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1 Assumptions
Assumption 1.1 (Unconfounded Treatment Assignment) For allt € T, given X , T
is independent of Y*(t), i.e., Y*(t) L T\ X, for allt € T.

Assumption 1.2 (i) The support X of X is a compact subset of R". The support T of the
treatment variable T is a compact subset of R. (ii) There exist two positive constants n; and

1o such that
O<m<m(t,zg) <m<oo, V(t,x) eT x X .

Assumption 1.3 There exist Ay, i, € REVE2 and a positive constant o > 0 such that

sup  |(p7 ! (mo(t, @) — s, (1) T Mgy x i Vi, (®)| = O(K ™).
(t,x)eT xX

Assumption 1.4 (i) For every Ky and K», the smallest eigenvalues of E [ug, (T)uk, (T)"]
and E [vg, (X vk, (X)T] are bounded away from zero uniformly in K; and K. (ii) There
are two sequences of constants (1(K7) and (o(Ks) satisfying sup,er ||uk, ()| < ¢G(K71) and
SUPgey Vi, ()| < G(K2), K = Ki(N)K2(N) and ((K) := G (K1) (K2), such that ¢(K) K™
— 0 and ((K)\/K/N — 0 as N — .

Assumption 1.5 (i) The parameter space © C RP is a compact set and the true parameter (3*
is in the interior of © , where p € N. (ii) L(Y — g(T';3)) is continuous in B3, supgeg E[|L(Y —
9(T;B))’] < oo and Elsupgee |L (Y — g(T: 8)) |] < oo.

Assumption 1.6

(i) The loss function L(v) is differentiable almost everywhere, g(t;3) is twice continuously

differentiable in 3 € © and we denote its first derivative by m(t; B) = Vg(t; 3);

(i1) E[mo(T, X)L'(Y — g(T; 8))m(T; B)] is differentiable with respect to B and

Hy == —VE[ro(T, X)L'(Y — g(T; B))m(T; B)] .

15 nonsingular;
(111) e(t,x; B8%) == E[L'(Y — g(T; 8)|T =t, X = x| is continuously differentiable in (t,x);

(iv) Suppose that N~ SN ap(Ty, X)L/ (Y; —g(ﬂ;,@)) m(Ty; B) = 0,(N~Y2) holds with
probability approaching one.



Assumption 1.7 (i) E [supgee |L'(Y — g(T; 8))|*™°] < oo for some § > 0; (ii) The function
class {L'(y — g(t; B)) : B € O} satisfies:

1/2

E| sup [L(Y—g(T;8) - LY -gT:B)| <a-&
B1:11B1—BlI<s

for any B € © and any small 6 > 0 and for some finite positive constants a and b.

Assumption 1.8 ((K)/K2/N — 0 and VNK=* — 0.

2 Efficiency Bound

2.1 Proof of Theorem 1

Without loss of generality, we only consider the distribution of (7', X,Y") to be absolutely con-
tinuous with respect to Lebesgue measure, i.e., there exists a density function frxy (¢, x,y)
such that dFr xy(t,x,y) = frxy(t,z,y)dtdedy. For discrete cases, the proof can be estab-

lished by using a similar argument.

We follow the approach of Bickel, Klaassen, Ritov, and Wellner (1993, Section 3.3) to
derive the variance bound of 8%, see also Tchetgen Tchetgen and Shpitser (2012). Let
{ng’X(y, t, m)}aGR denote a one dimensional regular parametric submodel with fYTX(y, t,x) =

frrx(y,t,z). By definition, 3" solves following equation:

[ B8 (70— g 6 8] (0t = 0. 1)
By Assumption 1.1, (1) is equivalent to

// m(T: BV (Y — g (T: 8) [T = £, X = @] fx(@) fr(t)dadt = 0 .

Therefore, the parameter 3(«) induced by the submodel f3r x(y,t, ) satisfies:

tAAﬁWﬁwDEﬂUWFQWM®»W=tX=ﬂﬁ%ﬁ%@mﬁ=07 @)

where E“[-|T" = t, X = ] denotes taking expectation with respect to the submodel f;. v (-|¢, ).



Differentiating both sides of (2) with respect to «, evaluating at & = 0 and using the
condition Y*(¢) L T X, we can deduce that

0=, Jean a

/ / Y — g BDIT = 1, X = @] frlt) (@) Vom(s: 8°)dwdt - -

{m(t; B@))E* [L'(Y — g(t; B)|T = t, X = ] f7(t) f5 ()} dadt

a=0

Bla)

a=0

B - BT = X = alm(s8) S5 @)
XXT «

fr(t)dadt

a=0

Ix () fr(t)dydzdt

a=0

0
d [ s - o6 g it )
VXXXT

0

c [ w8 VR0 - g6 BT = X = a]|

XXT

B(a) - fr(t) fx(x)dxdt

a=0

=p"

bR gt BN = X = am(t: 5) - o ()

s

fx (x)dxdt
a=0

L/ Y* *))‘X = CC] fT(t)fX(-’B)vBm(t;lB*)dajdt. %

B(a)

a=0

Fr(t)dadt
a=0

E|
i
E|

/..
v B gl >>\T=t,X=w]m<t;ﬂ*>-§f§é<x>
XXT o

(t;
0
’ /yXXXTm(t;/B*)L/(y —g(t;8%)) %f?\T,X(y“, x)

Ix(z) fr(t)dydzdt

a=0

0

fr(t) fx(x)dedt - P B(a)

a=0

+ / m(t; B%) - VHE[L' (Y* () — g(t: 8))| X = ]
XXT

[ B g = £ X = am(ts8) - 5L 170

0
Gal_ P
0
afaf%(@

fx (x)dxdt

X
- /T E[L/(Y*(t) — g(t: 8°)] - fr(t)Vpmit: 57)

[ B - gsBIT = 1 X = el )
XXT

Ix () fr(t)dydedt

a=0
# [ VB0 - g6 mlep) frioar

B=p" L P

/ % 0 o
’ /yxXme(t;ﬁ*) L'y —g(t;8%)) - %fY\T,X(Z/H,w)

Bla)

/ . ax . o . a* a «
[ B g BT = 0 X = alm(t87) - S0

fx (x)dxdt
a=0

—v, { [ B - e ~m<t;ﬁ>fT<t>dt}

B=p"
fr(t)dadt

a=0

/ L ax _ _ . ax 0 o
+/XXTE[L Y —g(t; )T =t, X = xIm(t; B )-afafx(w)

0
+/ m(t; 8%) - L'(y — g(t; 87)) - %f?\T,X(muw)
VXXXT

fx () fr(t)dydzdt
a=0

[ B - g BT =1 X = alm(sf) 5L 70| fx(@)d
XXT o

a=0




Since Hy = =V { [ E[L'(Y*(t) — g(t; B))] - m(t; B) fr(t)dt |

is invertible, we get

p=p"
0
Do azoﬁ(a)
e { / E[L/(Y — g(t: B)|T = t. X = alm(t. %) - 218 (@)|  fr(t)dwdt
XxT da a=0
0
4 / m(t:8) - Ly — gt 87) - — [ (ylt @) (@) fr(t)dydadt
YXXXT da a=0
+ / E[L/(Y — g(t:8)|T = t, X = alm(t: B°) - 2 f3(t) fX<m>dmdt}.
XXT da a=0

The efficient influence function of 3%, denoted by S.rs(Y, T, X; 3"), is a unique function sat-

isfying the following equation:

0

Oa

B(@) = B[S, (VT Xs) o

lngYXT YX T} (3)

a=0 a=0

Therefore, to justify our theorem, it suffices to substitute S.;; (Y, T, X; 8*) = Hy '(Y, T, X; 3%)
into (3) and check the validity. Note that

N
E {Seff(Y, T,X;3 )a—a

log f?,X,T(Ya X, T)]

a=0
0
= H()_l w(ya t? €T, ﬁ*)a_ f?|X,T(y‘w, t)f’ﬂX(t, CC)dydCL‘dt (4)
XxTxY 1070 P
0
+ Hyt V(y, t,x; 8%) frixr(yle, t>8_ frix () fx (z)dydxdt — (5)
XXTXY | .—o
0
+ Hy'! @Z)(%tm;5*)fY|X,T(y|$,t)fT|X(t|iB)a— fo(x)dydzdt.  (6)
XXTxY | —o
For the term (4), we have
= B Fr) e )
W=115" [, A G0 =60 - im(is) i)

+E [E(Tv X; /B*)WO(Tv X)m(T; /6*)|X = x]
+E [T X ) mo(T XT3 67T = ]}

0
da
fr(t)

xx7xy frx(tlx)

X

Iy xrle,t) frx (t, @)dydodt

a=0

= H;! m(t; 8%) - L'(y — g(t: 8))




9
Oo

¥ xrle,t) frx (t, @)dydodt
0

a=

0
= Hol/ m(t; B°)L' (y — g(t; 87)) - 20l Irixrle, ) frt) fx(@)dydedt.
XXTXY A la=0

For the term (5), we have

_ g1 fT(t) m(t: 68" - L' (v — L ARy fT(t) m(t: B%) - o 3
@ =y [ { i) v o8 - T ) <)
FE[£(T, X; 87 mo(T, X)m(T; %) X = 2]
+ [0 X35 moT, X) (T3 9T = 1}
< Pyl o] (i) fx () dydads
a=0
iyt [ B X m X m(se) X ~
+E [T X 0o XT3 67T = ]}
X 8(1 Jrix (tl®) fx (@)daedt
a=0
—H_l/ B[=(T, X 07 mo(T, X)m(T3 BT = 1 | fii(f) () dede
XxT oo a=0
" [ BT XX T BNT =) L fRod
XxT ol a=0

_ g1 L ax fT(t) . ax i
A [, e B 8 5

0
:Hl/ e(t,x; B )m(t; B%) - —
i tapmee)- 5

fr(t) - fxr(x[t)dzdt

a=0

fr(t) - fx (x)dedt,

a=0

where the first equality holds by definition:
/ L'(y = g(t; 87)) fyixr(yle, t)dy =: e(t, z; 87).
Yy

For the term (6), we have

fr(t)

{ fr(t)
xx7xy Ufrix(tlz)

 frx(tle)
+E[e(T, X; 8%)mo(T, X)m(T; B%)| X = x|

(6) = Hy! m(t; 8%) - L'(y — g(t; 87))

m(t; B°) - e(t, ®; B7)

L E[£(T, X: 8%)mo(T, X)m(T; 84T = 1 }



X fY|X,T(y’wvt)fT|X(t|m)aaa‘ % (x)dydaxdt
a=0
= Hol/ {E [e(T, X; B8 )mo(T, X)m(T; 8%)| X = x]
XxT

+E [T X 0o XT3 67T = ]}

< frx(tie) -  fx(@)ad
=iy [ R X3l Xm(T )X = 2] frix(ile) o] S G@hdads
XxT da a=0
0
— 1y /XE (TG B0 (T X A0X =2 50| [ (@)
=H;! e(t t 4 dxdt
[, et BImEs) ) 5| @i

We have proved (3) holds, hence S,y is the efficient influence function of 8*.

2.2 Particular Case I: Binary Average Treatment Effects

In this section, we show that when T € {0,1}, g(t; 3) = Bo + 81 - t and L(v) = v?, our general
efficiency bound derived in Theorem 1 reduces to the well-known efficiency bound for average
treatment effects in Robins, Rotnitzky, and Zhao (1994) and Hahn (1998). In accordance with

our identification condition, ; and f; are identified by minimizing the following loss function

> E[(Y*(t) — Bo— - t))] - (T =1t).

te{0,1}
The solutions are given by

B =E[Y*(0)], 87 = E[Y"(1) =Y (0)].
Here B is the average treatment effects.

Corollary 2.1 Suppose T € {0,1}, L(v) = v%, g(t;8) = By + (1 - t and the conditions in
Theorem 1 hold, the efficient influence functions of 55 and B given by Theorem 1 reduce to

Seff(T?X7Y75(>)k) = ¢2<T7 X>Yaﬁ(>)k)7
Seff(T7X7Y76T75E)k) = ¢2(TaX7YaB[))k) - ¢1(TaX7YaBI7/B(>]k)a



where

(T, X, Y350 1) = =L - 1} B[V (1)|X] - 5 — B,

P(T = 1]X) V() - {]P(T = 1|X

1-T 1-T )—1}-E[Y*(0)!X]—55’

¢o(T, X, Y Bg) = P(T = 0]X) | YH0) - {m

and they are the same as the efficient influence functions given in Robins, Rotnitzky, and Zhao

(1994) and Hahn (1998).

Proof. Using our notation, we have

N H = E[m(T8m(T: 8]

B = [BO] , 9t 8") =By + pit, m(t;B8) =

B t
e(T,X;8%) =T -{E[Y"(1) = Y*(0)[ X] — 51} + E[Y"(0)[ X] — g,
(T, X)) = T -p+(1-T)-q _ T i 1-T

T T PI=UX)+T - PT=0X) PT=1x) " "PT=0x) "

where p = P(T" = 1) and ¢ = P(T = 0). In accordance with our Theorem 1, the efficient

influence function of (fy, B1) is
Hgl{mmX)m(T; B Y —E[Y|X, 7]} + E [:(T, X; 8)mo(T, X )m(T: 87| X] } -
With some computation, we have
1] 1
7o S L R S
p D pg |—p 1

and

7o(T, X )m(T; %) {Y — E[Y| X, T}

:p(T:Tm‘p' ; ’{Y—T'E[Y*(1)|X]—(1—T)-E[Y*(0)!X]}
1-T 1 . .
*P(T:ouo'Q'IT '{Y—T'E[Y (WIX] - (1~ 1) Bl <o>uq}

S e R E v -eyeax)



1—-T F

{ro —E[Y*(O)\X}}

PT=0x) ¢ |o
[mlx () B QXD 2+ iy OO B0
= 8
W {Y*(1) -E()IX]}-p
and
E[e(T, X; 8%)mo(T, X)m(T; 87)| X]
— | (7 (B () - Y O)X] - 5} + EYOIX] - 5) - g 2 || X
+E (T-{]E[Y*(l)—Y*@)X] 1) 4BV O1X] - 5 ) - 57—y 0 | | [ X
— | (V" (IX] - 5 - %) - et p[ \X]
R o
(e oxi-st-55) - ( X)) o o
(E[Y*(l)IX] Bo) -

Therefore, with (7), (8), and (9) we can obtain that

mo (T, X)m(T; B){Y — E[Y[X, T} + E [e(T, X; 87)mo(T, X)m(T; B7)| X]

b ¢1(T7X7Y7/6*>

Y

and the efficient influence functions of 3§ and g are given by

p- (T, X,Y;8)+q-62(T,X,Y; 87)

p 61T, X, Y8 61(T, X,Y; 8°) — 6o(T, X,V 3°) |

- [ 6o(T, X, Y; B%)

2.3 Particular Case II: Multiple Average Treatment Effects
In this section, we show that when T € {0,1,...,J}, J € N, g(t; 8) = ijo B;-I(t =j) and

L(v) = v?, our general efficiency bound derived in Theorem 1 reduces to the efficiency bound

of multi-level treatment effects given in Cattaneo (2010). In accordance with our proposed

10



identification condition, {/7}7_, are identified by minimizing the following loss function

J

S E[(Y(5) - 8)%] - P(T = j).

=0
The solutions are 37 = E[Y*(j)] for j € {0, ..., J}.
Corollary 2.2 Suppose T' € {0,1,....,J}, J €N, g(t;8) = Z}]:O B; - I(t =j), L(v) = v?, and

the conditions in Theorem 1 hold, the efficient influence functions of {5;}}120 giwen by Theorem

1 reduce to

1T = j)

Seps(T, X, Y5 87) = P(T = | X)

AYT0U) - ERTO)IXTY + EY*()IX] = 55, 5 € {0,.... ]},

and they are the same as the efficient influence functions given in Cattaneo (2010).

Proof. Using our notation, we have

E; I(t =0)
* J It=1
B = ﬁ:l g8 =D Bt =7), m(t;87) = ( _ ) :
: = :
57 ] | I(t=)]

Hy =E [m(T; 8 )m(T;8%)7] .

Then
e(T, X;8") =E[Y|T, X] — g(T; B7)
=ZJ%E[Y*(J>|X] (=) - ZJ%B;" 1T = j)
:Z (Bl G)IX] - ) - 1T = )
and
(T, X) = JXJ; P(]T(T:] f))() J,

11



where p; = P(T = j). Then we have

p' 0 0

- . o1 0 pt 0
Hy'' = E [m(T; 8 )m(T;:87)"] " = 1 :
0 0 p;!

mo(T, X)m(T; 8°) {Y — E[Y| X, T]}

r=o0l,, - ; B
- {Z e L SRR ORI e Y E[Y*(j)\X]}
(T =1J)| '~ =
[ AIS0s - po - {Y*(0) — E[Y*(0)| X]}
= : : (10)
= py  {Y () — E[Y*(J)|X]}
e(T, X; B )mo(T, X)m(T'; 3")
J J T — [<T = 0)
- {Z (B ()1X) - 6) - (T =j>} {Z i } 5
=0 =0 (T = J)
S0 - po - {E[Y*(0)]X] — @3}]
= py ALY ()X - 53}
po - {E[Y*(0)|X] — 55}
E [=(T, X; B")7o(T, X)m(T; 8°)| X] = s . (11)
ps - {E[Y*(J)|X] - 83}

From Theorem 1, the efficient influence function of 3* is given by

Hy ™ {mo(T, X)m(T: %) {Y — E[Y|X, T} + E[e(T, X By)mo(T, X )m(T; 87)| X}

12



P(T=0[X

IS0 (Y (0) — E[Y*(0)| X} + E[Y*(0)|X] - 5

LD Y () — EY* ()| X1} + BV (7)|X] - 85

which is the same as the efficient influence function developed in Corollary 1 of Cattaneo
(2010). =

2.4 Particular Case III: Binary Quantile Treatment Effects

In this section, we show that when 7" € {0, 1} is a binary treatment variable, L(v) = v(7—1(v <
0)) is the check function with 7 € (0, 1), and g(¢; 8%) = 85 - (1 =) + 5 - t, where B = (55, 57),
our general efficiency bound derived in Theorem 1 reduces to the efficiency bound of quantile
treatment effects given in Firpo (2007). In accordance with our identification condition, /3

and 37 are identified by minimizing the following loss function

> P(T=3)-E[(Y"(G)~ B){r—I(¥"(j) < B)}].
7€{0,1}
The solutions are 5 = inf{q : P(Y*(0) < ¢) > 7} and ff = inf{q : P(Y*(1) < ¢q) > 7}, which

are the 7" quantiles of potential outcomes.

