 in the examples, usually via Lemmas 1-6. The results utilized are
all special cases of Lemma SA-1 below.

Suppose that for every n, Z;, = (Win, X;,) (i =1,...,n) are i.i.d. copies of Z, = (W,, X'),
where W, is scalar and X € R? is continuous with bounded density fx. The estimators we consider

are of the form

n

U, (z) = - Z W;nKon(z — Xjn), K (z) = K(z/hn)/h2,

and

< 1
F0)(z) = — Z WinKn(x — Xjn),
J=1j#i

where h,, = 0(1) is a bandwidth and K is a bounded and integrable (kernel-like) function.
Bootstrap analogs of these estimators are also of interest. Letting {Z7 ,,,...,Z; ,} be a random

sample with replacement from {Z1 ,...,Z,}, define
Z X
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and

7%, (7 1 - * *
G0 (z) = — Z Wi Kn(z — X5,).-
J=1j#i

Defining U, (-) = EW,, (-) the objective is to give conditions (on h,, p,,, and the distribution of
Zy,) under which

mase [(Xen) = W (Xi)| = Oy, (5A-1)
max [#0(Xo) W (Xe)| = Oplon). (5A-2)
ax [ U(Xn) = Wa(Xjn)| = Op(pn), (SA-3)
Sjsn
(max [ U50(X0) = Wn (X = Op(pn). (SA-4)

To give a succinct statement, let Gam(-) be the Gamma function and for s > 0, let
C () = sup>1 [B(|Wal*) + sup,era B(Wn[*|X = 2) fx (2)].

Lemma SA-1 (a) If C(S) < oo for some S > 2 and if n'~'/She /logn — oo, then (SA-1)-(SA-4)

hold with p,, = max(y/Togn/+/nhd,logn/(n'=1/Shd)).
(b) If C(s) < Gam(s)H?® for some H < 0o and every s and if lim

1)-(SA-4) hold with p,, = /logn/\/nhd.
(c) If C(s) < H® for some H < oo and every s and if lim

hold with p,, = \/Togn//nhd.

<The condition C(s) < H® (for some H < oo and every s) is satisfied when W), is bounded

nhd /(logn)® > 0, then (SA-

nhd /logn > 0, then (SA-1)-(SA-4)

(uniformly in n), so part (c) can be used to analyze fn and its derivative and we use this part
in all of the examples. Part (b) covers certain distributions with full support (e.g., sub-Gaussian
distributions), but is not used in our examples. On the other hand, the S = 4 version of part (a)

is used to verify Condition (AN*) in Example 2.>

SA.4.1 Proof of Lemma SA-1

Fori=1,...,n, we have

U (Xin) = (1 = DU (X; ) + 0L (0) Wi

n

and therefore

e ¥ (Xi0) = W (Xi)| < o 190 (Xe) = W (Xi) |+ B
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where

1
— 1 -1 —
R, =n""K,(0 )lmzaXn|W +n :Es;l@ |0, (2)| = O(nhd)lrgfg (Winl + O(py,)

because np,, — 0o and sup,ega |¥n(2)| < C(1) [za |K(t)|dt. By Chebychev’s inequality,

Bla [Winl > Mra] < nP[ W] > M, < ]\Zi(s’g)
i<n non

for every M and every (S, 7,). Therefore, max; |W;,| = O,(7,) if the lim, s of the majorant

can be made arbitrarily small by choosing S,, appropriately and making M large.
In case (a), setting (S, 7n) = (S, n%) we have 1,, = O(nhlp,) and

nC(S,) C(S)
Msn,rgn - MS )

whose lim,, .o, can be made arbitrarily small by making M large.

In case (b), setting (S,,7,) = (logn,logn) we have 7,, = O(nhlp,) and

n 1 logn)H's" [ H "
nC(S,)  nC(logn) - nGam(logn) — < ) 0(1/+/logn),

MS”T}S;" - Mlogn(log n)logn - Mlogn(log n)logn M

where the second equality uses Stirling’s formula and the lim,_, of the majorant can be made

arbitrarily small by making M large.

In case (c), setting (S, 7,) = (logn,1) we have 7, = O(nhlp,) and

nC(Sn,)  nC(logn) < H\'e"
MSeron  Mler ="\ )

where the lim,, .o, of the majorant can be made arbitrarily small by making M large.

In all cases, R, = O,(p,) because 7,/(nh%) = O(p,). The proof of (SA-1) can therefore be
completed by showing that (SA-2) holds.