Corollary 2.3 Let T € {0,1}, fy-a) and fy-(0) be the probability densities of the potential
outcomes Y*(1) and Y*(0) respectively, g(t; 3%) = 85 - (1 —t)+ 87 -t, L(v) = v(r — (v < 0)),
and the conditions in Theorem 1 hold, then the efficient influence function of B* given by

Theorem 1 reduces to

LT {T—I(Y*(O)Sﬂé)} _ ( LT 1) E [T—I(Y*(O)s53> X}
S (VT X 3% = |00 U ) F{T=01%) Fre@5)
I T IV ()<67) T 1 I W<B) | x| |
P(T=1]X) { Fr=m (BY) } - (P(T:HX) N ) ' [ Fr= (B5) }

which is the same as the efficient influence function given in Firpo (2007).

Proof. Using our notation, we have

1—
B =(B,60)", gt:8)=06-(1—1t)+ 8-t m(t;ﬁ*)—[ tt]’

Liv)=v(r—I(v<0)), L(w)=7—1(v<0)as.,
e(T,X;87) =T-Elr — I(Y*(1) < )| X]+ (1 =T) - E[r — I(Y"(0) < fp)| X],

13



T 1-T

]P>(T:—1’)()'p+MT:—O’X)'q, p=P(T=1), ¢=PT=0).

WQ(T,X) =

Direct computation yields

mo(T, X)m(T; B*)L'(Y — g(T; 8))
1-T

s a-nes )

B T 1-T
- {IF’(T=1!X) PR = 0x) 'q}'

sy 4 T — 1(Y(0) < 53)}]

g = [m-q-wﬂmm < BS)X]]

o= P Bl — 10V (1) < B)IX]
E[r— I(Y*(0) < 8| X
E [mo(T, X)m(T; 8%)e(T, X5 87)| X] = 1 IO =) ]],
p-Elr—I(Y*(1) < 57)X]
—q- fy=0)(8

Hy = VE [70(T, X)m(T; 8°)L'(Y — g(T; 8))] =

Therefore, by Theorem 1, the efficient influence function of 3* is

Serp(Y, T, X; B")

—p, {w, X)m(T: B)L(Y — g(T: 3%)) — 7o(T, X)m(T: B)=(T, X; 8°)
FE [T, X3 8 )m(T, X)m(T: 67 X] |

1
9 Fr0 @) 0
—1 1

0 L N ()
sr=oxy 4 AT — I(Y(0) < B)} —a- (
X
sy P AT I(YH(D) < B} - p- (]P’(TEHX) - 1) Elr —I(Y*(1) < 57)|X]

1-T ,{T*I(Y*(O)SBS)} _ ( -7 _ 4
) P(T=0|X)

Fy*0)(Bs)
T {T—I(Y*(l)SB;)} _ < T 1) R | =10
=1]X) BP(T=1X) TR Bh

Fy=@)(B7) P(T=1]X)

which coincides with the efficiency bound derived in Firpo (2007). m

14



3 Convergence Rate of Estimated Stabilized Weights

In this section, we establish the convergence rate of estimated stabilized weights 7 (7, X). Let
G, x iy Vi, x i, and T5(t, ) be the theoretical counterparts of Greixicys M xrc, and T (¢, )

respectively:

>|I<(1><K2(A) = E[GAKIXKQ (A)]
=E [p (ux, (T) " Avgy (X))] = Elug, (T)'] - A~ Elog, (X)),
A;(lxKg = argmaXG;(lxKg(A%

W;((t, w) = p, (uKl (t)TA;(l x Ko UK> (w)) :

Because of Assumption 1.4, without loss of generality, we can assume the sieve bases ug, (T)

and vg, (X)) are orthonormalized, i.e.,
E [ufﬁ (T)u}—ﬁ (T)} = ]K1><K17 E [UK2 (X)UI—EQ (X>] = ]K2><K2' (12)
Let

G(I7) == sup [lug, (1), C2(K2) = sup vk, (@), K =K1K, ((K) = G(K1)G(Ky).

teT xreX

We also recall the following property satisfied by mo(7, X): for any integrable functions w(t)
and v(X),
E [mo(T, X)u(T)v(X)] = E[u(T)] - E[v(X)]. (13)

3.1 Lemma 3.1

The first lemma states that 7} (¢, ) is arbitrarily close to the true stabilized weights mo(t, x).

Lemma 3.1 Under Assumption 1.2-1.4, we have

LS frolt @) = wi( )| = O(R)K™)
E [|7To(T,X) — 7;(<T,X)|2} _0 (K—2a) |

1 N
= Imo(Ts, X0) = (T X = Oy (K729).
=1

15



Proof. By Assumption 1.2, mo(t, x) € [n1,m2], V(t,z) € T x X and (p')~! is strictly decreasing.
Define

Fi= s ()7 mte) < ()7Mm), ye= inf ()7 (mo(t @) 2 (0) 7 ),
(t,x)eT xX (t,x)eT xX

which are two finite constants. By Assumptions 1.3, there exist a constant C > 0 and a

K x Ky matrix Ag, g, € RE*52 guch that

sup  |(p) 7! (mo(t, ®)) — i, (8) " Ay o vy ()] < CK T,
(t,x)eT xX

which implies

wie, () T A vie () € ((0) 7 (mo(t, @) — CK =%, ()™ (mo(t, ®)) + CK™%)  (14)
C[Z—CK_Q,T—FCK_Q], V(t,x) e T x X,

and

P (s, (8) "Mk i Vi, () + CK ) = p (ue, (8) " Ay ey Vi, (X))
< mo(t, ) — I (UKI (t)TAleKQUKQ(%‘))
< (e, (1) T Ak i iy (®) = CK ) = pl (ure, (1) T Ak, i, v, (),
V(t,x) e T x X.

Let T'y := [y — 1,7 + 1], by Mean Value Theorem, for large enough K, there exist

€ (uKI (t)TAK1XK2vK2 (m)7uK1 (t)TAK1><K2vK2 (CI)) + CK_Q)
Cly—-CK*5+2CK ] cTy,

€ (uKI (t)TAK1><K2’UK2 (:B) - OK_a7 UKy (t)TAK1><KQUK2 (113))
C

[y —2CK 5+ CK™| CIy,
such that

:0/ (uKI (t)TAleszKz (33) + OK_a) - Pl (uK1 (t)TAK1><K2UK2(m)) = p”(gl(t’ l‘))OK_a
Z —ach_a

16



and

pl (uKl (t)TAK1><K2UK2 (w) - CK_a) - pl (uK1 (t)TAK1><K2UK2 (m)) = _p//(£2(t> m))CK_a
S GQOK_Q7

where —a; := inf,cr, p"(7) and ay := sup.p, (—p"(7)). Let a := max{a;, as}, we have

sup {Wo(t, x)—p (uKl(t)TAleKQUKQ(a:)H <aCK™“. (15)
(t,x)eT xX

For some fixed Cy > 0 (to be chosen later), define
Trixrs = {A € RFVF2 [N — Ay i, || < CoK° .
For sufficiently large K and K3, we have that VA € Tx,xx,, V(t,2) € T x X,

’uKl (t)TAUK2 (ZIZ) — Uk, (t)TAIﬁ x K2 VK, ("B) |

<A = Ay || - sup [Jvr, ()] - sup [lu, (¢)|]
reX teT

< Oy K0 (K1) G(Ky).

Then in light of (14) and Assumption 1.4, for large enough K; and Ky, VA € Tk «k, and
V(t,x) € T x X, we can deduce that

uk, (t) " Avg, () € (UK1 () " Ak, x iy Vi, () — Co K (1 (K1) G (Ka), (16)
ey (6) Ay v, () + OQK—%(Kl)cz(Kz))
C |:1 —CK™ @ — CQKiaC]_(Kl)CQ(K2>,

Y+ CK ™+ cha@(Kl)@(Ka)}

cry.
By definition

Glerxa, (M) = E [p (uk, (T) Aok, (X))] = Elux, (T)] " AE[vx, (X)),

17



is a strictly concave function of A. By (12), (13) and the formula that tr(AB) = tr(BA) for
matrices A and B, we can deduce that

HVG}IXKQ
=B

AK1><K2)||2
! (uKI TAK1><K2UK2 (X)) UK, (T)UKz (X>T] - ]E[UKI (T)}E[’UKz (X)}TH

uKl AK1 x Ky VK, (X)) UK, (T)UKz (X)T] - E[W()(T’ X)UK1 (T)UKz (X)]T H

2

— e[y :

\/ﬁ{ﬂ (uKl )T Ak, XWK;(;K;((*;Q) - 7rO(T’X)}uKl (T)vk, (X)T]

:tr{ [VW 1 (s (D) Ak servsen X)) = Mol XD} oy <X>T]

\/71'0 T X
< Fo(ﬂX) {P’ (UKl (T) T Ax, ><;:)2UK2 (‘;()) - WO(T,X)}’U[Q(X)UKI (T)7 }
:tr{ [ /7T X {,0 (UKl Ale;QUKQ)E:;()) _WO(T’X)}UKl(T)’UKQ(X)T]

x E [uge, (X )um, (X)T]

Yo Gl CLAHREESET . R ICAE ) M S WOy

x E
7T0(T X)
X E [ug, (T)ug, (T)"] }
_E tf{uKl [W 1 (s @) Ay vy (X)) ”°(T’X)}uK1<T>vK2(X>T1
mo(T, X)
X E [uge, (X )ug, (X) ']
x E |/mo(T, X) {p (uKl AKIXKZUKz(X)) _WO(T’X)}UKQ(X)UKl(T)T 'UKl(T)}
mo (T, X)
=B |no(T, X) - ug, (T)"

< E \/ (T, X) {7 (ure, (T AK“&E’FK;(:)())_WO(T’X)}uKI(T)vKQ(X)T

X UK, (;X)’U}(z()()T

x E |/mo(T, X) 1" (e, (T AK”;:)?;Ki‘;Q) _WO(T’X)}UKQ(X)UKl(T)T up, (T)

=E

7o(T, X) b ue, (T)

x E

T X) {0 (ur, (T) T Ak, ng(;}f{;((‘;()) —m(T. X)} uk, (T)vx, (X)T]

X 7T0(T X) UKZ(X)

] (17)

18



Note that the term in the last expression:

7o(T, X )iug

\/W{’O et AKlXI;2(;K;((i()) ~ il X)}UKl (T, (X)T]

x 1o(T, X )i v, (X)

is the L*(dFrx)- projection of {p (uk,(T) AleKQUKQ(X)) — mo(T, X)}WO_I/Q(T,X) on the
space spanned by {m(T, X ) ug, (T), (T, X )7 sz( )}, which implies that

1

E||mo(T, X)7u

\/ﬁ{p (U‘Kl AK1><K2UK2 (X)) — //TO(T’ X)}UK1 (T)UK2 (X)T‘|
W()(T,X)
21

‘ {pl (UKI (T)TAleKQUKQ (X)) — 7T0(T, X)
7T0(T,X)

X 7T()(T X) ’UKQ(X)

<E

2] | (18)

— SUP |0 (ure, (8) " Ay ey Vi, (®)) = ot ) |

\/_ €T xX

< _C DKo (19)

Vi

Note that for any A € 0T g, «k,, i-e. [|A — Ak, xk,|| = CoK~%, by Mean Value Theorem and
the fact p”(y) = —p'(y), we can deduce that

Use (15), (17), (18) and Assumption 1.2 to obtain:

||VG;(1><K2 (AK1><K2)|| < E

‘ {Pl (uKI (T)TAK1><KQUK2 (X)) - WO(Tv X)
7T0(T,X)

G*K1><K2( ) - G}lxKg (AK1XK2)

Ko a
=Z (A —AKT G’;(lsz(A{i...,Aﬁ)

K2 Kz
2 . .
+ZZ A 7>\K) 8)\ a)\ GK1><K2(>\17 * ’A§2)(Al 7)\ZI()
=1 j5=1

< HA - AK1><K2|| ”VG;Q X Ko (AK1><K2)||

+ = iiA - AT

l 1j5=1
% E [p" (e, (T) Ak, x i, v, (X)) i, (Thure, (T) Tvre, (X ) v, (X))
x (A= Af)

19



= [lA - AK1><K2 | ||VG*K1 « 16 (M <16 ) |

l 1= 1
P (uge (T)Ak, x kv, (X
o | Rt XD iy, (e () o (s (O)
x (A — A
< HA - AK1><K2|| ||VG}(1><K2(AK1><K2)”
ZZ (A = M) "E [mo(T, X)ug, (Ture, (T) "wre, j(X)vie, 1(X)] (M = AY)
=1 j5=1

= ”A - AK1><K2|| ”VGKl X Ko (AK1><K2)||

3RS0 < AE [ (T, (1) e (K, (0] O~ )

=1 j5=1

a 2 2
= [|A = Ak, i | IV Gy iy (i) | — 5 ZZ Aj = M) TE [vre, 5 (X)vre, o (X)) (0 = )
=1 j5=1
Qa, K
* 3
= HA - AK1><K2|| ||VGK1><K2<AK1><K2)|| - % Z()‘J - A]I()T()‘J - >‘]K)
j=1

* as
= A = Ay xsia VG i, (A x| = 2 1A = A, x|
* as
— 18 = Arvall (196G, ()l = 32 1A = A )

aC
<||[A=A g B
< 1A= Ao (K= 2 Car 7).

where Ak, xx, = (MY, ..., A%,) lies on the line joining A = (Aq, ..., Ax,) and A, xx, = (M, ., AK)),
which implies wje, () Ak, x i, Vi, (®) € Ty by (16); a3 = infyer, {p'(y)} > 0 is a finite positive
constant; the third equality follows from (13); the fourth and fifth equalities follow from (12);
the last inequality follows from (19). Therefore, by choosing

2 C
o, 2e . 9C
as \/m

we can obtain the following conclusion:
G;QXK2<AK1><K2) > G;{lXKz(A) ) VA € 8TK1><K2 . (20)

Since G%, .k, is continuous, (20) implies that there exists a local maximum of G , k., in the

interior of T, «r,. Note that G .k, is strictly concave with a unique global maximum point

20



Ny «k,» therefore we can claim that
A*K1><K2 € T;(lxKy i'e'7 ||A*K1><K2 - AK1><K2|| - O(K_a) . (21)
By Mean Value Theorem, (16) and (21), we can deduce that

‘Pl (U'K1 (t)AK1 x K2 VK> (w)) - pl (uKl (t)A*Kl x K5 UKo (w)) |

= |p”(§*(t,a?))| ’uKI (t)AK1><K2UK2(w) — Uk, (t)A;('lxngKz(mﬂ

IN

—p" (€ (t,2)) X | ARyxie — N s, | % sUp [Juge, ()| % sup [Jug, ()]
teT xreX

IN

aaCo K™ (1 (K1) G2 (K>),

where ay = sup,cp, {—p"(7)} < o0 is a finite positive constant, and £*(¢, x) lies between the
point wg, (t) " A, re, Vi (®) and ug, (£) " Ag, xk, Vi, () (note (16) implies £*(¢, &) € T'y for all
(t,z) € T x X and large enough K'). Therefore, using the triangle inequality, and Assumption
1.4, we can have

sSup |7TO<t7w) —W;(@,ZE)‘
(t,x)eT XX

< sup |mo(t, ) — p (uk, (1) Ay ko Vi, (22))]
(t,x)eTxX

+ sup |pl (uKl (t)AKl x K2 UKo (CU)) - IO/ (uKI (t)A;(l x Ko UK> (:B)H
(t,x)eT xX

< aCK ™ 4 agCo K™ (1 (K1) G K>)
=0 (K *¢(K)),

where ((K) = (1 (K1) (K?).

We next prove E [|mo(T, X) — mi (T, X)ﬂ = O (K~%*). By Assumption 1.4, we can deduce
that
E ||mo(T, X) — 75 (T, X)P?|
< 2FE |:|7T0(T,X) - (ug, (T)AKlXKQUKQ(X))‘Q]
+2E DP' (s (T) ARy i, Vi (X)) = 0 (s, (T) Ay x ke, Uiy (X))ﬂ
<2 sup [molt@) — o (ur, (0 Ak xiyvrs ()|

(t,x)eT xX
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+2sup /) E|
vel

<O(K2)+0(1)-E “@1 (T

We next compute the order of E [{u K
(21) and Assumption 1.2 to deduce that

E |:|U;1 (T) {A*K1><K2 - AK1><K2} UKz(X”Z}

2
u}—(l (T) {Aj(lxKg - AK1><K2} UKQ (X)’ :|

2
) (i = Ay} o (0]

) { N — M} v (X)[°] - Use (12), (13),

=K U‘Kl {AK1XK2 - AK1><K2} UKz(X)UKz(X)T {A?(lxKQ - AK1><K2}TuK1 (T):|

=k |:7T0 T, X) 70(T, X )uge, (T) { Nk, x e, = Micyxra § Vs (X )vaey (X)) T {5, i, — AleK2}TuK1(T)]
%E [71'0 (T, X)uge, (T) {Nje, iy — Micascrcn} 1o (X)0seo ()T {0,y — Aicrcicn ) Uy (T)}

_ % TU[TQ (1) {0, res — Arcveien VE [Vr6 (X)viey (X)T] {0y iy — Arcocrcn } e, (£)dFr (1)

B % Tu;(l (0) {AFei e = Mcura } {Meyra — AleKg}T ur, (£)dFr(t)

1 *
tr({AleKz AK1XK2}{AK1><K2
771 T

m
S 7||A;(1 XK2 - AKI XKZHQ
m

= O(K—2%).
Therefore, we can obtain

E [|7T0<T7 X) -

- AleKg}T ug, (g, (t )) dFr(t)

1
= tr({A*leKz - AK1><K2} {A*K1XK2 - AK1><K2}T>

(22)

(T, X))?] = O (K.

We finally prove N~ S°N |mo(Ty, X ;) — w5 (T, X4)|? = O, (K~2*). Note that by (22), we

can have

“[is

N
< %-E[‘u}{l {AleKz AleKz}UK2
< % B [[u, () { M s = Aoy} v,
< % CO(K72%) - QK1) G(Ka)? - |Ak,
< - CUR)? - O(K ),

N
Z uK1 (T3) { N, ey — Mkyxis § i, (X

(X)ﬂ ) . sup |u1T(1 (t) {A*lekz - AleKz}sz(ac)

2
i)|2_EU“K1 {AleKz AleKz}UKz(X)ﬂ} ]

(x)[]

|2
E)ET XX

- AK1><K2H2
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then in light of Chebyshev’s inequality and Assumption 1.4, we have

1 N
N Z ‘u;l (TZ) {A*K1><K2 - AK1 ><K2} VK, (XZ)|2 —E |:|UK1 {AK1 x Ko AK1><K2} VK, (X)|2i|
=1

=0, (L\/?K‘QO‘) =0, (K7%%). (23)

Use (21), (22), (23) and Assumption 1.2 to deduce that
LN
N 2 ol X0 7T X

N
2
< 5 D ol X0) = o (T) At (X))

2

N Z ’:0 uKl lengKz (X )) - p/ (uKl (Ti)AK1><K2UK2 (Xl))|

<2 sup ’WO(ta "B) - p (uKl (t>AK1><KQUK2 (w))‘z
(t,x)eT xX

+ sup |p" (v Z ‘ Afoxre, — AK1><K2} UKQ(Xz')‘2

yel'r

<2 sup |m(t,x) — p (ugk, (t)AleKQUKz(w))‘2
(t,x)eT xX

+25up [0 () B | [k, (T) { Ny, = Arores} 0 (X)[] + 0 (K722)

yel'y

= O(K™*) + O(K™>*) + 0, (K*)

=0, (K7%%).

3.2 Lemma 3.2

Lemma 3.2 Under Assumptions 1.2-1.4, we have

A *
HAKl xXKo AK1 x Ko
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Proof. Define
A 1 N Ky Ko
= NZZZ To(T, X, (T, (T) T (N = Avi, 3 (X vie, 1(X0),

where \; and A} are the j-th column of A and A%, , respectively. By the symmetry of Sn,
(12) and (13), we can have

E 3y = 2 Z N)TE [mo(T, X Jure, (T, (T) "vre, (X )vse, o(X)] (3 = A7)
=3 30 = A [ (T, (1)) Elve s (X (BN = X)

Ko
:Z(AJ‘ - )‘;>T<)‘j - /\;) = HA - A;(1><K2H :
j=1

Then we can further deduce that

~ 2
: [!sN 4 =i

[SN]_2E SN HA AK1><K2H+HA AK1><K2H

(ii (A = A) "m0 (T, X)use, (T)use, (T) T (N — AT)UKQ,J'(X)UKQJ(X))

=1 j5=1

Jr]\? ( > [;; A7) T7o(T, X)ur, (T)ug, (T) " (A — A?‘)UKQ,]‘(X)UKM(X)]

HA AK1><K2H
.
1 2 2
=yE (ZZ (A = X)) To(T, X ux, (Tug, (T) T (M — Af )UKQJ(X)WK2,I(X)>
=1 j=1
N(N—1) .12 ) ) )
t—p  E [Sn) = 1A = A |
_ )
1 2 2
= wE (ZZ X)) o (T, X)ug, (T)ug, (T) T (A — Az*)UKz,j(X)vl<2,l(X)>
=1 j5=1
: |
B N HA B A*Kl ><K2H2
N .
1 2 2
<yE (ZZ A5) o (T, X e, (T)use, (T) T (M — )\Zk)vKQJ(X)vK?J(X)) -
=1 j5=1
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In light of the fact that
0 <y {mt,x)ur, )ur, &)}y < mCi(K1)?y Ty, Vye RS V(t,

we can deduce that

DD = A0 T {mo(T, X ure, (T)ure, (T) T} (0 = Aoy (X vi, 1(X)

=1 j=1
Ko K>
- [Z Vre, (X)) (A — A;)T] {mo(T, X)ug, (T)uk, (T)"}
j=1 =1
K> 2
< Mol (D)) (N = A) Tog (X))
i=1
K2 K2
< o lluk, (T)]” (Z 1A — /\Z“HQ> (Z UKz,i<X)2>
j i=1
:772”uK1 H HA AK1><K2H HUK2(X>H2'

Hence, by Assumption 1.2 and (13), we can obtain that

]
L, 4

< N”QE [HUK1(T)H HUK2 ] HA AK1><K2H

1
< KD ) E [|lur, (TP flor, (X) 7] [[A — Ayl
1

B {|3n — 14 Mo

= G (K PG ()R [wmcr,xnmm (D) lores (X1 | |4 -
}V”? G (K1)’ Ga(K2)E [0 (T, X) e, (T) | [[orey (X) [P [|A = Ay,
1
an G (K1) () °E [[lue, (T)P] E [[lo, (X)IP] A = A x|
]17172C1(K1) C2(Ka)* K1 Ky ||A — AK1><K2H4
1

= NZ?C KHA AK1><K2H

Considering the event set

B o= {80 > A= K A% N |

25

x)eT x X,

I

AF(1><K2H4
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by Chebyshev’s inequality, (24) and Assumption 1.4, we can get

P ([8 = 18 = Ak ] 2 318 = K+ A # Ky

|

18| [ 8 = A~ A,

B HA AK1><K2H
4 (KK _
< 32w <0 () o (25)
Note that
VGA’K1><K2(A)
N
% { (1 (T0) Moy (X)) iy (T, (X5) — e, () - Elo e, (X)] )
— Elug, (T { Z’UK2 X)) — UKQ(X)]}
1oL
NZUKI ug, (T)] NZUKQ(XI) Elvg, (X)]
=1
1 < 1 Y
= VHp, xk,(A) — {N ZuKI (Ti) — Elux, (T)]} {N ZUKQ(XZ) E[UKQ(X)]} ) (26)
i=1 =1
where

Since A% .k, is a unique maximizer of G , x,(+), then for each j € {1,..., Ky},

a * * *
WGKl)(Kg ()\17 R >\K2)

= E [0 (ug, (T) Ak, s, v (X)) ey (X )vr 5 (V)] = Eluge, (T)E[vgcy (X))
= 0.
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Therefore, for large enough K, we can deduce that

H leres N M)

E [V s (N, ) 2] = ZE

] 1)
Z{P (g, (T Ny 10, 0i, (X)) ke, (Th) i, 5 (X3) — Elog, 5 (X)]use, (Th)}

2 |
|

{[||p’(uL(T)A}lszm(Y))uKI Jorc, (X ||}+Ew<”X)?]IE[nuKl(T)n?]}

K>
<2) E
j=1

4 2
N «
J

N
E fur, (T)] {le S oy (X0) - E[%,J—(Xn}
=1

x

<

Il
-

D E [vses s (X)) E |[lurc, (7))

_ 4 {E
+ Elvr, i (X)?)E [luzk, (T)IIQ]}

;KZ [orcs (X)) B e, (D]

(sup,er, #'(7))”
m

=]

+

|0 (e, (T) N, e, 0, (X)) |

WQ(T,X)

mo(T, X) [lur, (T)UKM(X)Hz]

=|
Mw

4

<4 B [ralT: X) bt (v O] + Bl s 07IE [ DI) }

\MN

Jj=1

2 & 2
oy B (X ) E [ llus, (D))

4 &2 | (supser, P'(V))2 2 2 2 5
= 55 TP B [y, (X E [, (7)) + Elve, 5 (X [Jusc, (7)) }

m

o S E [ure, s (X)) E [Jure, ()]
2 Ko
s /() +a+ 2} E [, (D] 3 E [ores (X

2
sup P’(V)) + 6} K1 K;

where the last inequality follows by Assumption 1.8 and the fact that Cy is a finite universal

constant.
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Let € > 0, fix C5(¢) > 0 (to be chosen later) and define
y - KixKsy . * K
Tk xr,(€) =< AER A = A e |l < Cs(e)Cy N[

For VA € Ti, s, (€),¥(t, ) € T x X, we can have

e, (1) T Avge, () — uge, (8) T A, i, Vs ()]

S I = A | 0P [l ()] 59D o, ()]

< Cs(e \/ C1 (K1)G(K),

thus for large enough N, in accordance with Assumption 1.4 and (14), we have

ug, (t) " Avg, () € [Um ()" N, sy Uiy () — 05(€)C4C1(K1)C2(K2)\/§,

g, (8) T A iy Vi () + 05(€)C4C1(K1)C2(K2)\/§]

3§~ CK — GGGl

54Ok + 05(6)04@(;(1)@(&)\/%]

C Ty(e), (28)
where T'y(e) := [y — 1 — C5(¢),7 + 1 + Cs(¢)] is a compact set and independent of (¢, z).

For any A € 9Tk, xx,(€), there exists A on the line joining A and A%, «x, such that

o -
O\

(AL, -, Ak)

K>

GKIXK2(A) = GK1><K2 (A*K1><K2) —+ Z()\] — )\;k)T
j=1

K> K> . 5?2 ) ) )

"2 ;; Q5= X5) gaan Croxa - ) = A0

where j\j denotes the j-th column of A. For the second order term in above equality, note that
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ug, (t)Avg, (x) € Ty(e) for all (t,z) € T x X, we can further deduce that

02 3 %
ZZ )‘* ONiON, GK1><K2()‘17 C AR, (A= AT) (29)
=1 j=1
1 N K Ks
=N DSOS G = X) Tuk, (To)p” (uge, (To)Avg, (X)) (A = A) Tur, (T vk, 5 (X i) vk, 1 (X )
i=1 j=1 I=1

< TN Z Z Z(/\j - )\;)TuKl (Ti)UK1 (Ti)T()\l - )\l*)UKz,j(Xi)'UKg,l(Xi)

TN ZZZ ro T X N X5) T mo(Th, X a)ure, (To)us, (T3) (A = N vk (X i), 1 (X)

i=1 j=1 =1

where —b(e) := SUD,ery (o) £ (7) < 00.
Define the event set

R 1 * 2 *
EN :{SN>2HA_AK1XK2 y A#AKlXKz’

1 3 T T 1 K
Zum Elur, (T)] p § 7 2 vk (X0) = Elvk, O | < 577\ 37 1+

and

Note that

s} ms om0 ()

By (25), we can deduece that for any € > 0, there exists Ny(e) € N such that N > Ny(e) large
enough

P((EN)C (’SN— ‘A AKlXKQH ‘ 7HA AK1><K2 Y A¢AF<1XK2>

N
T T S

- o
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Therefore, on the event Ey, for large enough N, we can deduce that for any A € oY Ky x Ko (€),

GK1XK2(A) - GK1><K2(A;(1><K2) (31)

ue a
Z )\ _>\* GKIXKQ()\T""7)\*K2)

Ks Ko 52 X B ) )
+ZZ j a)\ja)\lG[ﬁXKz()\l?'"7)\K2)()\l_)\Z)

b(e) ¢

S HA_ A}}1><K2H ||VGAK1XK2(A*Kl><K2)|| 2 SN
772
HA AleKgH HVGK1><K2(A}<{1><K2) HA AK1><K2H
<A = Aol | IV e, (M)l + 177 . \/K——HA A il
>~ KixK» 1X 2 Kix Ko N1/4 N 4772 Kix Ko
. 1 b(e
< 114 = K] (19 it i)l = 5+ e 4= )

where the first inequality follows from (29); the second and fourth inequalities follow from the
definition of Ey; the third inequality follows from (26).
Note that for sufficiently large N, by Chebyshev’s inequality and (27) we have

B {19 A () > & %A - A } )
2
= ble)? A = N | = b(e)2CE(e) T 2

where the last inequality holds by choosing

128 - n3
C > = .
s(6) 2 b(e)2e

Therefore, for sufficiently large NV, by (30) and (32) we can derive

P((ENrorHvﬁm&m;w;u> A - AMQH) stp="
— ]P’(ENand IV Hiey i, (N e, | < HA AleKQH)>1—e. (33)
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With (31) and (33), we can obtain that
P{GKIXKQ(A> - GA(leKQ(A;ﬁXIQ) < O, VA c OTleKz(e)} Z 1-— €.

Note that the event {GleK2 (A xx,) > G xi,(A), VA € 8YK1X;{2(6)} implies that there
exists a local maximizer in the interior of T, xx,(€). Since Gk, xx,(+) is strictly concave and

A Ky xK, 1S the unique global maximizer of G Ky xK,, then we get

]P) (*/A\leKQ e TK1XK2(€)> > 1 - 67 (34)

~0.(/5)

1.e. HAKIXK? — A?{lXKQ
|

3.3 Corollary 3.3

The next corollary states that 7k (¢, x) is arbitrarily close to 73 (¢, x).

Corollary 3.3 Under Assumptions 1.2-1.4, we have

. N K
sup [ (t,@) — mic(t,@)[* = O, (C(K)\/N> ,
(t,x)eT XX

. . K
/ ix(t,@) — 73t @) PdPrx(t @) = O, (N) ,
TxX

1 — K
7 Il X =il T, X0F =0, (7).

Proof. From the proof of Lemma 3.2, we know the facts P (/AXKIX;(Q € TleKQ(e)) >1—c¢

and (28). Then for any element Ag, x, lying on the line joining AleKQ and Aj , x,, we can

have that P(ug, (t)T Ak, x kU, () € Ta(e) for all (t,x) € T x X) > 1 — ¢, which implies

sup ‘p//(uKl(t)]\K1><K2'UK2<w)>’ = Op(l) (35)
(t,x)eT xX

Using Mean Value Theorem, Lemma 3.1, and (35), we can obtain that

sup ’ﬁ-K(t?w) - ﬂ-;((t?w)l
(t,x)eTxX

- sup ‘Pl (uKl (t)AKl x K2 VK> (SC)) - :0/ (uKI (t)A}(l x Ko UK> (CE)) ’
(t,x)eT xX
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< sup P (s, () A i v ()]
(t,x)eT xX

X sup s (DA v (@) = s (A o, 0 ()
(t,x)eT xX

< Op(l) ’ ||AK1><K2 - A;{lXKQH - sup ||uK1 (t>” * sup HUK2(33)||
teT reX

<0,(1)-0, (@) GK) - G(K2)
:@@m>g)

By Mean Value Theorem and (35), we can deduce that

/ |7k (t, ) — Ty (¢, :1:)|2dFT7X(t, x)
TxX

< sup |p”(uK1 (t)]\Kl x K3 UKy (w))|2
(t,x)eT xX

N 2
<[ Juna®) {Arie = A} v (@) dFrx(t,)
TxX
N 2
< OP(D ’ / ‘uKI (t) {AK1><K2 - A*leKz} VK, (CB)‘ dFT,X(t7 IL')
TxX

. 2
We estimate [ ‘uKl(t) {AleKQ - A}(lxKQ}vKQ(m)‘ dFr x(t,x). By (12), (13) and As-

sumption 1.2, we can deduce that

~ 2

[ i) {Asss = A} oma (@) dPrx(t.)
TxX

< [k (R — A, o)

TxX
o T
x v (@) T { Ao = Nicywry | s (4P x (1, @)
1 T N *
= | ot @k 0 {A ~ A e v @)

~ T
% via(@) " { Ao = Nieywrey | s (4P (1, @)

1 A *
<— | mot@)uk, ) {Ax — A, | v (@)
m Jrxx
T J A * T
X VK, (m) {AKI xKo — AKl XKQ} UK, (t)dFTJ((tv CC)
1 A *
= [ i@ (s = N} ([ omat@lona@) dr @)

Com )t
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“ T
X {AK1><K2 - A*leKQ} ur, (t)dFr(t)

T A * A * T
= )t (t) {AK1><K2 - AleKQ} {AK1><K2 - AleKQ} ug, (t)dFr(t)

B m
1 A * A * T

= | {Arcre — A P { Ak~ M, | /f i, (g, (H)dFr (1)
1 A * A * T

= atr {AK1><K2 - AK1><K2} {AK1><K2 - AK1><K2}

2

. A *
- a HAszK2 _AleKg

0, (K> . (36)

N

Then we obtain
R . 9 K
Tk (t,x) — 7 (t, ) |*dFrx(t,x) = O, ~
TxX

Similar to (23), we have

2

N
Z ‘uKl {AKI xKoy — A*K1XK2} UK2 (XZ)

~ 2
- / ’um (t) {AleKQ - A}lxm} v, ()| dFrx(t, )
TxX

=0, (ke = Miprel?) =0, () = (3). 60

where the last equality holds in light of Assumption 1.4. Hence, by (36) and (37), we have

N

1 ~ *

N D ER(Ti X o) = w5 (T, X )
=1

2

< sup |p”(uK1 (t>/~\K1 ><K2UK2 Z ‘ulﬁ {AK1><K2 - A;ﬁsz} VK, (Xl)

(t,x)eT xX

R K
< Op(l) / ‘UKI (t) {AK1><K2 - A;(lxlﬁ} VK, (m)) dFT7X(t> w) + Op (N)
TxX

o8] a(5)-0(5)
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4 Efficient Estimation

4.1 Proof of Theorem 4

Because 3 (resp. (%) is a unique minimizer of N~ SN T (T, X)L (Y; — g(Ti; B)) (resp.
E[mo(T, X)L (Y — g(T; 3))]), from the theory of M-estimation (van der Vaart, 1998, Theorem
5.7), if the following condition holds:

sup

sup S0 R (T XL (Y~ g(Tis ) — Elmo(T, X)L (Y = (T B))]i 20,

then B 2 B*. Note that

N
sup ]17;%K(TzﬁXi)L(Y;_Q(Tiha))_E[WO(TvX)L(Y_9<T§ﬁ))]‘
N
Szlég ;;{%K(Ti;Xi) _WO(Ti;Xi)}L(Yi—g<TiSIB))‘ (38)
N
+Zug %ZWO(T@X@')L (Y: = g(Ti;8)) — E[mo(T, X)L (Y — g(T;ﬂ))]' - (39)
€ i=1

We first show (38) is of 0,(1). Using Assumptions 1.5, Theorem 3, the Cauchy-Schwarz in-

2
equality and the fact that Tg(+) L), mo(+), we have that

N 1/2 N 1/2
(38)] < {% > A7(T, X) = ml(T,, Xi)}z} - sup {% D Lvi- g(Ti;ﬂ))z}

i=1 Be® i=1

1/2
< 0,0 {swB [L(V = o(T:))] +0,(1)

= 0,(1).