Proof of (SA-2). With (S, 7,,) as before, let

Um0 (g

S n-—1 Z Xj’n)’ WJT” = Wj,n1[|Wj,n| < CTTn]7
J=Llj#i

where C'; is a constant to be chosen. We have

P[E@ () £ OO () for some i] < ]P’[max |Win| > Crryl,

- 1<i<n
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whose lim,,_,o, can be made arbitrarily small by making C; large. Also,

max sup [B[E]) (@) — U730 (2)]| = O(n~'?) = O(p,)

1<z<n xERd

because

— B[ (@) - ¥ ()] = IE[ L([Wa| > Crra)Kn(z — X))

e [ k)

whose lim,,_,o, can be made arbitrarily small by making C, large. To show the desired result it

IN

therefore suffices to show that

max ‘\I’T A )(Xz,n) -y (Xz n)| = Op(ﬂn)

1<i<n

for every C, where U7 () = BT () = B¥}, (1)( ).
For any M,

B | max (070 (X;) - W(Xin)| > Mp,| < m max PIFLO(X,,) — U(X0)| > Mp,)]
1<i<n 1<i<n

< nmax sup B0 (2) — W (2)] > Mp,),
1<:i< SN cRd

7,(4)

where the last inequality uses the fact that X; is independent of U7 Because

(WinKon(z = Xjn) = Wi (2)| = O(ra/hy),  VIW],Kn(x — Xjn)] = O(1/hy),

it follows from Bernstein’s inequality that

d
5,7,(1) T < _ npnhn
m DX sup PlIW7 " () — ¥p ()| > Mp,] < 2nexp O T Mpry|

To complete the proof of (SA — 2) it therefore suffices to show that

1 M2?np2hd
logn 14+ Mp,,m

limy, 00

can be made arbitrarily large by making M large.

In case (a), the desired result follows from the proof of Cattaneo, Crump, and Jansson (2013,
Lemma B-1).

In case (b),
1 M?np2hd B M?
lognl+ Mp,7n, 1+ MC.p,logn’
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whose lim,, .o, can be made arbitrarily large (by making M large) if p, logn = \/(logn)3/(nhd) is
bounded.

In case (c),
() 1 M2np2nd  M?
lognl+ Mp,7, 1+ MC.p,’

whose lim,, .o, can be made arbitrarily large (by making M large) if p,, is bounded.

Proof of (SA-3). For any M,

Plmax [¥},(Xin) = Un(Xin)| > Mp,] = B[ max W5 (Xip) — Un(Xin)| > Mp,]

1<i<n 1<i<n
and
P |95 (Xon) = Wn(Xon)| > Mp,] <1 sup P[0 (2) — ()] > Mp, ).
1<i<n zER4
Because

WinKon(@ = X5) = Wa(@)] = Op(ra/hiy), VW, Kale = X)) = Op(1/hy),
it follows from Bernstein’s inequality that

M>np}hi;
Op(1+ Mp,Ty)

P[0 (x) — Un(2)| > Mp,] < 2exp |~

Validity of (SA-3) follows from this bound and the fact that

1 M2%*np2hd
logn 1+ Mp,, ™

lim,,— o

can be made arbitrarily large by making M large.

Proof of (SA-4). Because
o0(g) =1 —n Y10
we have the bound

(1—-n7") max (U5 (X ) = U(Xjn)| < max W5 (Xjn) = Un(Xj0)| + RS,
<i,j<n 1<j<n

where

R: = n7 max |0, (X;,)| +n 1, (0) max [Wi,|

1<i<n 1<i<n

_ - _ 1
< n ! 121%}; ‘\Ijn(Xz,n) - \Ijn(Xz,n” +n ! ;psélﬂgd |\Ijn(x)| + O(Thg) 121%}; ‘Wz,n‘ = Op(pn)'
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In particular, (SA-4) holds because (SA-3) holds. &

References

CATTANEO, M. D., R. K. CrRUMP, AND M. JANSSON (2013): “Generalized Jackknife Estimators

7

of Weighted Average Derivatives (with Discussion and Rejoinder),
Statistical Association, 108, 1243—-1268.

Journal of the American

CHEN, X., O. LinTON, anND I. vAN KEILEGOM (2003): “Estimation of Semiparametric Models
When the Criterion Function is Not Smooth,” FEconometrica, 71, 1591-1608.

GINE, E., anp R. NIcKL (2008): “A Simple Adaptive Estimator of the Integrated Square of a
Density,” Bernoulli, pp. 47-61.

VAN DER VAART, A. W., axD J. A. WELLNER (1996): Weak Convergence and Empirical Processes.
Springer, New York.

50