To show (39) is of 0,(1), by Newey and McFadden (1994, Lemma 2.4), it is sufficient to require

the following conditions holds:

1. © is compact;
2. L(Y — ¢(T; 3)) is continuous in 3;
3. E [supgee |L(Y — g(T; 8))]] < oo;

which are imposed in Assumption 1.5.
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4.2 Proof of Theorem 5

The proposed estimator ,@ is a special case of Chen, Linton, and Van Keilegom (2003), where
the authors establish the consistency and asymptotic normality of a class of semiparametric
optimization estimators under that the criterion function does not satisfy standard smoothness
conditions. The asymptotic distribution of the proposed estimator can be derived by applying
Theorem 2 of Chen, Linton, and Van Keilegom (2003).

Using their notation, we denote
N

M(B, () = E[MN(Q (D] =E[x(T, X)L (Y — g(T;8)) m(T; B)] -

The ordinary derivative I'1(3,7(+)) in B of M(8,7(-)) is

=VE [7(T, X)L’ (Y — g(T; 8)) m(T; B)],

and the functional derivative I's(3, mo(+))[7(:) — mo(+)] of M (B, mo(+)) along the direction 7(-) —

7T0<') is

Ta(B, mo())[() — ()] 1= lim ZEB o) £ 7(7() = Mo(-))) = M(B, 7o (-))

7—0 T

—E [(x(T, X) — mo(T, X)L (Y — g(T:8)) m(T; B) .

In order to apply Theorem 2 of Chen, Linton, and Van Keilegom (2003), we need to verify
their Conditions (2.1)-(2.6) hold. Conditions (2.1)-(2.5) of Chen, Linton, and Van Keilegom
(2003) can be easily verified by the following facts:

e Theorem 4 ensures ||B -8 & o;

e Assumption 1.6 (iv) implies that

1My (B, 7 ()| = HN_I ZﬁK(E, X)m(Ty; B)L{Y: — 9(T; B)}H = 0,(1/VN);

e Assumption 1.8 implies K = 0,(N'?) and K~ = 0,(N~/2), then by Theorem 2 we
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have [y, [fx(t, @) — molt, 2)PdFrx(tw) = Oy (K=) + 0, (VE/N) = 0,(N"2) +
op(NH4) < 0y (N1,

The most important step toward the application of Theorem 2 of Chen, Linton, and Van Kei-
legom (2003) is to check their Condition (2.6) holds, which states that there exits some finite

matrix V; such that
VN {My (8", 70(-)) + Ta(B", mo())[Fx () — ()]} 5 N (0, Va). (40)

If Conditions (2.1)-(2.6) hold, Theorem 2 of Chen, Linton, and Van Keilegom (2003) ensures
that

VN (B . ﬁ*) 4 N(0,9),

where Q 1= T'1(8*, mo(-)) " VA(T1(B*, mo(-)) ™) T = Hy'Vi(Hy ') T. However, Chen, Linton, and
Van Keilegom (2003) do not give the expression of V; and the verification of (40) is difficult
which is also admitted by the authors themselves (see the first paragraph in Section 3.3 of
Chen, Linton, and Van Keilegom (2003)). In Section 4.3, we prove (40) holds and give

Vi =E[(Y, T, X; 8. T, X; 8%7].

Therefore, we can obtain 2 = V, ¢y which justifies Theorem 5.

4.3 Proof of (40)

Before proving (40), we prepare some preliminary notation and results that will be used later.

Since Ak, xk, is a unique maximizer of the concave function Gk, xk,, then

(o () Ry, (X0 ) e (T (X0)T = 50 30 D (T (X)T = 0.

i=1 =1 [=1

2| =

Using Mean Value Theorem, we can have
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X e (T)urey (1) { Aeocres = Ny, | 0 (X i) orea(X3)T

1 N N
= m ZzuKl Tl UKQ )Tv (41)

i=1 [=1

where A K, x K, lies on the line joining from A Ky x K> 10 Nf¢ k- We define the following notation:

AK1><K2 = AK1><K2 - A;(1><K27 (42)

AK1><K2 = ]\K1><K2 - A;ﬁxKy (43)

and

* L A *
AK1><K2 T VGI(1><I(2 (AK1><K2)

N
1 *
= N § p, (uKl (E)TAK:[XKQ,UKQ (XZ)> UK, (ZTZ')UKQ (XZ)T

_ (%ZUK(TZ)) (%Z%(X")T) , (44)

il =0 (1)

From (41), A%, .k, can also be written as

In light of (27) we have

Ak ik, = —~ ZP” (UK1 )" A sy iy Vi, (X ))
x uge, (Ty)ur, (T;) " (AleKg A*K1><K2> Uiy (X i) vpe, (X)) T (45)

We now start to analyze (40). Decompose v N {My(8*,m(+)) + Ta(8%, mo () [Fx (+) — mo(-)]}
as follows:

VN {Mn (8", m0(-)) + T2(B8*, w0 () [Fx () — mo ()]}
1

=

{770 T;, X;) L' {Y; — g (T;; B°) } m(T;; B¥)

2

z:l

+/T/X(7ArK(t7w)—wo(t,:c))£(m7t;ﬁ*)m(t;,8*)dFX,T(w,t)}

= \/N/T/X m(t; B%)e(t, x; B7) (n (t, ) — mo(t, x)) dFx 7 (x, 1)
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+\/N/ / (g (t,x) — 7 (t, @) e(x, t; B )m(t; B%)dFx r(x,t)
\ﬁzm T;, X)L {Yi — g (Ti; 87) } m(T3; B7)
= \/ﬁ/ / m(t; B")e(t, x; B) (i (t, @) — mo(t, x)) dFx (1) (46)
TJX
+ \/N/T/X (ix(t, @) — 7 (t, @) e(x, t; B )m(t; B%)dFx r(z,t) (47)
VN [ [ @870 (1 s, (@) ke, (DA v, (2)m(t B 1)
+VN /T /X (@3 80" (i, DAk, s v (®) ) i, (D Ak, sz v, (@)t B)dFx () (48)
~VN / / (@5 B0 (uke (DN es w00 (7)) e, () Ay ey 01cs ()t B)AF 1, 1)

+ \ﬁ/ (t,2; 8%)p" (uge, ()N, x k0, Vi (%)) g, () Ak, w1, Vi, () m(t; B%)dFx 1 (, 1) (49)
TZ:: {FO T, X )m(Ty; B%)e(Ti, X 43 8) — B [mo(T, X)m(T; 8%)e(T, X; 3)| X = X]

B [ro(T, X)m(T: 8")e(T, X; 8°)|T = m}

N
Z{m T, X)L (i — g (T B)} m(Tis B8°) — mol(To, Xo)m(Tis B°)e(Ty, X 13 5°)

i=1

“J-

- E (T, X)m(T: %) (T, X; 8°)|T = T} } (50)

where Ag, «x, and A% «k, are defined in (42) and (45). We show that the terms (46)-(49) are
all of 0,(1), while the term (50) is asymptotically normal.

For term (46): By Lemma 3.1 and Assumption 1.4, we can deduce that

| VN -E[m(T: BT, X: 8°) (mie(T, X) = m(T. X))

N

< VR sup (e 37)| - BlI«(7, X3 8) ) B [[73e(T. X) = (T, )P
—0 (WK’“) .

For term (47): By Mean Value Theorem and the definition of Ay, in (42), the term (47)

is exactly equal to zero.
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For term (48): We can telescope (48) as follows:

VE [ [ e 8t 3670 (ke (0o (@) i, (0, v (2)dFx ()
TJX
VN [ [ 8t 87)0" (e, (0,0 (@) ke, () A v, (@) P .1
TJX
=V [ [ st 8 {07 (s (0 (@) = o (05 (O v (@) }

X wje, () Ak, x 16, vic, (2)dFx 1(w, 1) (51)
VN [ [ st 80 (05 (08 e ) e, 0
{AK1><K2 - AleKZ}UKz (x)dFx (). (52)

For the term (51), by Mean Value Theorem,
51 =V [ [ mtg)ett. w800 (olt.)
TJX
X {u;1 (t)AK1><K2UK2(m)} {u;r(l (t)AKHXKzUKQ (33)} dFX,T(w7 t)'

Since &(t, @) lies between wug, (t)"Af, i, Vi, (®) and ug, (t)TA}lxmv;@(m), which implies
&(t, &) lies between ug, (£) T Af Uk, () and uKl(t)T/A\}}lszvKQ(m). Then in light of (28)
and (34), we have P (&5(t, @) € T'a(e), Y(t,x) € T x X') > 1 — ¢, therefore,

sup " (&s(t, ) | = Op(1). (53)
(t,x)eT xX

With (36), (53), the fact that ||Ax, v, || < || Ak, xx,||, Lemma 3.2, and Assumption 1.4, we

can derive that

IGDI <VN - sup o (&1, @)l suplm(t B - sup |e(t @; B7)]
(t,x)eT xX (t,x)eT xX

// ‘UKl T Ak e,V (T )‘ ‘UKl()AleKQ’UKz( )’dFXT(a:,t)

<VN-0,(1)-0 {//‘UK T A st (@) :

{// ‘UK M) dFX,T(a:,t>}2
=V N-0,(1)-0(1)-0(1) - 0, (\/%) ~0p< %>
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o, (@) | )

For the term (52), we first compute the probability order of ||A% ., — Ag xro,||- Using
(45), the fact that p”(v) = —p/(v) and Mean Value Theorem, we have

% ~
AK1><K2 - AK1><K2

ZP" wie, (T Ny s reyvics (X)) i, (T e, (T3) T Ak, sy iy (X i) v, (X2

63 T’L,X {UK1(T)TA~K1><K2UK2(XZ')}

HMZ

< g, (Ty)ur, (Th) T Ak, x i, iy (X i)vge, (X3)

— Ag, x Ky

1 . .
NZ{ (ke (T A,y 01c0 (X)) s, (T, (1) Ay s vies (X )03, (X0) = Arynes } - (55)

S e X0) (s (1) e (0}
i=1

XuKl(T)uKl( ) AK1><K2'UK2(XZ')'UI—EQ(XZ')' (56)

For the term (55), by (13) we can write Ag, . x, as
Agix, = Erx [Wo(Tyx)uKl (T)urk, (T)TAlekszQ(X)UEQ(X)] :
where Er x -] denotes taking expectation with respect to (7', X'). We telescope (55) as follows:
L
NZ{ /(U[T(l( )AleKQUKz(X )) UKI(T)UKI( ) AK1><K2UK2(X )U[T(Q(X) AK1><K2}

i_\]: { { <UK1 DA x ey Vi (X )) —7T0(Tz',Xz')}

< wgey (T, (T) T Ay iy v (X»mz(Xi)} (57)

Z\H

N
Z{m To X s, (T, (1) Ay sy vy (X0)0R (X)
=1

- B [molT, X, (D (7)Ao (K)o (0] | (59)
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For the term (57), by Lemmas 3.1 and 3.2 and (36), we have that

HN Z {0 (g, (TN, iy 050 (X)) — mo(Ti, X0 }

X e, (Ti)use, (T3) " Awyxay Vi, (X3 vge, (X5)

N
1 . 2
< J N S 10 (uk, (TN ey v (X2)) = 7o( T3, Xo) | e, (T3) 12l vry (X 5) |12
i=1

J Z|UK1 AK1><K2UK2(X )|2

< O(C(K)E) - [ /T o, (A0 &) P )

HlAkal? -0, (<<K> %)] §

< O(C(K)Kia) : OP(HA\IQXKQH)
— O(K)K™) -0, ( %)
~0, (N—%g(K) : K%‘a> .

For the term (58), define the linear map J(-) : RE1*K2 5 R by

() .:%Z{m T, X o, (T, (1) M, (X o (X

B [T, X, (T, (1) M (X0, 0]

then (58) = J(Ak, xx,). For any fixed M € RK1*K> by (13) and the fact that:
M = E[TU(T’ X)ufﬁ (T)uKl (T)TM : UKz(X)UI—E'Q (X)]a

we have that




—E [WO(T7 X)uKl (T)uKl (T)TMUK2 (X)UI—E'Z (X)]

2]

2]

IN

7o(T, X)ug, (T)ug, (T) " Mug, (X )vg, (X)

.E{

R E[Wo(TaX) ' HuKl(T)H4‘|UK2(X)|’4:| 3k

IN
2= z2l= ==

112 Ef[Jue, (T)[['] - Elllore, (XO1'] - ([ 1]
<% M2+ GUE) - Go(K)? - Efl|uge, (T)|] - Elljur, (X)II?] - || M)

— -0 (G )

Using Chebyshev’s inequality, we have that

7()] = M0, (<<K> %) ,

then in light of Lemma 3.2,

(58) = T (Aryurs) = A0, <<<K> N) ~ o, (ctoy ).

Therefore,
(55) = (57) + (58) = O, (N—%C(K) : K%—a> +0, <§(K)%> .

For the term (56), in light of (53) and Lemma 3.2, we can deduce that

HNZP'" 6a (13 X0) {ue, (1) A s 60 } {ae, (e, (1) A o X, (60 |

uKl( ) AK1><K2UK2(X)

< sup | " (53 t iL‘ |< Z ‘U’Kl AK1><KQUK2(X )
(t,e)eT xX

2

< sup |p" (&t @) (K $NZ’“K1 )T Ak, x 1,0, (X3

(t,®)eT xX

2

\J Z’U’Kl AK1><K2vK2(X )

< OMCE)Op A N0 A, )
< 0,()¢(K)0, (ﬁ) 0, ( ﬁ)
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<o, (cmﬁ) -

Now, we can obtain
1Ak 2 = Ay ercy | = (55) + (56)
=0, (N"5¢(K)K3 ) +0 (c(K)5> +0 (Q(K)E)
p p N p N
_1 14 K
=0, (V) k) w0, (). (59
Using (59), Assumptions 1.4 and 1.7, for large enough N, we have
52 = [V [ [ (e )ete, 23870 (0 0 o) s 1)
TJx

X {AK1><K2 - A;(1><K2} VK, (w)dFX,T(wa t)‘

NI

< VN sup m(t; 8)] sup | () |E [|o(T, X 6"

~vel
« { /T ) (om0 { A, — Ay, sz(m)>2dFT7X(t,m)}

< VNOM)OM)OMOM)O(|Ax, xx2 — Ak, i, |I)

<0, (i) + 0, (cm) 7). (60)

[NIES

where the second inequality holds since
~ % 2 N *
| (w® { A, = A e} o@)) Pt @) = Ol e, = A )
TxX

due to the same argument as establishing (36). Therefore, by combining (54) and (60), we can
obtain that

18) =1 +52) =0y (\/% ) +0, (et &5) 0, (e) )

—0, (g(K) : K%‘“> +0, (((K)£> :
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For term (49): By the definition of A% ., in (44), we have

N
= ;NZ{ /T /X m(t; B)e(t, @; 87)p" (uge, (N, x i, Vics (®)) uge, (1)

< {ug, (T)p" (ure, (To) Mg, x i, Vi (X)) vge, (X3) } vie, (2)dFx 1 (, 1)

+m(Ti;ﬂ*)E(Ti,Xﬁﬂ*)Wo(Ti,Xi)} (61)
N
\}Z{//mt,@ (.2 8%)p" (uge, ()N, x 1, Vi, () e, (¢ ( ZuKlTl)
1
% N
+E[7TO(T7 )m( ;/3 )E(T,X,ﬂ*)‘X = Xz]

T E [mo(T, X)m(T 87)(T, X; 8)|T = T} } (62)

||M2

1T<2(Xj)> vrc, (2)dEFx (T, t)

We shall show that both (61) and (62) are of 0,(1). Noting p"” = —p', we can telescope (61) as

follows:

=¢1N§I{ [ st 80 (s, 0 s ) ke (63)
=1

s L (1) = (e (T ey (30) + T X0 o ()}

X Uy (ar:)de,T(a:, t)}

jﬁi{ [ [ st {of (s O (@) = o) e () (64)

x {uK (T)mo(Ts, Xi)vg, (Xi)} Vi, (x)dFX,T(x,t)}

1

N
- WZ{ /T /X m(t; )t @ 8ot @)uge, (1) {ure, (T)mol(Ts, Xi)vk, (X))} (65)

i=1
X VK, (x)dFXj(ac, t)
m(Tﬁﬁ*)E(TivXi?:@*)WO(TuXi)}'
We shall show that (63), (64) and (65) are all of 0,(1). Note that the second moment of (63)

vanishes:

E[|(63)P]
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[ [ e 8)ett.2: 8700 (uke (0N cre o) i, (1)

< {Wﬁ () [ 0 (e (T) A i, 0100 (X)) + 70(T, X, )] %(Xi)} viey (2)dFy (. 1)

|
|

(ulT(l (t)A*Kl x Ko VK2 (IB)) :| T
71'0(75, 33)

wotac )(tm,ﬁ)[

9 {uKl (@) [ 0 (e (T A i, 0000 (X)) + 70(T, X, >] %(Xi)} vicy (2)dFy (. 1)

|

X?To(t, x) - m(t; B%)e(t, z; B%)

P (uge, N, Vi (2)
% [ molt, @)

ka0 (ke (T, (X0} o @)aF (1)

—i—o(l)}

X sup {_p’ (UIT(I (t)A}lxKQWQ(x)) +7To(t,a:)}2

(t,x)eT xX

X sup {—77';((75,:1}) +7To(t7213)}2
(t,x)eT xX

— 0(1) - O(K~>*¢(K)?)
— O(K~2¢(K)?)

— 0,

p/ (u%l (TZ)A*Kl x Ko VK2 (XZ)) :l

m(Tﬁ,@*)&(ﬂ,Xi;ﬁ*)[ mo(Ti, X 1)

where the third equality holds because
/ T tA*
//ﬂ_o t a: ,3) (t,m,ﬁ*) p (uKl() KlXKQUKQ(:U))
7r0(t7 CC)
X uge, (t) {ur, (T)vge, (X) } vic, (2)dFx r(, t)

is the weighted L*-projection of m(t; 3" )e(t, @; B)p' (uf, ()N, ki, Vi, () Ty (¢, ) on the
space linearly spanned by {ug, (t), vk, (x)} with the weighted measure 7(¢, )dFr x (¢, ); the
last convergence result follows by Assumption 1.4. Similarly, we can also show that (64) and
(65) are of 0,(1). Therefore, (61) is of 0,(1).

Since p’(v) = —p'(v) and E [mo(T, X )m(T; 8% )e(T, X; B%)] = 0, (62) can be telescoped as
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follows:

(62) \F//mtg (t,2: B)p (uKl()A;(lxKQUKQ(mD

X uKI ( Zulﬁ UKI (T)])
( Z Viey (X ) = Elvg, (X )]) VK, (x)dFx (. t)
S e 20 (k05 0)

e, (O [, (T)] o, (X Jorcy (@) dFx o, 1
B rol(T, X ) (T B)=(T, X 8°)| X — Xz-]}

Wlﬁi{//mt (1:8)(t,2: 80 (i, (DA, ey ()

=1

X e, (tyure (T)Elvg, (X)ur, (€)dFx (. t)

— Ero(T, X)m(T: 8)=(T, X: 8°)|T = T} }

- \;Ni{/ / m(t; B%)e(t, x; B7) <UK1( )A}lxKQUKQ(w))

=1
X wuge, (OE [ug, (T)] Elvfe, (X)|vk, (@)dFx 1 (, t)

B [mo(T, X)m(T: )< (T, X: 5] }

For the term (66), since

sup ‘P (u;q(t)AleKQUKz(w))’ = 0(1),
(t,x)eT xX

and by Assumptions 1.4, 1.6 and 1.7, we can deduce that

(66) = \/N'O@(K))Op (\/%) Op (\/%) = Op <C(K) %) = Op(l)-
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For the term (67), Note that
E [ro(T, X)m(T: 8")=(T, X: 8%)| X] = /T mi(t: B7)e(t, X: B7)dFr(t).

Hence, (67) can be rewritten as

N .
Z{ [t 70,0 T (08 fur, (7] o, (X o (@) )
_/Tm(t;B*)E(thjh@*)dFT(t)}'

By computing the second moment of (67), we can obtain that

|| [ mits)ete 80 58 (008 L, ()] o, (X, ) ()P0
2
|

/m (t;8%)e(t, X; B*)dFr(t)
[H/ / m(t; A7)zt @3 87) Ig((;:f))uqu(t)um(T*)WE(X*)UKQ(a:)dFX(m)dFT(t)
]
E[H/T/Xm(t;'@*)g(tvm;B*)uIT(l(t)“Kl(T*)UITQ(X*)UKQ(:E)dFX(a:)dFT(t)

2

+2E[H//mtﬂ (tm; 87 T B E >( )(”")

< ufe, (s, (T7)0je, (X o, (@)dFx (@) APy (1)

T

where T* ~ Fp, X* ~ Fyx, and T* is independent of X™; the first inequality holds by Jensen’s

— 0,

inequality; the last convergence result follows from Lemma 3.1 and the fact that

[ [ m )2t B (1, (T (O o, (@) ()P 1)

is the L-projection of m(T*; 3" )e(T™*, X*; 3") on the space spanned by {ug, (T*), v, (X™)}.
Thus, (67) is of 0,(1) by Chebyshev’s inequality. Similarly, both (68) and (69) are of o,(1).
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Therefore, we have that
1(62)] < [(66)] + [(67)] + [(68)] = 0p(1).
Then, we can obtain that
|(49)] < [(61)] + [(62)] = 0p(1).
Summing up all orders (46)-(49) and using Assumption 1.8, we have that

(46) + (47) + (48) + (49)

— O(NE )40+ {o,, (c)-K32) v 0, (g(K)j%) } +op(1)

= o0p(1).

5 Some Extensions

5.1 Proof of Theorem 6

(Consistency). Let

[Z urey (T)uk, (1)

[Z uge, (T) 7k (Th, X )Y |

then , = A Tug, (t). By assumption, there exists v* € R¥! such that
sup ‘Ot Tug, (t ‘ =

teT

We first claim that

l5=71=0, (<<K> {\/%wa} +K15‘> ,

whose proof will be established later. Using (70) and (71), we can deduce that
~ 2
/ [et - et} dFy(t)
-
= / 5 e, (8) = (1) e, (8) + (1) ", () — 0% dPr ()
-
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< 25— )T [ [ w0 <t>TdFT<t>} (=) +2 [ 10 a0 = 6 PaFn(0

<205 =17 A (Blure, (T)ue, (T)']) + 2sup |(7) T, () = 04
K -
=0, <<<K)2 {N + K‘2°‘} + Kﬁ“) ,

and

sup [0 — 0] =sup |4 ug, () — (v°) Tug, () + () Tue, (8) — 6]
teT teT

<sup [lug, (O] - 15 = 7"l + sup|(v7) "k, (t) — 04|
teT teT

<O, |G (K) (C(K){\/%"‘Ka}jLKla) + O(K%)
=0, |C1(K1) (C(K){\/%"‘Ka}jLKld)

Finally, we come back to prove (71). Note that

ZﬁK(Ti,Xi)UKl (1,)Y;

i=1

*

-

T
E UKl UKl

Z ug, (1) ur, (T; )T

ZuKI K (Ti, Xi) — 70(T3, X 1)} Yi

+ ZuKl U’KI T ZuKl {7TO E?X )Y E[WO(T’HX )Y’T]}

+ ZuKl uKl T ZuKl (Tl) {E[WO(T% XZ)}/Z|Tl] - (7*)—'—”1{1 (TZ)}

EAUV + AQN + A3N.

We first compute the probability order of A;y. We use the following notation:
) T
Hy = < {ﬁK<T17 Xl) - WO(Th Xl)} Yi, . {ﬁ-K(TN’ XN) B WO(TN’ XN)} YN) ’

N
A 1
UNXKl = (uKl(T1>7"'7uK1(TN))T7 q)K1><K1 = N E :uKl(T)uIT(l(T)'
=1
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Then we can obtain that

HAlN”2 = [ZUKI uKl(T)T

[Z ure, (T0) {7x (T3, X3) — mo(T3, X3)} Y,

=Nt (e, U e, By FR U, 01, )

=N "2tr (ngK ]:]Nf]]—\r[UNxchi)}_(ixchi)I_(ixK1>

=N "2tr (@}YXQKI U, HVH UNxKlq);{i/szlq)l_éxKl)
S)\max(ci);(ixKl)thr ((I);é/xzm Unxi HNHJTIUNxKlqA)Z/XQKJ
(@5 i, )Nt (L Uiy (Ui, Unoct) ™ U, )
<Pin(Prey ey )] N H |2

N
N 1
:[)\nlin(q)leKl)]il N E {7 (T3, X;) — 770(TiaXi)}2 Yiz
i=1

Pmin(@Prixr,)] ™" sup |7k (t, @) — mo(t, )] ZW

(tx)eTxX
<0,1)-0, (ctryr =+ EIE) o,

Giiel

N (72

—0, (c<K>2K-2a n

where the first inequality follows from the fact that tr(AB) < Apax(B)tr(A) for any symmetric
matrix B and positive semidefinite matrix A, the second inequality follows from the same
fact and the fact that Uy, (Udy i, Unxi:) “Upyk, 1S a projection matrix with maximum
eigenvalue 1, and the fourth inequality follows from the facts that [Amm(Px,xx,)| "' = Op(1),
Lemma 3.1 and Corollary 3.3, and N~ SV Y2 = O,(1).

Next, we compute the probability order of Asy. Let
gi :=mo(T;, X,;)Y; — E[mo(T5, X,)Yi|Ti] and En = (eq,... JEN) T

We can deduce that
2

[ Aan || = [Z ure, (Ture, (T;) ' [Z ur, (Ti)e
=1
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2 21 T T H—1
= N tr ((I)KlxKlUNXKlgNgNUNXKICI)lelﬁ)
—9 T T H—1 p—1
= N tr (UNXKlgNgNUNXKl@leKl(PKl><K1>

< Ponin (@ ey )] 2N Ui, EnIIP
K
-0.(%)

where the last equality follows since | Amin (P, xx,)|F = Op(1) and N2 U, e, En||? = O,(K1/N)
by Markov’s inequality.

We finally compute the probability order of Asy. Let

.
Rn(y") = ({E[FO(T17X1)Y1|T1] — (7) "ure, (1)} AB[mo(Tn, Xn)YNITN] = (7) Ture, (TN)}> ;

then

2

[Asn|” = [Z ure, (Th)ue, (T;)

[Z ure, (1) {E[mo(T;, X,)Yi|T}] — (v°) Tug, (T3) }

2

= N2

A;ﬁxKlU;xKlRN(”Y*)
= N7t (@, U B () By () Ui B3,

= N~ 2tr (U]—l\/—XKlRN('Y*)RN('Y*)TUNXKlqA)I_(ixKli)I_(ixlﬁ)

= N2 (0302, U ey B (0 B (4) Uvcres 03 e, B )

< A (Pt )N 2t <(i);(1/><2K1 U]—VFXKlRN(ﬁ}/*)RN(V*)TUNXKl(i);(i/XQKl)

= Amax(Px! e )Nt (Rv(Y) B (7)) "Unvies (Uny i, Unsi) ™ Ui, )
S [)\min(i)Kl XKl)]_lN_IHRN(/y*)HQ

2

= D @)1+ S {BImo(Te X)ViIT = () T (7))
— O,(K7),

where the first inequality follows from the fact that tr(AB) < Apax(B)tr(A) for any symmetric
matrix B and positive semidefinite matrix A; the second inequality follows from the fact that

Unxii(Up i, Unxi,) Uk, 18 a projection matrix with maximum eigenvalue 1; the last
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equality follows from the fact that [Amim(®x,xx,)| "' = O,(1) and that:

1 N

v 2 {Em(Ts XOYiIT] = () Ture (T} < sup [Blmo(T X)YIT = 1] = () Ture (1)

i=1

= O(K ).
Hence, we complete the proof of (71).

(Asymptotic Normality). We have the following decomposition for 0, — (t):

O — 60 = ure, ()T (Y =) +[(v) Tur, (1) — 6]

-1

y [% > (B bl XOWIT - (), ()

# |00 -0

= blN(t) + bQN(t) + ng(t).

We shall show that biy(t) contributes to the asymptotic variance; and boy(t) + b3y (¢)
contributes to the asymptotic bias which is asymptotically negligible. Thus to complete the

proof of asymptotic normality, it is sufficient to prove the following results:
(i) Vi > c|lug, (t)])* for some ¢ > 0;
(i) VNV, by (t) S N(0, 1);
(i) VNV, bon () = 0,(1);
(iv) VNV, Phan(t) = 0,(1).

We first prove Result (i). By assumption, Apin (E [br, (T, X, Y)bj (T, X,Y)]) > ¢, we
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have

Vi U’Kl( )(I)leK [bKl(T X Y)bT (T, X Y)] (I)K XK1UK1<t)

>c- uK ( )CDKixchI)KixKluIﬁ(t)

>C )\?mn ((I)KixKl) HuKl( )H2

For the claim (ii). Let

bin(t) = ug, (t N ZUKI Dur, (T;)"

—1 1 N
[Nme(Ti,X@-,Yi) :

=1

Similar to the proof of (40), we can show
VNV (b () — ban (1) = 0,(1).
Then

VNV oy (t) = VNV Phin(t) + 0,(1)
N
= \/N‘/;_l/QuIﬁ(t)T(i)l_(ixlﬁN_l ZbKl (THXHY;)

=1

N
— \/Nv;fil/;ulﬁ (t)Tq)l_(ixfﬁ ) N_l Z bK1 <T‘“ Xi, Y;)

=1

N
+ \/N‘/til/QuKl (t)T [é;(iXKl - (I);(iXKl] ’ Nil Z bKl (7—;’ Xi’ }/Z)

i=1

= 03 (1) + biN (t). (73)

For bg\),(t), we can simply apply the Lyapunov CLT and show that bS\),(t) 4N (0,1). For

b(2)
2 1
VN

2

iv(t), we can deduce that
N
P < Vi sy (17} - || @b, = B | - || 7 D b (T2 X )
i1

<0,1)-0p (ar?- 1) -0, = 0, (6t 5 ) = 1)
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where the second inequality holds since

_ £—1 -1 2 _1 1
- tr ({(I)leKl - (I)K1><K1} {¢K1XK1 - ¢K1><K1 })

21 2 —1 -1 = &1
=tr <(I)K1><K1 {‘I)K1><K1 - (I)K1><K1} (I)Kl xKl(I)leKl {(I)KIXKI - (I)K1><K1} (I)Kl ><K1)

_ -1 -1 2 -1 -1
=tr ({(I)lelﬁ - (Dlelﬁ} (I)lechI)leKl {‘I)K1xK1 - ‘I)K1xK1} (I)leKlq)leKl)

. —2 . . .
< Amin (‘I’leKl) Amin (Pxy k) 2 - tr ({‘PKl «K, — Pk, ><K1} {‘I)leKl - ‘I)leKl}>

< 0,(1)-0,(1)- 0, (K0 )

ACEES

and

2
1

= = E [||bx, (T, X, Y)|[’] = O(Ky).

N
E H D bk, (T3, X3, Y5)
=1

2

Thus (ii) holds.

For (iii), by the Cauchy-Schwarz inequality, we can obtain that

VNV, by (1))

= Nﬁl/QVt_l/z UK, (t)T(i);{ixKl U;XKIRN(7*>

N

1
<V {um ) Pk, (N Uni, Unxiy) Prt s, Uy (t)} {Rv(y")"Rn(v")}

<V Lk (0T 05 (0 {R(r) TR ()}
<V ey D1} - P (@5 )2 - O(VN - K7 %)
=0(1) - 0,(1) - 0,(1)

= 0,(1).

Similarly, we can show show that VNV, "/ ®|bsy(t)] = 0,(1). This completes the proof of

Theorem 6.
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5.2 Proof of Theorem 8

Note that

\/N‘/;l i0/|2to 9t0 tl‘tO - etO t1|t0:| = \/N‘/t 1/2 |:0t1‘t0 - 9t1|t0:| \/_‘/t 1 2 |:6t0|t0 — 0t0|t0:| . (74)

1,tolto 1,tolto

12 [ L . : :
Consider the term VNV, ' |:0t0|t0 - Qto‘to] . Since 0y, is a nonparametric series estimator of

O[> by using a similar argument of proving Theorem 6 (see also Newey (1997)), we have

N
- ~ - _ 1
VY, i [Bults = Ouao| = Vil 00) @iy = Db (T Y+ 0,(1), - (75)
i=1
where
bs, i, (T3, Yi) = e, (Ti){Y: — E[Yi[Ti]}.

Consider the term \/_V 1/2 [é\tl‘to 0t1|t0] Let 0 :=t; — tg, and

t0|t0

-1

Yooz (T;, X;) N
~ K\4Li, i T A
! [; mx(Ti — 6, X) Yi-ug, (73) ; UKl(TZ)uKI (T3)

Then §h|to =3 Tug, (t;). We have the following decomposition for 6A’tl|t0 T
é\tllto - 9t1|t0 = UK, (tl)T(’AY — ")+ [(’Y*>TUK1 (t1) — 9t1|to]

—1
T
= Uk, tl [NzuKl uK1

1 7 (Ti, X ;) 7 (T, X5)
- T Y — Y;
% _N Z“Kl( ’){er(Ti—é,Xi) (T — 0, X))
—1
+ug, (t) " ZUKl Dur, (Ti)
& (T, X5) mo(Ty, X5)
K\44, 7 o\L4, 7
- T Y, —E Y| T
‘g ’){mm—é,xa ’ Lo(Ti—é,X» ’ ]}
_1 N —1
_}_uKl(tl)—r N uKl(Tl)uKl(Tl)T
L =1
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1 Y o (T3, X ;)
X [N;Um(Tz) : {E [Wo(Ti 5, XZ-)Yi

|0 T (8) = O

= bin(t1) + ban(t1) + bsn(t1) + ban (t1).

Similar to the proof of Theorem 7 (Section 5.1, (iii) and (iv)), we can show

VNV, tjoftgww(tl)\ —0 and VNV, 2 [byn(ty)] — 0. (76)

t0|t()

Consider byy(t1). Similar to (73), we can show that

VNV, A2 g ()

t|t

= - \/NUKl (tl (I)I_(l x K1 [ Zulﬁ { (( z _56)§(z))_ //T(O(Z —_(SJX)Z() ) }er(ﬂ, XZ)Y;

+ 0p(1).

Then we have

—1/2
VNV S b (t)
—1/2 —
— —\/Nvtl,tjltou,ﬁ ()T ®R g,

I N = . — T — .

/S~y ,—1/2 Tx—1
- N‘/;hto“OUKl(tl) (I)K1><K1

1 & k(T = 8.X,) —mo(T; — 6, X)) (T, X ;) mo(Ti, X ;) '
x N;“Kl(T’){ To(T; — 0, X;) }{er(Ti—é,Xi)_WO(Ti—é,X,»)}YZ

/a1 —1/2 Ta—1
= - Nv;l,tdtouKl(tl) (I)leKl

B N
1 : ﬁ’K(Ti—(S,Xi)—F()(E—&XZ‘) ‘ . :
X NZMKI (T’){ mo(T; — 6, X;)? mo(Ti, XY

VNV g () TR g,

t1,tolto

: ﬁ'K(Ti—(S,X)—ﬂ'()( —6X) ﬁ' (Tl7X)_7TO(1—1“Xi> :
X_N;uKl(TZ){ (T, — 5, X,) }{ (T — 0, X,) }Y

—1/2 Ta—1
+ \/N‘/;fl’tohfouKl (tl) q)leKl

X:]biuKl(Ti){er(Ti—6,Xi)—7ro(Ti—&Xi)}{wK( — 5, X;) — mo(T; —6X)}

Wo(to,Xi) 71'0( 5 X) ( i (;,Xl)

X ’/To(Tz,Xi)Y;

= VNV, /8 bR 0) + VNV, R bR ) + VNV 6 (1),

t1, t()lt() 1N
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Consider \/_V_l/2 )( t1). The conditions Apin(Xok, x2r,) > ¢ > 0 and Apin (Pryxr,) > ¢ >0

t1,tolto

imply th tolto = € Nl (¢ 1)|I? for some ¢ > 0. Similar to (72), we can show that
/2 15(2)
fv;l t0|t() (tl)‘

< VN {V e e ()1l @

()

Kk (Ti — 6, X;) — mo(T; — 6, X;)
K1><K1 |: ZuKl { WO(TZ' _ 5’ Xz)

oo g (e )

NO,(1) sup |7g(t,x)—mo(t, )| < ZY2>

(t,x)eT xX

<0, <\/NCQ(K) {K—Qa + ﬁ})

= 0p(1). (77)

N|=

%

'%

Similarly, we can also show

1/2
VN - V t/\t

b (t)

= 0,(1). (78)

We next consider bﬁ\),(tl) We shall find the influence representation for N="/2ug, (t1)®%!, .
SN ug (T {7k (T — 6, X)) — mo(T; — 6, X4 )}71'0(T,,X )Y;/mo(to, X;)?. To achieve this goal,
we consider the asymptotic behavior of N=Y2 SN (7, (T; — 6, X,)o(T;, X, Y;) — Elmo(T —
6, X)o(T, X,Y)]}, where ¢(T, X,Y) denotes a general L? random variable. Define u(t, x) :=
E[o(T,X,Y)|T =t,X = . Similar to the proof of (40) in Section 4.3, we have the following
decomposition:

\/% Z {7tk (Ti — 6, X:)p(T;, X4, Ys) — Emo(T — 6, X)o(T, X, Y)]}

N
\;NZ{(T?K(Ti5,X1:)7T?((725,X1:))¢(Ti,X1:,Yi) (79)
/ / (b= 6,@) — whe(t — 6, @) @, )dFx o (, t)}
1 N
\/JVZ{ 0, X;) — mo(Tis — 6, X)) (T3, X4, Ys) (80)
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—//u(t,m) (W}k((té,a:)Wo(td,m))dFXj(:c,t)}
TJX

+ MN/T/X p(t, ) (i (t — 8, ) — mo(t — 6, ) dFx 7 (, t) (81)
+ VN/T /X (Fr(t — 6,@) — i (t — 6, 2)) p(x, t)dFx (. t) (82)
- \/N/T/X u(t, z)p” (uK (t — 8) Ak, x iy VK (:c)) g, (t = 8) A, xseyvic, () AFx 1 (2, 1)
+vVN / / u(t, ) p“ u —5)[\;(1”{21)1(2(:6)) ke, (t — 0) A, iy v, (B)dFx 1 (z,t)  (83)
VN [ )" o (¢ = ) v () e (£ = D) v ()P (.
+VN / ult,2)p" (uge, (t = 0) A, ke, vics () e, (8 = 8) A, g, v () dFx 1 (a2, 1) (84)
T g {wo (Ty, X ;) Jmu(ﬂ +6,X;)
-E| o(ﬂXi)Jmu(ﬂ .30 x]
E }m(ﬂXﬂW% +5.,)|1)
+E :WO(Ti7 Xﬁjmu(ﬂ +9, XZ-):
+ Tlﬁ é {mm — 6, X)¢(T3, X, Y:) — mo(T, X»’mu(n +0,X) (85)
+E :WO(TZ, Xi)mu(ﬂ +8,X;) Xi]
- [ ) S+ X))
+E :mm,xiﬂmum 5 X) T}
-E :wo(Ti, Xi)mu(ﬂ + 0, Xl-)] }

By the change-of-variable formula, the first term of (84) can be rewritten as follows:

\/]V//,utwp” Uk,

[ [

(t — &) Ak, «

KUK, (w)) U}—ﬁ (t

— 5)121[(1 x KoUK, (w)fX,T (iB, t)dacdt

bite-+ 0,20 (1, (Rt @) ke, (0 s, () r20).

Using a similar argument of showing that (46)-(49) are all 0,(1), we can show that (81)-(84)
are all 0,(1). By substituting ¢(T, X,Y) = ug, (t1) " Px, x sy ur, (T)70(T, X)Y /7o (T — 6, X)?,
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we can obtain

N
1
/ 1/2 1 —1/2
NV, t/|t Di(t) = th,to/uo e, ()P e, —Z 1 (T3, X, Y3)

\/_ + 0,(1), (86)

where

fT\X(T’X) WO(THX)

bk, (T3, X3, ) = EY|T =T+ 0, X = X] - uk, (T; + 9)

[ frix (Ti + 6| X) mo(T; + 6, X ;) }
| frx (T X)) mo(Th, X5) i J )
[ frix (T + 6| X)) mo(T; + 6, X ;) }
_E BY|T =T, +6,X = X] - e, (Ts + 0)|T,
L fT\X(Tz'|Xi) 7T0(Tz',Xz') [ | ] K( )
[ frix (T + 6| X) mo(T; + 9, X ;) |
+E EY|T =T, +6,X = Xi] - u, (T + 6
I @IXy m@ Xy Y | (T3 4-0))
fr(T; +6)
SIS T RYIT =T+ 6, X = X)) - uge (T, + 6
e[ myr S X X (T4 6) XZ}
! fr(T3)
_E M.E[YITITZ.JH;,X:XA.uKI(TiJF(;) E:|
L fr(T3) |
PE [T i 146 X = X e (T4 6)
L fr(T3) l

By combining (77), (78) and (86), we have

VNV () = VNV b0 + VNV, 2 03 (0) + VNV 6 (1)

1,t0 |t0 tolt

+oy(1).  (87)

1/2 _
= ‘/t1 to/\t uKl(tl)Tq)KixKl [\/_szvil(E’Xi’Yi)
=1

Similar to the proof of (40), we can show

VNV ban () = e, (8) T @51, [ \/—szm (T1, X1, Y3)| +0p(1),  (88)
=1
where
v vy (T, X5) NS o (T3, X i) : N
b1 03) =T e 0) = [ i T
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T;, X
E[W“ )Y, (1)

71—0(112 - 57 Xl)

(T3, X5)
x| - | T0Ee2) oy ]
] [m@—&XJ ur (1)

Therefore, by combining (76), (87) and (88), we have that

\/N‘/;flm [é\tl\to — 6t1|t0} (89)

1,tolto

N
_ _ 1
:th,;{ﬁouKl (tl)Tq)KixKl\/_N Z{bLKl (TZ’ Xi’ Y;> + b27K1 (Tlv Xi7 Y;)} + Op(l)'
i=1
By combining (74), (75) and (89), we can obtain

1,tolto

\/N‘/t_l/2 |:é\tl,to|t0 - Qtl,to‘to]
1 N
—1/2 _
:‘/;,17t0/|t0ﬁ Z {uKl (tl)T(pKixKl{bl,Kl (1—;7 X’i) }/;,) + bQ,Kl (irza Xi7 }/;)}
i=1

sy (1) B B (T Y»} To,(1),

which implies \/NVt_l/2 |:§t17t0|t0 — Qtl,to\to] LN N(0,1) by the Lyapunov CLT.

1,tolto

6 Complete Monte Carlo Simulations

To evaluate the finite sample performance of the generalized optimization estimator, we con-
duct a simulation study on a continuous treatment. We present a simulation design in Section

6.1 and results in Section 6.2.

6.1 Simulation Design
Let X; = (X1, Xo;)" be covariates, and assume that X RS N(0,I). Error terms are drawn
mutually independently as &; KN (0,1) and ¢; “EEN (0,1). We consider four data generating

processes (DGPs):

DGP-L1 T=1402X;+¢and Y =1+ X; + T + €. (X5 does not play any role, and
X, affects T" and Y linearly.)

DGP-NL1 7 = 0.1X? +{ and Y = X? + T + €. (X, does not play any role, and X;
affects T and Y non-linearly.)

DGP-L2 T =1+02%7  X;+&and Y = 1+ (1/2) 35 X; + T+ e (X; and X,
affect T and Y linearly.)
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DGP-NL2 T = 0.1(35_, X;)? + and ¥ = 1/2+ [(1/2) 37| X;]* + T +e. (X, and
X, affect T and Y non-linearly.)

For each DGP, the true link function is E[Y ()] = 1 + ¢, a simple linear function with
B = 65 = 1. Below we use a linear link function ¢(7'; 5) = p1 + 521, compute the generalized
optimization estimator ,@ = (Bl,Bz)T, and examine its performance in terms of point and
interval estimation.

To compute the generalized optimization estimator, two sieve basis functions wug, (7') and
vk, (X) need to be specified. For ug, (T), K, € {2,3,4} = K, is considered:

uy(T) = (1,T)", us(T) = (1, T,T*)7, wy(T) = (1,7, 7%, T%".

For vg, (X)), the choice set Ky depends on the number of covariates. For DGP-L1 and DGP-
NL1, Ky € {2,3,4} = Kl is considered:

’Ug(Xl) = (1,X1)T, ’Ug(Xl) = (1,X1,X12)T, ’U4(X1) = (1,X1,X12,X?)T. (90)

For DGP-L2 and DGP-NL2, K, € {3,6,10} = K3 is considered:

U3(X (1aX1aX2)T7 (91)
ve(X) = (1, X1, Xo, X7, X5, X1 Xo) T,
U10<X) = (17X17X27X127X227X1X27X137X237X12X27X1X22)T-

)
)

In addition to fixed pairs of (K, K3) € K; x Ky, the data-driven selections described
in the main paper Ai, Linton, Motegi, and Zhang (2020, Section 7) are employed. First,
the (penalized) loss function approaches are implemented with the quadratic loss function
L{Y — g(T;8)} = (Y — 81 — 3,T)?. Second, the J-fold cross validation with J € {5,10} is
implemented. For both approaches, the choice set is K; x K.

We also compute Fong, Hazlett, and Imai’s (2018) covariate balancing generalized propen-
sity score estimator with a linear model specification and the quadratic loss function. The
linear specification is correct under DGP-L1 and DGP-L2, while it is incorrect under DGP-
NL1 and DGP-NL2. Comparing our estimator and the parametric estimator of Fong, Hazlett,
and Imai (2018) allows us to highlight the robustness of the former to non-linear DGPs. Fong,
Hazlett, and Imai (2018) also propose a nonparametric estimator in their Section 3.3. In their

simulation study, the parametric and nonparametric estimators exhibit similar performance for
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each DGP considered (Fong, Hazlett, and Imai, 2018, Figure 2). Hence, the present simulation
study focuses on the parametric version of their estimator to save space.

Our proposed estimator and the parametric version of Fong, Hazlett, and Imai’s (2018)
estimator are computed in a simulated sample with size N € {100,500, 1000}, after which
another sample is generated and both estimators are computed again. This exercise is repeated
M = 1000 times.

To evaluate the performance of point estimation, the bias, standard deviation, and root
mean squared error (RMSE) of 3; and f, are calculated from (a subset of) M = 1000 sim-
ulations. In a small portion of the M = 1000 samples, 7y = (1/N) Zf\;l i (T;, X i), which
should be equal to 1 in theory, takes a value far from 1 due to numerical instability in the
computation of Aj . .. The numerical maximization with respect to A should lead to a global
maximizer Ay ., in theory, but optimizing the K; x K elements of A all at once is often
hard in practice. Hence, we calculate the bias, standard deviation, and RMSE from Monte
Carlo samples such that 7y € [0.5,2]. There can be a few samples in which 75 ¢ [0.5,2],
and these samples are simply discarded. (We admit that this computational problem becomes
worse as the dimension of X becomes larger.)

To evaluate the finite sample performance of the interval estimation associated with the
proposed method, we implement a bootstrap method with B = 500 iterations. In this method,
we construct bootstrapped confidence intervals without using the asymptotic normality (see
the main paper Ai, Linton, Motegi, and Zhang, 2020, Eq. (6.6)). For each of §; and Ss, we
compute the 95% coverage probability and the average width of the bootstrapped confidence
intervals across M = 1000 Monte Carlo samples. For simplicity, the dimensions of the sieve
basis functions are fixed at (K, K3) = (2,3) for DGP-L1 and DGP-NL1 and (K, K») = (2,6)
for DGP-L2 and DGP-NL2 when the performance of the interval estimation is evaluated.

6.2 Simulation Results

We discuss point estimation first, and then discuss variance estimation. See Tables 1-8 for the
bias, standard deviation, and RMSE. In Figures 1-8, we draw bar charts that depict the share
of (K1, K3) selected by each data-driven method. Under DGP-L1, the generalized optimization
estimator (labeled as GOE) has sufficiently small RMSE for any fixed (K7, K3) (Tables 1-2).
It is not a surprising result since DGP-L1 has a simple linear structure. The data-driven
methods often choose (K7, K3) = (2,2), the simplest possible approximation basis (Figures
1-2). The RMSE of the parametric version of the covariate balancing generalized propensity
score estimator (labeled as CBGPS) is even smaller than the RMSE of GOE for f;, and as
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small as the RMSE of GOE for 5, (Tables 1-2). It is not surprising since CBGPS has a correct
parametric specification under DGP-L1.

Under DGP-NL1, GOE dominates CBGPS. GOE leads to sufficiently small RMSE as long
as Ky > 3 (Tables 3-4). The relatively large RMSE for 3, under K, = 2 suggests that X?
needs to be included in vy, (X7) (see (90)). That is a reasonable result since DGP-NL1 has a
quadratic structure. As expected, any data-driven method considered often selects pairs with
K, > 3 (Figures 3-4). CBGPS, in contrast, fails with the bias in 5 being around 0.2. The
bias arises from the fact that the linear specification of CBGPS is incorrect under DGP-NL1.
This result highlights that GOE performs well for both linear and nonlinear scenarios while
CBGPS performs well for linear scenarios only.

The two-covariate scenarios yield similar implications to the single-covariate scenarios. Un-
der DGP-L2, GOE with any fixed (K, K3) has small RMSE (Tables 5-6). The data-driven
methods often choose (K7, K3) = (2,3), the simplest possible approximation basis (Figures
5-6). The RMSE of CBGPS is even smaller than the RMSE of GOE for 5, and as small as
the RMSE of GOE for 5 due to the linear structures of DGP-L2.

Under DGP-NL2, GOE with Ky > 6 leads to small RMSE, and any data-driven method
considered often selects pairs with Ky > 6 (Tables 7-8 and Figures 7-8). CBGPS, in contrast,
fails with substantial bias of around 0.18 in f5. To summarize the point estimation, the
generalized optimization estimator performs well in finite samples, and its performance is still
good even when the true DGP is nonlinear; in contrast, the existing parametric estimator of
Fong, Hazlett, and Imai (2018) is sensitive to model misspecification.

See Table 9 for results on interval estimation associated with GOE. For any parameter,
DGP, and sample size, the 95% coverage probability is close enough to 0.95. The average
width of the 95% confidence interval shrinks as the sample size grows. See $; under DGP-L1,
for instance. The coverage probability is {0.957,0.966,0.941} for N € {100, 500, 1000}, respec-
tively. Similarly, the average width of the confidence interval is {0.709,0.311,0.220}. These
results indicate that the bootstrap method leads to sufficiently accurate interval estimation

under both linear and non-linear DGPs.
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Table 1: Simulation results on point estimation of intercept f; under DGP-L1 (truth: gf = 1)

N =100 N =500 N = 1000

(K1, K3) Bias | Stdev | RMSE Bias | Stdev | RMSE Bias | Stdev | RMSE

GOE (2,2) —0.002 | 0.183 | 0.183 0.000 | 0.082 | 0.082 0.002 | 0.056 | 0.056
GOE (2,3) 0.005 | 0.187 | 0.187 0.001 | 0.083 | 0.083 || —0.001 | 0.055 | 0.055
GOE (2,4) 0.002 | 0.188 | 0.188 —0.000 | 0.083 | 0.083 0.001 0.055 | 0.055
GOE (3,2) 0.011 | 0.185 | 0.185 0.001 | 0.081 | 0.081 0.001 | 0.059 | 0.059
GOE (3,3) —0.002 | 0.188 | 0.189 | —0.008 | 0.085 | 0.085 | —0.004 | 0.057 | 0.057
GOE (3,4) —0.016 | 0.205 | 0.206 | —0.011 | 0.085 | 0.085 | —0.010 | 0.059 | 0.059
GOE (4,2) 0.006 | 0.192 | 0.192 —0.002 | 0.080 | 0.080 —0.000 | 0.058 | 0.058
GOE (4,3) —0.017 | 0.203 | 0.204 | —0.010 | 0.084 | 0.085 | —0.009 | 0.060 | 0.061
GOE (4,4) —0.022 | 0.224 | 0.225 | —0.013 | 0.089 | 0.090 | —0.014 | 0.061 | 0.063
GOE | MSE (none) || —0.005 | 0.202 | 0.203 | —0.009 | 0.086 | 0.087 | —0.005 | 0.059 | 0.059
GOE MSE (add) || —0.012 | 0.194 | 0.195 | —0.005 | 0.081 | 0.081 | —0.008 | 0.059 | 0.059
GOE | MSE (multi) || —0.003 | 0.190 | 0.190 | —0.001 | 0.081 | 0.081 | —0.005 | 0.055 | 0.056
GOE CV (J =5) 0.011 | 0.178 | 0.178 0.003 | 0.081 | 0.081 0.002 | 0.055 | 0.055
GOE | CV (J=10) || —0.005 | 0.190 | 0.190 0.006 | 0.080 | 0.080 0.005 | 0.057 | 0.057
CBGPS - —0.005 | 0.149 | 0.149 0.001 | 0.067 | 0.067 0.001 | 0.045 | 0.045

DGP-L1: T=1+X1+€&and Y =1+ X1+ 7T +¢, where X7 ~ N(0,1). “GOE” is the proposed generalized optimization
estimator. K1 and K> are the dimensions of the polynomials of T" and X1, respectively. “MSE (none)” signifies that
we pick (K1, K>) that minimizes L(Ki, K2) = N~'S°N  #(Ty, X14)[Yi — 9(Ti; B)]?. “MSE (add)” signifies that we
pick (K1, K>) that minimizes (1 + 2(K1 + K2)/N) x L(K1, K2). “MSE (multi)” signifies that we pick (K1, K2) that
minimizes (1 + 2K1K>/N) x L(K1, K>). “CV” signifies the J-fold cross validation with J € {5,10}. The choice set
of (K1, K3) is the nine pairs listed in the table. “CBGPS” is Fong, Hazlett, and Imai’s (2018) parametric covariate
balancing generalized propensity score estimator. The sample size is N € {100, 500,1000}, and the number of Monte
Carlo iterations is M = 1000.
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Table 2: Simulation results on point estimation of slope 5y under DGP-L1 (truth: g5 = 1)

N =100 N =500 N = 1000

(K1, K>) Bias | Stdev | RMSE || Bias | Stdev | RMSE || Bias | Stdev | RMSE

GOE (2,2) 0.005 | 0.109 | 0.109 | —0.000 | 0.047 | 0.047 | —0.001 | 0.033 | 0.033
GOE (2,3) 0.001 | 0.107 | 0.107 0.002 | 0.050 | 0.050 0.003 | 0.033 | 0.034
GOE (2,4) 0.014 | 0.112 | 0.113 0.006 | 0.048 | 0.049 0.006 | 0.035 | 0.035
GOE (3,2) —0.000 | 0.108 | 0.108 || —0.001 | 0.049 | 0.049 0.002 | 0.034 | 0.034
GOE (3,3) 0.002 | 0.122 | 0.122 0.006 | 0.050 | 0.050 0.008 | 0.034 | 0.035
GOE (3,4) 0.012 | 0.126 | 0.126 0.014 | 0.048 | 0.051 0.016 | 0.038 | 0.041
GOE (4,2) 0.006 | 0.117 | 0.117 0.008 | 0.049 | 0.049 0.006 | 0.034 | 0.035
GOE (4,3) 0.013 | 0.128 | 0.128 0.013 | 0.050 | 0.051 0.016 | 0.037 | 0.040
GOE (4,4) 0.021 | 0.140 | 0.142 0.017 | 0.055 | 0.057 0.021 | 0.037 | 0.043
GOE MSE (none) 0.003 | 0.131 | 0.131 0.008 | 0.052 | 0.053 0.008 | 0.035 | 0.036
GOE MSE (add) 0.003 | 0.123 | 0.123 0.005 | 0.050 | 0.050 0.007 | 0.036 | 0.037
GOE MSE (multi) 0.005 | 0.120 | 0.120 0.003 | 0.049 | 0.049 0.005 | 0.035 | 0.035
GOE CV (J=5) || —0.004 | 0.109 | 0.109 0.002 | 0.049 | 0.049 | —0.000 | 0.033 | 0.033
GOE CV (J =10) 0.006 | 0.112 | 0.112 0.000 | 0.047 | 0.047 0.000 | 0.034 | 0.034
CBGPS - 0.003 | 0.106 | 0.106 | —0.001 | 0.049 | 0.049 | —0.000 | 0.033 | 0.033

DGP-L1: T=14+X1+€&and Y =1+ X1+ T +¢, where X; ~ N(0,1). “GOE” is the proposed generalized optimization
estimator. K; and K> are the dimensions of the polynomials of T" and X1, respectively. “MSE (none)” signifies that
we pick (K1, K2) that minimizes L(K1,K2) = N~' SN #(Ti, X1,)[Yi — g(T3; 8))*. “MSE (add)” signifies that we
pick (K1, K>) that minimizes (1 + 2(K1 + K2)/N) x L(K1, K2). “MSE (multi)” signifies that we pick (K1, K2) that
minimizes (1 + 2K1K>/N) x L(K1, K>). “CV” signifies the J-fold cross validation with J € {5,10}. The choice set
of (K1, K>) is the nine pairs listed in the table. “CBGPS” is Fong, Hazlett, and Imai’s (2018) parametric covariate
balancing generalized propensity score estimator. The sample size is N € {100, 500,1000}, and the number of Monte

Carlo iterations is M = 1000.
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Table 3: Simulation results on point estimation of intercept $; under DGP-NL1 (truth: g5 = 1)

N =100 N =500 N = 1000

(K1, K3) Bias | Stdev | RMSE Bias | Stdev | RMSE Bias | Stdev | RMSE

GOE (2,2) —0.031 | 0.175 | 0.178 | —0.024 | 0.078 | 0.082 | —0.021 | 0.052 | 0.056
GOE (2,3) 0.002 | 0.176 | 0.176 0.004 | 0.079 | 0.079 || —0.001 | 0.055 | 0.055
GOE (2,4) —0.004 | 0.172 | 0.172 —0.002 | 0.080 | 0.080 0.000 | 0.056 | 0.056
GOE (3,2) —0.040 | 0.167 | 0.172 | —0.026 | 0.075 | 0.080 | —0.022 | 0.053 | 0.057
GOE (3,3) —0.019 | 0.180 | 0.181 0.002 | 0.081 | 0.081 0.003 | 0.055 | 0.055
GOE (3,4) —0.025 | 0.185 | 0.187 | —0.009 | 0.083 | 0.083 | —0.002 | 0.057 | 0.057
GOE (4,2) —0.054 | 0.185 | 0.192 —0.027 | 0.074 | 0.078 —0.025 | 0.054 | 0.059
GOE (4,3) —0.024 | 0.192 | 0.194 0.002 | 0.084 | 0.084 0.000 | 0.056 | 0.056
GOE (4,4) —0.044 | 0.190 | 0.195 | —0.005 | 0.083 | 0.083 | —0.001 | 0.059 | 0.059
GOE | MSE (none) || —0.056 | 0.177 | 0.186 | —0.022 | 0.080 | 0.083 | —0.016 | 0.055 | 0.057
GOE MSE (add) || —0.066 | 0.187 | 0.198 | —0.022 | 0.082 | 0.085 | —0.018 | 0.056 | 0.059
GOE | MSE (multi) || —0.065 | 0.182 | 0.193 | —0.023 | 0.082 | 0.085 | —0.017 | 0.058 | 0.060
GOE CV (J=5) || —0.042 | 0.183 | 0.187 || —0.016 | 0.080 | 0.082 | —0.008 | 0.057 | 0.057
GOE | CV (J=10) || —0.037 | 0.176 | 0.180 | —0.012 | 0.077 | 0.078 | —0.010 | 0.057 | 0.058
CBGPS - —0.035 | 0.179 | 0.182 | —0.021 | 0.075 | 0.078 | —0.021 | 0.053 | 0.057

DGP-NL1: T =0.1X7 4+ ¢ and Y = X{ + T + ¢, where X; ~ N(0,1). “GOE” is the proposed generalized optimization
estimator. K and K> are the dimensions of the polynomials of T" and X1, respectively. “MSE (none)” signifies that
we pick (K1, K») that minimizes L(K1,K2) = N~' SN #(Ti, X1,)[Yi — g(T3; 8))*>. “MSE (add)” signifies that we
pick (K1, K>) that minimizes (1 + 2(K1 + K2)/N) x L(K1, K2). “MSE (multi)” signifies that we pick (K1, K2) that
minimizes (1 + 2K1K>/N) x L(K1, K>). “CV” signifies the J-fold cross validation with J € {5,10}. The choice set
of (K1, K>) is the nine pairs listed in the table. “CBGPS” is Fong, Hazlett, and Imai’s (2018) parametric covariate
balancing generalized propensity score estimator. The sample size is N € {100, 500,1000}, and the number of Monte
Carlo iterations is M = 1000.
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Table 4: Simulation results on point estimation of slope S under DGP-NL1 (truth: g5 = 1)

N =100 N =500 N = 1000

(K1, K3) Bias | Stdev | RMSE Bias | Stdev | RMSE Bias | Stdev | RMSE

GOE (2,2) 0.182 | 0.177 | 0.254 0.192 | 0.081 | 0.209 0.195 | 0.055 | 0.202
GOE (2,3) 0.004 | 0.104 | 0.104 —0.001 | 0.048 | 0.048 —0.000 | 0.033 | 0.033
GOE (2,4) 0.010 | 0.116 | 0.116 0.006 | 0.047 | 0.047 0.005 | 0.033 | 0.034
GOE (3,2) 0.179 | 0.189 | 0.261 0.190 | 0.081 | 0.207 0.194 | 0.057 | 0.202
GOE (3,3) 0.005 | 0.122 | 0.122 0.004 | 0.051 | 0.051 0.007 | 0.034 | 0.035
GOE (3,4) 0.014 | 0.133 | 0.133 0.011 0.051 | 0.052 0.011 0.037 | 0.039
GOE (4,2) 0.176 | 0.187 | 0.257 0.190 | 0.083 | 0.207 0.192 | 0.059 | 0.201
GOE (4,3) 0.020 | 0.133 | 0.134 0.014 | 0.051 | 0.053 0.012 | 0.038 | 0.040
GOE (4,4) 0.022 | 0.143 | 0.145 0.014 | 0.055 | 0.056 0.016 | 0.037 | 0.040
GOE MSE (none) || 0.017 | 0.141 | 0.142 0.021 | 0.069 | 0.072 0.020 | 0.057 | 0.060
GOE MSE (add) 0.014 | 0.147 | 0.147 0.025 0.076 | 0.080 0.019 | 0.059 | 0.062
GOE MSE (multi) || 0.037 | 0.152 | 0.157 0.038 | 0.085 | 0.093 0.024 | 0.066 | 0.070
GOE CV (J=5) | 0.107 | 0.170 | 0.201 0.081 | 0.106 | 0.133 0.069 | 0.097 | 0.119
GOE CV (J=10) || 0.102 | 0.173 | 0.201 0.080 | 0.107 | 0.133 0.069 | 0.096 | 0.118
CBGPS - 0.189 | 0.188 | 0.267 0.194 | 0.083 | 0.211 0.194 | 0.057 | 0.203

DGP-NL1: T =0.1X? 4+ and Y = X{ + T + ¢, where X; ~ N(0,1). “GOE” is the proposed generalized optimization
estimator. K; and K> are the dimensions of the polynomials of 7" and X1, respectively. “MSE (none)”
we pick (K1, K2) that minimizes L(K1,K2) = N~ ' SN #(Ti, X1,)[Yi — g(T3; 8))*. “MSE (add)” signifies that we
pick (K1, K>) that minimizes (1 + 2(K; + K2)/N) x L(K1, Kz). “MSE (multi)” signifies that we pick (K1, K2) that
minimizes (1 + 2K1K>/N) x L(K1, K>). “CV” signifies the J-fold cross validation with J € {5,10}. The choice set

of (K1, K>) is the nine pairs listed in the table. “CBGPS” is Fong, Hazlett, and Imai’s (2018) parametric covariate

signifies that

balancing generalized propensity score estimator. The sample size is N € {100, 500, 1000}, and the number of Monte
Carlo iterations is M = 1000.
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Table 5: Simulation results on point estimation of intercept 8; under DGP-L2 (truth: ff = 1)

N =100 N =500 N = 1000

(K1, K3) Bias | Stdev | RMSE Bias | Stdev | RMSE Bias | Stdev | RMSE

GOE (2,3) —0.005 | 0.171 | 0.171 | —0.000 | 0.073 | 0.073 | —0.001 | 0.053 | 0.053
GOE (2,6) —0.013 | 0.171 | 0.171 | —0.010 | 0.081 | 0.082 | —0.009 | 0.055 | 0.056
GOE (2,10) —0.039 | 0.181 | 0.186 —0.034 | 0.078 | 0.085 —0.028 | 0.056 | 0.062
GOE (3,3) —0.016 | 0.169 | 0.170 | —0.002 | 0.075 | 0.075 0.000 | 0.057 | 0.057
GOE (3,6) —0.027 | 0.195 | 0.197 | —0.024 | 0.083 | 0.087 | —0.026 | 0.061 | 0.066
GOE (3,10) —0.032 | 0.202 | 0.205 | —0.034 | 0.080 | 0.087 | —0.030 | 0.058 | 0.065
GOE (4,3) —0.014 | 0.179 | 0.180 —0.006 | 0.079 | 0.079 —0.008 | 0.056 | 0.056
GOE (4,6) —0.036 | 0.207 | 0.210 | —0.029 | 0.082 | 0.087 | —0.030 | 0.059 | 0.066
GOE (4,10) —0.032 | 0.211 | 0.213 | —0.030 | 0.082 | 0.088 | —0.025 | 0.059 | 0.064
GOE | MSE (none) || —0.038 | 0.210 | 0.213 | —0.015 | 0.083 | 0.085 | —0.015 | 0.058 | 0.060
GOE MSE (add) || —0.011 | 0.191 | 0.192 | —0.010 | 0.080 | 0.081 | —0.012 | 0.057 | 0.058
GOE | MSE (multi) || —0.008 | 0.184 | 0.184 | —0.000 | 0.076 | 0.076 | —0.003 | 0.056 | 0.056
GOE CV (J =5) 0.001 | 0.174 | 0.174 || —0.003 | 0.074 | 0.074 || —0.004 | 0.054 | 0.054
GOE | CV (J=10) || —0.003 | 0.169 | 0.169 0.001 | 0.078 | 0.078 || —0.005 | 0.053 | 0.053
CBGPS - 0.000 | 0.157 | 0.157 || —0.001 | 0.067 | 0.067 0.002 | 0.049 | 0.049

DGP-L2: T =1+02Y7_ X;+€and Y = 1+(1/2) Y2_, X, +T+¢, where X1, Xz "% N(0,1). “GOE” is the proposed

generalized optimization estimator. K; and K, are the dimensions of the polynomials of T and X = (X1, X2)',
respectively. “MSE (none)” signifies that we pick (K1, K2) that minimizes L(Ki, K2) = N~ 'S N #(Ti, X)[Vi —
g(Ti; 8))2. “MSE (add)” signifies that we pick (K1, K>) that minimizes (1 + 2(K; + K2)/N) x L(K1, K2). “MSE
(multi)” signifies that we pick (K1, K2) that minimizes (1 + 2K1K>/N) x L(K1, K>). “CV” signifies the J-fold cross
validation with J € {5,10}. The choice set of (K, K2) is the nine pairs listed in the table. “CBGPS” is Fong,
Hazlett, and Imai’s (2018) parametric covariate balancing generalized propensity score estimator. The sample size is
N € {100, 500, 1000}, and the number of Monte Carlo iterations is M = 1000.
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Table 6: Simulation results on point estimation of slope 5 under DGP-L2 (truth: g5 = 1)

N =100 N =500 N = 1000

(K1, K3) Bias | Stdev | RMSE || Bias | Stdev | RMSE Bias | Stdev | RMSE

GOE (2,3) 0.001 | 0.108 | 0.108 || 0.002 | 0.047 | 0.047 0.000 | 0.035 | 0.035
GOE (2,6) 0.033 | 0.118 | 0.122 0.023 | 0.052 | 0.057 0.025 0.037 | 0.045
GOE (2,10) 0.051 | 0.128 | 0.138 || 0.042 | 0.052 | 0.067 0.040 | 0.038 | 0.055
GOE (3,3) 0.019 | 0.116 | 0.117 || 0.019 | 0.052 | 0.056 0.015 | 0.038 | 0.041
GOE (3,6) 0.023 | 0.133 | 0.135 0.029 | 0.054 | 0.062 0.031 0.040 | 0.050
GOE (3,10) 0.037 | 0.135 | 0.140 0.040 | 0.052 | 0.065 0.037 | 0.038 | 0.053
GOE (4,3) 0.024 | 0.122 | 0.125 || 0.021 | 0.052 | 0.056 0.023 | 0.037 | 0.044
GOE (4,6) 0.028 | 0.141 | 0.144 | 0.035 | 0.057 | 0.066 0.039 | 0.038 | 0.054
GOE (4,10) 0.030 | 0.141 | 0.144 | 0.029 | 0.055 | 0.062 0.029 | 0.040 | 0.049
GOE MSE (none) || 0.030 | 0.146 | 0.149 || 0.021 | 0.057 | 0.060 0.022 | 0.040 | 0.046
GOE MSE (add) 0.010 | 0.127 | 0.127 || 0.014 | 0.054 | 0.056 0.018 | 0.040 | 0.044
GOE MSE (multi) || 0.014 | 0.120 | 0.121 0.007 | 0.050 | 0.050 0.010 | 0.038 | 0.039
GOE CV (J=5) | 0.003 | 0.113 | 0.113 | 0.005 | 0.052 | 0.052 0.006 | 0.037 | 0.038
GOE CV (J=10) || 0.012 | 0.117 | 0.118 0.004 | 0.051 | 0.051 0.007 | 0.037 | 0.038
CBGPS - 0.001 | 0.111 | 0.111 |} 0.001 | 0.049 | 0.049 | —0.001 | 0.035 | 0.035

DGP-L2: T =1+0237_ X;+€and Y = 1+(1/2) X2, X;+T+¢, where X1, X2 "~ N(0,1). “GOE” is the proposed

generalized optimization estimator. K; and K» are the dimensions of the polynomials of 7" and X = (Xl,Xz)T,
respectively. “MSE (none)” signifies that we pick (Ki,K2) that minimizes L(Ki, K2) = N~'S° N #(T;, X)[Vi —
g(Ti; B))2. “MSE (add)” signifies that we pick (K1, K>) that minimizes (1 + 2(K1 + K2)/N) x L(K1, K2). “MSE
(multi)” signifies that we pick (K1, K2) that minimizes (1 + 2K1K2/N) x L(K1, K2). “CV” signifies the J-fold cross
validation with J € {5,10}. The choice set of (K1, K2) is the nine pairs listed in the table. “CBGPS” is Fong,
Hazlett, and Imai’s (2018) parametric covariate balancing generalized propensity score estimator. The sample size is
N € {100,500,1000}, and the number of Monte Carlo iterations is M = 1000.
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Table 7: Simulation results on point estimation of intercept $; under DGP-NL2 (truth: gf = 1)

N =100 N =500 N = 1000

(K1, K3) Bias | Stdev | RMSE Bias | Stdev | RMSE Bias | Stdev | RMSE

GOE (2,3) —0.043 | 0.118 | 0.126 | —0.037 | 0.053 | 0.065 | —0.038 | 0.036 | 0.053
GOE (2,6) —0.010 | 0.135 | 0.135 0.004 | 0.060 | 0.060 0.004 | 0.043 | 0.043
GOE (2,10) —0.030 | 0.132 | 0.136 —0.008 | 0.057 | 0.058 —0.007 | 0.043 | 0.044
GOE (3,3) —0.052 | 0.125 | 0.136 | —0.041 | 0.053 | 0.067 | —0.037 | 0.039 | 0.053
GOE (3,6) —0.030 | 0.137 | 0.140 | —0.007 | 0.060 | 0.060 | —0.005 | 0.045 | 0.045
GOE (3,10) —0.039 | 0.141 | 0.147 | —0.017 | 0.060 | 0.062 | —0.011 | 0.043 | 0.045
GOE (4,3) —0.052 | 0.128 | 0.139 —0.038 | 0.055 | 0.067 —0.039 | 0.037 | 0.054
GOE (4,6) —0.035 | 0.142 | 0.146 | —0.012 | 0.061 | 0.062 | —0.011 | 0.043 | 0.045
GOE (4,10) —0.048 | 0.162 | 0.169 | —0.018 | 0.061 | 0.063 | —0.015 | 0.043 | 0.045
GOE | MSE (none) || —0.061 | 0.149 | 0.161 | —0.025 | 0.057 | 0.063 | —0.024 | 0.041 | 0.048
GOE MSE (add) || —0.062 | 0.140 | 0.153 | —0.031 | 0.058 | 0.066 | —0.025 | 0.043 | 0.049
GOE | MSE (multi) || —0.046 | 0.133 | 0.140 | —0.028 | 0.057 | 0.063 | —0.022 | 0.042 | 0.048
GOE CV (J=5) || —0.041 | 0.130 | 0.136 || —0.027 | 0.060 | 0.065 | —0.019 | 0.045 | 0.049
GOE | CV (J=10) || —0.050 | 0.121 | 0.131 | —0.027 | 0.059 | 0.065 | —0.021 | 0.041 | 0.049
CBGPS - —0.051 | 0.127 | 0.137 | —0.038 | 0.053 | 0.065 | —0.039 | 0.038 | 0.055

DGP-NL2: T = 0.1(Y?_, X;)? + € and Y = 1/2+[(1/2) Y2_, X,]2 + T + ¢, where X1, X» "%" N(0,1). “GOE” is the
proposed generalized optimization estimator. K and K> are the dimensions of the polynomials of T and X = (X1, X2) ',
respectively. “MSE (none)” signifies that we pick (K1, K2) that minimizes L(Ki, K2) = N~ 'S N #(Ti, X)[Vi —
g(Ti; 8))2. “MSE (add)” signifies that we pick (K1, K>) that minimizes (1 + 2(K; + K2)/N) x L(K1, K2). “MSE
(multi)” signifies that we pick (K1, K>2) that minimizes (1 + 2K1K>/N) x L(K1, K>). “CV” signifies the J-fold cross
validation with J € {5,10}. The choice set of (K, K2) is the nine pairs listed in the table. “CBGPS” is Fong,
Hazlett, and Imai’s (2018) parametric covariate balancing generalized propensity score estimator. The sample size is
N € {100, 500, 1000}, and the number of Monte Carlo iterations is M = 1000.
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Table 8: Simulation results on point estimation of slope S under DGP-NL2 (truth: g5 = 1)

N =100 N =500 N = 1000

(K1, Ka) Bias | Stdev | RMSE || Bias | Stdev | RMSE || Bias | Stdev | RMSE

GOE (2,3) 0.172 | 0.129 | 0.215 || 0.185 | 0.060 | 0.194 | 0.184 | 0.040 | 0.188
GOE (2,6) 0.031 | 0.117 | 0.121 || 0.026 | 0.054 | 0.059 || 0.026 | 0.037 | 0.045
GOE (2,10) 0.047 | 0.131 | 0.139 || 0.041 | 0.054 | 0.067 | 0.039 | 0.037 | 0.053
GOE (3,3) 0.163 | 0.131 | 0.209 || 0.180 | 0.060 | 0.189 | 0.181 | 0.041 | 0.186
GOE (3,6) 0.027 | 0.132 | 0.134 || 0.031 | 0.054 | 0.062 | 0.031 | 0.039 | 0.050
GOE (3,10) 0.044 | 0.139 | 0.146 || 0.036 | 0.053 | 0.063 | 0.036 | 0.040 | 0.054
GOE (4,3) 0.162 | 0.133 | 0.210 || 0.175 | 0.059 | 0.185 | 0.180 | 0.040 | 0.184
GOE (4,6) 0.038 | 0.133 | 0.138 | 0.034 | 0.055 | 0.064 | 0.033 | 0.040 | 0.052
GOE (4,10) 0.029 | 0.149 | 0.151 || 0.028 | 0.054 | 0.061 | 0.030 | 0.037 | 0.047
GOE MSE (none) || 0.036 | 0.140 | 0.145 | 0.032 | 0.058 | 0.066 | 0.032 | 0.044 | 0.054
GOE MSE (add) 0.055 | 0.152 | 0.162 || 0.043 | 0.071 | 0.083 | 0.039 | 0.052 | 0.065
GOE MSE (multi) || 0.106 | 0.140 | 0.175 | 0.076 | 0.083 | 0.113 | 0.054 | 0.068 | 0.087
GOE CV (J=5) | 0.126 | 0.138 | 0.187 || 0.100 | 0.089 | 0.134 || 0.083 | 0.079 | 0.115
GOE CV (J=10) || 0.131 | 0.137 | 0.190 | 0.102 | 0.090 | 0.136 | 0.082 | 0.079 | 0.114
CBGPS - 0.176 | 0.136 | 0.223 | 0.184 | 0.058 | 0.193 | 0.184 | 0.043 | 0.189

DGP-NL2: T'=0.1(X2_, X;)? + € and Y = 1/2+ [(1/2) Y7L, X;]* + T + ¢, where X1, Xa "X" N(0,1). “GOE” is the

proposed generalized optimization estimator. K7 and K> are the dimensions of the polynomials of T and X = (X, XQ)T7
respectively. “MSE (none)” signifies that we pick (Ki,K2) that minimizes L(Ki, K2) = N~'S° N #(T;, X)[Vi —
g(Ti'B)P. “MSE (add)” signifies that we pick (K1, K2) that minimizes (1 + 2(K1 + K2)/N) x L(K1, K3). “MSE
(multi)” signifies that we pick (K1, K2) that minimizes (1 + 2K1K2/N) x L(K1, K2). “CV” signifies the J-fold cross
validation with J € {5,10}. The choice set of (K1, K2) is the nine pairs listed in the table. “CBGPS” is Fong,
Hazlett, and Imai’s (2018) parametric covariate balancing generalized propensity score estimator. The sample size is
N € {100,500,1000}, and the number of Monte Carlo iterations is M = 1000.
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Intercept (1 (true value: § =1)

Table 9: Simulation results on interval estimation (generalized optimization estimator)

DGP DGP-L1 DGP-NL1 DGP-L2 DGP-NL2
(K1, Ko) (2,3) (2,3) (2,6) (2,6)
CP95 | AveW | CP95 | AveW | CP95 | AveW | CP95 | AveW
N =100 | 0.957 | 0.709 | 0.944 | 0.677 | 0.967 | 0.722 | 0.969 | 0.537
N =500 | 0.966 | 0.311 | 0.942 | 0.305 | 0.960 | 0.304 | 0.953 | 0.236
N =1000 | 0.941 | 0.220 | 0.955 | 0.217 | 0.959 | 0.221 | 0.967 | 0.171
Slope B2 (true value: 55 = 1)
DGP DGP-L1 DGP-NL1 DGP-L2 DGP-NL2
(K1, K>) (2,3) (2.3) (2,6) (2.6)
CP95 | AveW | CP95 | AveW | CP95 | AveW | CP95 | AveW
N =100 0.940 | 0.428 | 0.956 | 0.422 | 0.956 | 0.494 | 0.965 | 0.498
N =500 0.947 | 0.184 | 0.950 | 0.180 | 0.945 | 0.205 | 0.937 | 0.208
N =1000 | 0.933 | 0.130 | 0.957 | 0.128 | 0.929 | 0.149 | 0.934 | 0.153

In this table, simulation results on the interval estimation associated with the generalized optimization estimator are
presented. 95% confidence intervals on the target parameters (81, 82) are constructed via the bootstrap with B = 500
iterations. K; and K> are the dimensions of the polynomials of T' and covariate(s) X, respectively. Under DGP-L1
and DGP-NL1, there is only one covariate X; and (K1, K2) = (2,3). Under DGP-L2 and DGP-NL2, there are two
covariates X = (X1, X2)" and (K1, K2) = (2,6). Under L1 and L2, T and Y depend linearly on X. Under NL1 and
NL2, T and Y depend non-linearly on X. “CP95” signifies the 95% coverage probability, while “AveW” signifies the

average width of the confidence intervals across M = 1000 Monte Carlo samples.
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DGP-Ll: T=14+X1+€&and Y =1+ X1 + T + ¢, where X1 ~ N(0,1). K; and K> are the dimensions of the
polynomials of T and X7, respectively. “No penalty” signifies that we pick (K1, K>) that minimizes L(K;, K>)
Nt vazl #(Ty, X14)[Ys — g(Ti; B))?. “Additive” signifies that we pick (K1, K2) that minimizes (1 + 2(K1 4+ K2)/N) x
L(K1, K>). “Multiplicative” signifies that we pick (K1, K2) that minimizes (1 +2K1K2/N) x L(K1, K2). In this figure,

we plot the empirical probability of selecting each pair across M = 1000 Monte Carlo samples. The choice set of
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(K1, K2) is the nine pairs put on the horizontal axis.
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Figure 2: Share of (K, K3) selected under DGP-L1 (J-fold cross validation)
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DGP-L1: T=14+ X1 +¢fand Y = 14+ X1 + T + ¢, where X1 ~ N(0,1). K; and K, are the dimensions of the
polynomials of T' and X, respectively. We pick (K1, K2) that minimizes the loss function of the J-fold cross validation
with J € {5,10}. In this figure, we plot the empirical probability of selecting each pair across M = 1000 Monte Carlo

samples. The choice set of (K1, K2) is the nine pairs put on the horizontal axis.
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Figure 3: Share of (K7, K3) selected under DGP-NL1 (MSE criteria)
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DGP-NLl: T = 01X? + ¢ and Y = X? + T + ¢, where X; ~ N(0,1). K; and K, are the dimensions of the
polynomials of T and X7, respectively. “No penalty” signifies that we pick (K1, K>) that minimizes L(K;, K2) =

NN #(Th, X1)[Y:

— g(Ty; B)]?. “Additive” signifies that we pick (K1, K2) that minimizes (1 + 2(K; + K2)/N) x

L(K1, K2). “Multiplicative” signifies that we pick (K7, K2) that minimizes (14 2K1K2/N) x L(K1, K2). In this figure,
we plot the empirical probability of selecting each pair across M = 1000 Monte Carlo samples. The choice set of

(K1, K2) is the nine pairs put on the horizontal axis.
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Figure 4: Share of (K, K3) selected under DGP-NL1 (J-fold cross validation)
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DGP-NL1: T = 0.1X{+¢ and Y = X{+T+¢, where X; ~ N(0,1). K; and K> are the dimensions of the polynomials of
T and X1, respectively. We pick (K1, K») that minimizes the loss function of the J-fold cross validation with J € {5, 10}.
In this figure, we plot the empirical probability of selecting each pair across M = 1000 Monte Carlo samples. The choice

set of (K1, K2) is the nine pairs put on the horizontal axis.
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are the dimensions of the polynomials of 7" and X = (Xl,Xz)T, respectively. “No penalty” signifies that we pick
(K1, K>) that minimizes L(K7, K2) = N7! Zi\;l #(Ti, X)[Yi — g(T3; B))?. “Additive” signifies that we pick (K1, Ka2)
that minimizes (1 + 2(K71 + K2)/N) x L(K1, K2). “Multiplicative” signifies that we pick (K1, K>) that minimizes
(1+2K1K2/N) x L(K1, K3). In this figure, we plot the empirical probability of selecting each pair across M = 1000
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Figure 5: Share

of (K71, K3) selected under DGP-L2 (MSE criteria)
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Figure 6: Share of (K, K3) selected under DGP-L2 (J-fold cross validation)
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DGP-L2: T =1+0237_, X; +&and Y = 1+ (1/2) 35, X; + T + ¢, where X1, X, "7 N(0,1). K1 and K are
the dimensions of the polynomials of 7 and X = (X1, X2) ", respectively. We pick (K1, K2) that minimizes the loss

function of the J-fold cross validation with J € {5,10}. In this figure, we plot the empirical probability of selecting each

pair across M = 1000 Monte Carlo samples. The choice set of (K1, K2) is the nine pairs put on the horizontal axis.
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DGP-NL2: T = 0.1(35_; X;)> + £ and ¥ = 1/2 + [(1/2) X7_, X;]° + T + ¢, where X1, X> "~ N(0,1). K and
K5 are the dimensions of the polynomials of 7" and X = (X, Xg)T, respectively. “No penalty” signifies that we pick
(K1, K>) that minimizes L(K7, K2) = N7! Zi\;l #(Ti, X)[Yi — g(T3; B))?. “Additive” signifies that we pick (K1, Ka2)
that minimizes (1 + 2(K71 + K2)/N) x L(K1, K2). “Multiplicative” signifies that we pick (K1, K>) that minimizes
(1+2K1K2/N) x L(K1, K>3). In this figure, we plot the empirical probability of selecting each pair across M = 1000
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Figure 7: Share

of (K7, K3) selected under DGP-NL2 (MSE criteria)
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Figure 8: Share of (K, K3) selected under DGP-NL2 (.J-fold cross validation)
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DGP-NL2: T = 0.1(37_, X;)* + € and YV = 1/2+[(1/2) 5, X;]* + T + ¢, where X1, X> "~" N(0,1). K; and K>
are the dimensions of the polynomials of T"and X = (X1, X2) ", respectively. We pick (K1, K2) that minimizes the loss

function of the J-fold cross validation with J € {5,10}. In this figure, we plot the empirical probability of selecting each

pair across M = 1000 Monte Carlo samples. The choice set of (K1, K2) is the nine pairs put on the horizontal axis.
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